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1. INTRODUCTION

A lot of real control systems are non-linear
and/or time-varying. The most general models
for control system are given in state space. For
synthesis robust control systems very often we
need to estimate the maximal differences of the
output signals. In this paper the most general-
ized case of state space model, with non-linear
and time-varying coefficients will be presented.

Troughout the paper it is assumed, that a
positive integer N and a nominal control

u,()e(R™" which has feedback form
U, ()=Vv,()+F()-x,() v,()e(R™M"Y,
F()eL((R",R™"), N is a fixed step are given.
The corresponding nominal state and nominal
output functions of X are denoted by
x,()e(RM" and y, ()e(RP)". If this control
will be applied this control to the uncertain
system then, in general ya(N)=y,(N) and
Ya()#Ye()-

The main purpose of this paper is to develop
techniques for estimating the difference

||XA(')—Xp(')|(Rp>N in term of the bounds 54, S,

dc, Oar, Osr, Ocr and nominal system parameters
A(Xp(K),K), B(up(k),k) and C(xp(k),k). for
uncertain, linear, non-stationary discrete-time
systems on a finite time horizon. Uncertainty in
the system description is modelled by an un-
known (norm bounded) additive perturbation of
the system matrix, dependent on the state and
input.

where

2. THE METRIC SPACE

Space of vector’s sequence are given by Hilbert
space (12).

(RHN =RYxRYx...xRY (1)
Elements of the space are sequences of vectors
z=[z(0)..z(N-1)]" (2)
where z(i)eRY.

Scalar products in (R®)" is defined as follow
(2 gy = 22O VW) o = 227 () () (3)
i=0 i=0

where z,ve (RH)".

The induced norm has the form
2 S . = T, .
l2 wey =D (z(@),2(0)) o = D27 () -2()  (4)
i=0 i=0

where z e (R9)".

Space of matrix’s sequence are given by Hilbert
space.

(R*,RHN =(R"xR") x (R xR x...x (R? xRY)
()

Elements of the space are sequences of matrices

Z=[Z(0)..Z(N-1]" (6)
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where Z(i)e (R",RY).
The norm has form
||Z||2(RD,R‘1)N =max4;, @)
j.k

where Ajx are eigenvalues of Z7(j)-Z(j),
k=1,2,...,.9j=1,2,...,N.

Norm of vector’s or matrix’s space
transformation is defined as follow
||MF|| = sup ”MFh" (8)
ey [

3. NOMINAL CONTROL SYSTEM

The nominal, unperturbed control system X has

the form
X, (k +1) = Ax, (k),k) - x, (k) + B(u, (k),k) - u, (k)
Xp(0)=X0,  (9)

Yp(K)=C(x,(k),k)-xp(k) keN, (10)

where x,()e(R")" is the nominal state,
u,()e(R™" the nominal control, y ()e(RP)V
is the nominal output, and A(x,(k),k) e L(R"),
B(u, (k).k) eL(R",R"), C(x,(k),k)eL(R",RP)
are known matrices’ functions.

In order to cover the most general situation we

assume that control has the following feedback
form

u, (k)=v, (k) +F(k)-x, (k) (11)

where v ()e(R™", F()eL((R",R™") and
k=0,1,...,N-1.
Substituting (11) into (9-10) state equations will
have the form
X, (k +2) = (A(x, (k),k) + B(u, (k),k) - F(k)) - X , (k)
+B(u, (k),k) - v, (k)
(12)

Y p (k) =C(xp (k). k) - x, (k)
Xp(0)=xo, k=0,1,..,N-1, (13)

4. PERTURBED CONTROL SYSTEM

Real control system is different from (9-10) and
may be described by perturbed model X, as
follow

Xp(K+1) = AL (X, (k) k) - X, (K) + B, (U (k). k) -u, (k)
Xa(0)=xo, (14)
Y, (K)=C,(x,(k),k)-x,(k) ~ keN,  (15)

The control has the same form as for the nomi-
nal system.

It has been assumed, that the state uncertainty
could be described by following model.

For matrix A

A, (X, (k) k) - x, (k) = Ax, (k) k) - x, (k) +

AL (X, (K), K) - X, (K) + Ap, (X, (K), K) - (X, (K) =%, (K))
(16)

where  Aa(xp(k),k) e L(R",R"),

eL(R",R"), k=0,1,...,N-1, and

A ar(Xp(K).K)

IAA(Xp(K),K)[| < O <00, (17)
A A (%K) K < & 5, < o0, (18)
For matrix B

B, (u, (k). k)-u, (k) =B(u,(k),k)-u, (k) +

+Ag (U, (k) k) - u, (k) + Ag, (u, (k). k) - (u, (k) —u, (k)
(19)

where  As(Up(K),k) € L(R",R"),

eL(R",R") k=0,1,..,N-1, and

Asr(Up(K).K)

[1As(Up(K).K)l| < 55 <0, (20)
[IAsr(Up(K) K| < &, <o, (21)

For matrix C

CA(XA(k),k)~xA(k):C(xp(k),k)-xA(k)+

+A A (Xp (K), k)X, (K)+ A%, (Xp(K),K)- (X, (K) =X (K))
(22)

where  Ac(Xp(k),k) e L(R?,R"),

eL(R",R"), k=0,1,...,N-1, and

A'er(xp(K).K)

IAc(Xp(K).K)l| < 5¢ <0, (23)

A er(xp(K). K| < &, <0, (24)



To obtain the norm of maximal output deviation,
we needn’t know the uncertainty matrices Aa,
Ag, Ac, A'ar, A'er, A'cr , We have to know only
their estimates 84, ds, d¢, Oar, dar, Ocr.

5. OUTPUT UNCERTAINTY

ESTIMATION
For the sake of simplicity we introduce two op-
erators L™ e L(RDH",(RMY) and
NF e L(R",(RM"), defined as follows
k2| L (AKX, () 1)+
FIR. K) = p
(L (E-v, )0 gm[swp(mxp(j)‘ﬁj), j)~F(j)H

BV, (i) +x, (i) - F(i),i)- v, (i)
+B(V, (k=) +x, (k —1)- F(k ~1),k -1)- v, (k ~1)

(25)
(X, (1) )+
NF k
(N"x,)(k) = H(B(v (D +x,())-F(i), ) F(J)] ’
(26)

where k=2,3,...,N.

Theorem 1. For every system X, described by
equations (9-10) the state and output trajectory
can be written as follows

Xp (K)=(N"X)(K) +(L°(B-v,))(k)  (27)
Y (K)=C(x, (k) k) -x () » (28)

Theorem 2. For every perturbed system X, de-
scribed by equations (14-15) the state and output
trajectory can be written as follows

X (K) = (k) + L7 (A4 (X (K), K) - x4 (K))(K)
+ L (A (X (K),K) - (x5 (K) = X, (K)))(K)
+ L (Ag (v, (K) + F(K) - X (K)) - (V5 (K) + F(K) - X, (K))(K)
+LF (AR (v (K) + F(K) - x5 (K))
(Vo (K) = v (K) + F(k) - x5 (K) = F(K) - x5 (k))(K)
(29)
Y2 () =C(xp (K),K) X, (K) + A (x (K), K) - X5 (K)
Al (% (K),K) - (x4 (K) X (K)
(30)

Bellow we derive explicit expressions for the
difference |x, () -x,()

(RPN

6. TRAJECTORY DEVIATION NORM
Theorem 3. For every A, eL(R",R")"
Ag € L(R",RM", Ac € L(R",RMV,
A}, € L(R", RN, AL eL(R",R™",
AL, € L(R?,R")" when equations (16-24) and

-1
(6 + 50 [Fll g grys + S + S [Flem o J< L7

(31)
are satisfied, the distance |x, ()—x, () ey CAN
be estimated as follows

L7 8oy + S ne - IX 1)
HXA() X ()H(R )N < H H : aoz Axz , pH
_HL ‘ '(5sz +5Arz)

(32)

where
Ope =Opx + g - |F| (33)
5A,\rz = 5A’\r + éér ’ "F" (34)
Oror = Oy "VA " + 0, - ||VA Vi ” (35)

Proof: It is a standard result of functional analy-
sis, if we transform (29) with triangle inequality
and (16-23) are satisfying there is

%, —x,

GO S”LF"‘(SAX '”XA"+"LF"'5/;r '"XA _Xp”

AT G vl + 1R xa ]

HE]- 82 [va =V [ +IFI s =, ]
then
O [Xa |+ Ouc
bl < e
"XA _XP”(R")N '[1_5';‘”. L '"XA X ”]S
S"LF |.|:5AXZ .||XA||+ aoz]

||X —X || ||LF||'|:5AXZ'"XA”+ 302:| (36)

AR [

[Xa oy <[x, |+
+|||_F|| [ e Xa |+ Oac - [[Xa Xp||+5aon

ol O Nt R
1= |- e

I

"XA "(R )N =

(37)
By substituting (37) into (36) we have the state
trajectory estimate.



"XA _Xp"(R")N <
I Sne -[||xp||+||LF||-[5,;rZ x, —xp||+§mﬂ
ESL N REES N R
IV 6

+ .
1- 55, - L7

(38)
After simplifying (38), and when equations (31)
and (16-24) are satisfied the norm of uncertain
state’s deviation we can write as _follow

e b0
RO 1- || L" || : [5sz + 5Arz]

||xA -X

o

It is equivalent to equation (32). a

7. NORMS OF OPERATORS

It follows from the above formulas that
effectivness of the estimate (32) will highly
depend on how good are the estimates of the
operator norms ||C-LF||, ||LF||. In this section, a
method which allows to obtain a very tight
estimates for these norms is presented. The main
idea is based on the following general result.

Lemma 4 Let U, Y be real Hilbert spaces,
FeL(U,Y), yoeY, ye(0,) and J(u) be a func-
tional defined on U and given by

I =[Fu+yolly ~7-Jul (39)

(a) |F||<y if and only if there exists >0, such
that

[Full —7 Jully <=l vueu  (40)
Consequently, if |F|<y, then (39) always
achieves a unique finite maksimum over U.

(b) If|F| > then (39) does not achieve a finite
maximum over U, i.e. sup J(u) = +oo .

ueU

It follows from this lemma that ||F|=infy over

all y such that the maximization of (39) has a fi-
nite solution . The required value of y can be
found with arbitrary accuracy, e.g. by means of
the bisection method. In our case the operator F
is C-LF e L(RMN,(R"N). We can exploit the
equivalence between the maximization of the
functional (39) and the existence of a solution to

the corresponding Riccati difference equations.
Namely the following results hold.

Theorem 5. “C LF “ <y if and only if the follow-
ing difference Riccati equation

R(k)=(A+B-F(k))"-R(k+1)- (A+B-F(k))
—(A+B-F(k))"-R(k+1)-[R(k+1)
-2 11 Rk +1)-(A+B-F(k))+C'-C
R(N)=0 (41)

has a symmetric solution

k=0,1,...,N-1.

R(k) e L(R"),

8. CONCLUSION

The derived estimates could be very useful in
analysis and synthesis control systems. It is pos-
sible to develop other than those presented in
this paper estimates for the deviations under
consideration. However, it seems to be true that
tight estimates for operator norms ||C-LF||, ||LF||
will always play a crucial role. For this reason,
the presented method provides a very effective
solution to this problem. The developed
estimates can be used in various control desgn
tasks for perturbed non-linear discrete time
systems.

Abstract

The paper develops a mathematical framework
which helps to analyse the following class of fi-
nite horizon control problems for uncertain non-
linear discrete-time systems.

x, (k +1) = Ax, (k), k) - x, (k) + B(u, (k), k) - u, (k)

Y p (k) =C(x;, (k) k) - X (k)

Xp(0)=xo, k=0,1,...,N-1,

where  x,()e(R")"
u,()e(R™N the
yo()e(RP)N output, and
A(x,(k),K)eL(R"),  B(u,(k),k)eL(R™,R")
and  C(x,(k),k)eL(R",RP) are

matrices’ functions.

Uncertainty in the system description are mod-
elled by unknown (norm bounded) mixed addi-
tive-multiplicative perturbations of the system
matrix.

is the nominal state,
nominal control,
is the nominal

known



It is assumed that the nominal control has feed-
back form. If the nominal control will be applied
to the uncertain system the state and output will
be (in general) different. Formulas for deriving
estimates for the deviations of the output of per-
turbed system from the output of the nominal
one has been presented. These estimates use
norms of certain dynamical operators defined on
a finite time interval.

Keywords: Uncertain dynamic systems, uncer-
tain linear systems, discrete-time systems, error
estimation, non-linear systems, non-linear anal-
ysis, time-varying systems, state-space models.
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