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PREFACE 

The aim of this handbook, which has been written for students of Chemical Engineering 

and related disciplines, is to provide a simple and understandable approach to the basic ideas of 

computational fluid dynamics (CFD) that is used in analysis of complex engineering flows. 

The authors of this volume are chemical engineering lecturers at Department of Chemical and 

Process Engineering of West Pomeranian University of Technology in Szczecin. 

This handbook is organized into two major parts. Part 1 covers the Theoretical Foundations 

associated with CFD, including the introductory thoughts, fundamental principles, governing 

equations together with mathematical models, the basic structure of numerical analysis and fi-

nally, the theoretical background of numerical simulation in CFD software combined with so-

lution assessment criteria. Part 2, entitled Applications and Practical Guide, contains seven 

specific chemical engineering examples solved using a student version of the commercial CFD 

code, Ansys Fluent. The step-by-step procedure described by the authors will allow students to 

repeat the exercises and thus receive practical training in numerical modelling. The examples 

are preceded by a brief introduction to the Ansys Workbench Framework and the Graphical 

User Interface, therefore this guide will be suitable even for early beginners who have never 

studied in the field of CFD. 

Keywords: chemical engineering, CFD, computational fluid dynamics, numerical modelling, 

NavierïStokes equation, Ansys Fluent 
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List of symbols 

A ï surface area, m2 

a ï acceleration, m/s2 

b ï specific property 

B ï extensive property 

ὅ  ï drag coefficients 

ὅ  ï dimensionless constant 

ὅ ï dimensionless constant 

c ï variable of interest 

ὧË ï mass fraction for any phase k 

ὨÐ  ï particle diameter, mm 

E ï energy, J 

e ï internal energy, J 

Ὂᴆ ï body force, N 

ὊᴆÑ ï external body force, N 

ὊᴆÌÉÆÔȟ Ñ ï lift force, N 

ὊᴆÖÍȟ Ñ ï virtual mass force, N 

Ὂ ï drag force per unit particle mass 

ὊØ  ï additional acceleration, force/unit particle mass  

Ὢᴆ ï body force per unit mass 

Ὣᴆ ï acceleration due to gravity, m/s2 

ὬÑ ï specific enthalpy of the qth phase, kJ/kg 

ὬË ï sensible enthalpy for phase k, kJ 

K ï mean kinetic energy, J/kg 

ὑÌÓȟὑÓÌ ï the momentum exchange coefficient 

k ï thermal conductivity, W/m K 

k ï turbulent kinetic energy, J/kg 

k  ï consistency index 

Ὧ   ï effective thermal conductivity, W/m K 

Љ  ï eddy length scale, m 

m ï mass, kg 

άÑÐ ï mass transfer from phase q to phase p  

άÐÑ ï mass transfer from contrary direction 

N ï number of phases 

n ï power-law index 

ὲᴆ ï unit vector 

P, p ï pressure, N/m2 

Q ï heat transferred, J 

ὗÐÑ ï intensity of heat exchange, J 

ή ï heat flux, W/m2 

ήᴆÑ ï heat flux, W/m2 

R ï describes sources or sinks of the quantity c 

S ï source term 

ὛӶ ï local rate of strain,  

T  ï temperature, K 

Ta ï reference temperature, K 

t ï time, s 

u ï velocity component in x-direction, length/time 

ό ï fluid phase velocity, length/time 

όÐ ï the particle velocity 

ὠᴆ ï velocity vector 

ὠÑ ï volume of phase q, m3 

v ï velocity component in y-direction, length/time 

ὺᴆÍ ï mass-averaged velocity, length/time 

ὺᴆÄÒȟË ï drift velocity for secondary phase k, length/time 

ὺᴆÐÑ ï slip velocity,  



List of symbols 

8 

v ï velocity field that the quantity is moving with 

W ï work, J 

w ï velocity component in z-direction, length/time 

x, y, z ï Cartesian coordinates  

 

Greek symbols 

a ï ratio of the activation energy to thermodynamic constant 

‌Ë  ï volume fraction, 

 ÉÊ ï Kronecker delta‏

e ï rate of dissipation of turbulent kinetic energy per unit mass, W/kg 

f ï scalar quantity 

G ï diffusion coefficient for f, lenght2/time 

ῲ ï turbulent or eddy diffusivity, lenght2/time 

‎ ï shear rate, 1/s 

– ï zero-shear viscosity, Pa s 

–  ï infinite-shear viscosity, Pa s 

l ï bulk viscosity coefficient, N/m2s  

‗ ï time constant 

m ï molecular viscosity coefficient, N/m2s 

‘  ï viscosity of the mixture, N/m2s 

mt ï turbulent viscosity, Pa s 

‘  ï the dynamic SGS viscosity, Pa s 

’ ï kinematic turbulent viscosity, m2/s 

r ï density, kg/m3 

”  ï mixture density, kg/m3 

”Ð ï density of the particle, kg/m3 

”Ñ ï effective density of phase q, kg/m3 

”ʐÑ  ï phase reference density, kg/m3 

t ï viscous (shear) stress 

†֞Ñ, ï stress-strain tensor  

 

Dimensionless numbers  

ὙὩ  ï Reynolds number 

ὙὩ
”ÐὨÐόÐ ό

‘
 ï relative Reynolds number 

 

Important abbreviations used in the handbook 

c.s. ï control surface 

c.v. ï control volume 

RTT ï Reynolds transport theorem 

SGS ï sub grid-scale 
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1. Introduction (Halina Murasiewicz) 

1.1. Introduction to Computational Fluid Dynamics 

Computational fluid dynamics, named by the acronym of CFD, is the solution of systems 

involving fluid flow, heat transfer and related phenomena such as chemical reactions and others 

utilizing computer-based simulation. It is a powerful and significant tool for studying flow 

fields and mass transfer in chemical engineering processes. This simulation technique was de-

veloped over the years, and the first record of modern CFD is from the 1960s onwards, where 

the aerospace industry has applied CFD to the design, research and development and production 

of aeroplanes and jet engines. The basis of CFD and numerical meteorology has started in 1922 

when Lewis Fry Richardson applied differential equations and finite differences for weather 

forecasting schemes (Richardson, 1922). In the 1930s the two-dimensional (2D) approach, em-

ploying conformal transformations of the flow about a cylinder to the flow about an aerofoil, 

was established (Milne-Thomson, 1973). Some of the sources noticed the history of modern 

CFD has begun in the early 1970s together with progressive improvement of powerful comput-

ers and the lasts until now (Johnson, 2006). Briefly, the chronological history is presented by 

Amwell Enterprises (http://www.amwel.Com/History.Html, 2021). The development of CFD 

was triggered with the hard way of trial and error, refine and many validations and assessment 

procedures. Nowadays, the CFD method is employed in a wide span of areas of industrial or 

non-industrial applications. CFD has entered the wider industrial community in the 1990s since 

the accessibility of reasonable high-performance computing hardware and the introduction of 

user-friendly interfaces. The fast development of high-speed computers has led to an upsurge 

of interest in applying CFD in the following areas: aircraft, turbomachinery, car, and ship de-

sign, meteorology, oceanography, astrophysics, biology, oil recovery, and architecture and they 

are constantly extended. Examples of application of CFD are listed below: 

ï turbomachinery: flows inside rotating passages, diffusers etc., 

ï aerodynamics of aircraft and vehicles: lift and drag, under-bonnet air flows and the in-

car environment, 

ï power plant: internal combustion engines, combustion chambers of gas turbines and 

furnaces, 

ï chemical process engineering: mixing and separation, polymer moulding, chemical re-

action, two-phase flows, 

ï hydrodynamics of ships, 

ï marine engineering: loads on offshore structures, 
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ï electrical and electronic engineering: cooling of equipment including 

ï microcircuits, 

ï environmental engineering: distribution of pollutants and effluents, 

ï hydrology and oceanography: flows in rivers, estuaries, oceans, 

ï meteorology: weather prediction, 

ï biomedical engineering: blood flows through arteries and veins, 

ï the external and internal environment of buildings: wind loading and 

heating/ventilation. 

 

 

Figure 1.1. Example of application of CFD in aerodynamics of aircraft and turbomachinery. Used with permission 

from: (Ķbrahim ¢akēcē, 2021) 

Recently, CFD is gradually becoming a vital component in the design of industrial products 

and processes and engineers have not stopped in the improvement of code and facing new chal-

lenges that need to be addressed. Dependable CFD codes have given the wide opportunity for 

both scientific and applied research projects to support the design of many types of equipment 

like machinery, devices, or modules with their different fluid dynamic requirements. The final 

target of progress in the CFD arena is to offer the ability to compare with other CAE (computer-

aided engineering) tools for instance as stress analysis codes.  

CFD method offers a qualitative and even sometimes quantitative prediction of fluid flows 

by utilizing of mathematical modelling (solving extremely complex partial differential equa-

tions describing conservation laws of transport phenomena, PDEs, which thus cannot be solved 

by manual calculations except for very simple geometries such as flow around a cylinder), nu-

merical methods (discretization: finite volume, finite elements (continuous and discontinuous) 

with many options offered for numerical flux approximations) and software tools (solvers, pre-
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and postprocessing utilities). Thus, CFD aids engineers and scientists to accomplish ócomputer-

generated experimentsô (i.e., computer simulations) in a óvirtual flow laboratoryô.  

CFD codes can tackle fluid flow problems as they are structured around numerical algo-

rithms. The main components of CFD are presented in Figure 1.2. To supply user-friendly ac-

cess to their solving power all available CFD packages comprise advanced user interfaces to 

define problem parameters and to examine the results.  

 

Figure 1.2. Components of computational fluid dynamics 

A CFD model with the three-dimensional domain is built in the computer via a CAD model 

therefore all codes contain three main elements called: (i) a pre-processor, (ii) a solver and (iii) 

a post-processor. These three main elements will be briefly examined the function of each of 

these elements within the context of a CFD code. The extended description of these elements 

will be presented later in this book, in Chapter 4.  

Pre-processing component contains the following options which are available for setting 

up the physical model for the simulation: (i) deýnition of the geometry of area of interest (the 

fluid domain) named the computational domain, (ii) preparation of the grid ï dividing a domain 

into some smaller, non-overlapping subdomains: a mesh (or grid) of cells (or control volumes 

or elements) where the computation is performed, (iii) defining the physical process employing 

modules: defines of physics (þuid properties) and selection of appropriate boundary conditions 
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for the model. This topic is crucial in numerical simulation; therefore, it would be detailed 

discussed in Chapter 4.  

In the element named Performing the Simulation (solver) usually, the solution of discre-

tised governing equations solution has occurred. Three distinct streams of numerical solution 

methods: ýnite difference (FDM), ýnite element (FEM) and the ýnite volume method (FVM) 

are well-known. Generally, the numerical algorithm contains the following steps: (i) integration 

of the governing equations applied to describe fluid flow over all the control volumes of the 

domain, (ii) discretisation approach to convert resulting integral equations into a system of al-

gebraic equations, (iii) solution of the algebraic equations by an iterative procedure available in 

CFD codes.  

The control volume integration outcomes the (strict) conservation of relevant properties for 

each ýnite size cell. This approach of the ýnite volume method distinguishes it from all other 

CFD methods. This simple and clear correlation between the numerical algorithm and the phys-

ical conservation principle forms one of the main attractions of the ýnite volume method, and 

this concept is much more understandable than other discretization methods. By applying a 

ýnite control volume, the conservation of a general þow variable ű, e.g., a velocity component 

or enthalpy, can be uttered as a balance between the various processes which have tend to in-

crease or decrease it. It can be written as: 

ụ
Ụ
Ụ
Ụ
ợ
ὙὥὸὩ έὪ ὧὬὥὲὫὩ 

έὪ 
‰ Ὥὲ ὸὬὩ ὧέὲὸὶέὰ 
ὺέὰόάὩ 

ύὭὸὬ ὶὩίὴὩὧὸ ὸέ ὸὭάὩỨ
ủ
ủ
ủ
Ủ

ụ
Ụ
Ụ
Ụ
ợ

ὔὩὸ ὶὥὸὩ έὪ 
ὭὲὧὶὩὥίὩ έὪ ‰ ὨόὩ ὸέ 

ὧέὲὺὩὧὸὭέὲ 
Ὥὲὸέ ὸὬὩ 

ὧέὲὸὶέὰ ὺέὰόάὩ Ứ
ủ
ủ
ủ
Ủ

ụ
Ụ
Ụ
Ụ
ợ

ὔὩὸ ὶὥὸὩ έὪ 
ὭὲὧὶὩὥίὩ έὪ ‰ ὨόὩ ὸέ 

ὨὭὪὪόίὭέὲ 
Ὥὲὸέ ὸὬὩ 

ὧέὲὸὶέὰ ὺέὰόάὩ Ứ
ủ
ủ
ủ
Ủ ὔὩὸ ὶὥὸὩ έὪ 

ὧὶὩὥὸὭέὲ έὪ ‰ 
ὭὲίὭὨὩ ὸὬὩ 

ὧέὲὸὶέὰ ὺέὰόάὩ 

 

Available in CFD codes discretisation methods are suitable for the treatment of the key 

transport phenomena, convection (transport because of þuid þow) and diffusion (transport be-

cause of variations of ű from point to point) and for the source terms (related with the formation 

or destruction of ű) and the rate of change concerning time. The basic physical phenomena are 

complex as well as non-linear therefore an iterative solution methodology is essential. The most 

common procedures are known as the tri-diagonal matrix algorithm (TDMA) line-by-line for 

the algebraic equations and the SIMPLE algorithm to guarantee accuracy relating the velocity 

and pressure fields. Commercial codes besides the above-mentioned offer to the user a selection 

of the other (most recent) techniques. 

The last element is called the post-processor, which it seems that this part is being con-

stantly developed and improved. Based on the fact, that CFD codes have become more and 

more popular among engineers, researchers and students, the simulation packages are equipped 
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with developed visualisations tools, and they are constantly improved. The following elements 

used for picturing of results are offered: (i) display of domain geometry and grid, (ii) vector 

plot, (iii) line and shaded contour plot, (iv) both 2D and 3D plots, (v) particle tracking, (vi) 

different view manipulation, (vii) Colour PostScript output. The valuable facility used in post-

processing is the option to create animation for dynamic result display. All CFD codes generate 

reliable alphanumeric output and possess data export facilities for further manipulation external 

to the code. Overall, the post-processing tools of any branch of CAE allow sharing and express-

ing of ideas for the non-specialist.  

1.2. CFD Applications in Chemical Engineering 

The fast development of Computational Fluid Dynamics (CFD) methods and the availabil-

ity of CFD codes help to solve, design, and optimize many problems and apparatus associated 

with fluid dynamics. However, we should keep in our mind that solving þuid þow problems is 

a complex problem, due to their underlying physics together with chemistry, and results gener-

ated by a CFD code are at best as possible and at worst as good as its operator. It means that a 

user of software should possess skills in many fields. Before building up and starting a simula-

tion, there should be a stage of identiýcation and formulation of the simulating problem in re-

spect of the special fluid dynamic requirements relevant to the case. The list of the decision that 

might be necessary to consider is e.g., whether to model a problem in a 2D or 3D system, to 

eliminate the influence of ambient temperature or pressure on the density of an air þow, to 

select to simulate the turbulent þow equations and many others relevant to the simulating prob-

lem. Therefore, making the correct a right decision requires at least good simulation skills to-

gether with theoretical knowledge. This is necessary to make appropriate assumptions, even in 

the simple problem, to reduce the complexity to a controllable level whilst maintaining the main 

features of the certain problem. The standard of results generated by CFD partly depends on 

the correctness and appropriateness of the simpliýcations introduced at this stage. Many other 

aspects influence the accuracy and suitability of CFD simulation, but it seems that the two as-

pects that characterise a result are convergence and grid independence are significant besides 

others. The occurred term óerrorô in CFD can be defined as numerical diffusion, false diffusion 

or even numerical þow. Generally, conducting the simulation itself demands operator skills of 

a different kind and many of them are crucial for adequate results (Anderson, 2009). A similar 

conclusion is relating to the optimisation of the solution which requires considerable experience 

with the code itself which can only be learnt by wide-ranging practice. There are no straight-

forward strategies by now for making choices in a pre-processing part since they are problem-
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dependent. A good background in the þuid dynamics of the problem surely aids, and experience 

with gridding of alike problems is also invaluable. At the end of the processing part, the operator 

must make a judgement whether obtained results are ósatisfied enoughô. The only way to assess 

the accuracy of ýnal results can be done by comparison with experimental work due to the 

complexity of the models of physics and chemistry applied for the definition of the problem. 

All the users of CFD, who seriously treats this code, must understand that it is no alternate for 

experimental work, but a powerful additional problem-solving tool that supplements experi-

mentations. Validation of a CFD code requires getting experimental data of similar scope, how-

ever, sometimes it is impossible because they are simply not available. The validation process 

plays a key role as the ýnal quality control mechanism of computational data. To summarize, 

the main ingredients for success in CFD are the skills (experience) of the operator and a detailed 

understanding of the physics of þuid þows and the fundamentals of numerical algorithms. With-

out these, it is questionable if the user will be able to get the best out of a code. 

Regardless of the many limitations and the knowledge required for using CFD, this pro-

gram is successfully used in many research areas. The applications of CFD software are essen-

tially endless. Many industry sectors such as aerospace, auto manufacturing, and shipbuilding 

are extensively employed CFD programs. Besides these, the other areas where CFD modelling 

software is useful include biotechnology, urban planning, plumbing fixture manufacturing, wa-

ter management systems, civil engineering, video game development, meteorology (predict 

forecast the weather and warn of natural disasters), surgery (cure arterial diseases ï computa-

tional hemodynamic), safety (reduce health risks from radiation and other hazards), military 

(develop weapons and estimate the damage) and example can be multiplying. architects to de-

sign comfortable and safe living environments. An extensive interest in CFD code to computing 

many processes relating to the chemical engineering has been found. Some examples will be 

presented further in this chapter. The observation of the development of CFD software over the 

past few decades has shown that CFD simulation allows obtaining accurate solutions for com-

plex flows, including heat transfer, particle tracking, multiphase flow, and chemical reactions. 

These processes above mentioned are included in chemical engineering branch. Why does CFD 

code become popular among chemical engineers? There are many reasons for the wide using 

CFD by an engineer, and they are due to its accuracy, schedule, modelling cost, scale, and 

visualization of results. Detailed information on application of CFD in well-established pro-

cesses in chemical engineering are presented below: 

¶ Complex flow: There are plenty of examples of using the CFD code for simulation of 

flow from laminar to turbulent, single, or two-phase phenomena in a variety of geometry 
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depending on available computing power (Farmer et al., 2005; Jaworski and Mura-

siewicz, 2009, 2010; Murasiewicz and Zakrzewska, 2019; Obert and Cinnella, 2017). 

The code provides the palette of models for steady and unsteady conditions and for the 

instant they are RANS, URANS, LES or DNS. In the design of either part of equipment 

or processing system that contains liquids or gases, it is important to know and under-

stand how these phases may behave because it helps to examine accurately specifica-

tions of designing object. Therefore, understanding and knowledge of fluid mechanics 

(understanding fluid behave when forces act upon them) is essential in all cases where 

fluid behaviour is an important issue in the design process. CFD allows for chemical 

engineers to analyse: the turbulence that occurs in fluid as it flows, a force exerted by 

gasses on the equipment walls, the possibilities of change of state, two-phase flow and 

dispersion, cavitation, and more and more examples. This physical model will use in 

the simulation process to estimate how, for example, the changes in temperature, turbu-

lence, and obstruction will act on behave of a liquid or gas. This information can be 

valuable i.e., to determine the source of butterfly valve failure that is used in an oil 

refinery and this equipment often deteriorates over time. CFD simulation allows simu-

lating the valve in 3 dimensions together with the hydrocarbon stream flow through the 

valve to collect needed data to determine this failure. 

¶ Particulate: In general, the physical model preciously describes better solid particle 

drop-out or lifting. It allows helping to assess if particulate will fall out of the gas stream, 

especially, at the low flow rates. Therefore, it is significant to run the physical model at 

similar velocities to the real system together with particulate aerodynamic characteris-

tics which can be found via wind tunnel tests. Numerical results obtained from CFD 

might be applied to examine possible areas for the particulate drop-out by investigating 

low-velocity regions in different surfaces, i.e., near duct floors  

(Lee et al., 2000; Schmid and Vogel, 2003; Skodras et al., 2006). Unfortunately, CFD 

does not allow to foresee re-entrainment of particles as the system flow rate rise. It de-

pends on the fact that both build-up and re-entrainment of particulate are time-depend-

ent processes. The particle behaviour with time can be estimated by using a physical 

model whereas a CFD model is commonly run as a steady-state simulation. The tracking 

of particulate allows assessing plug gage of ash large particles, injection of activated 

carbon/sorbent, or erosion issues of fly ash. Generally, it is much better to simulate par-

ticles óin the movementô because the CFD model is run full scale and then the following 

important factors such as gravity, particle drag, gas velocity, gas viscosity, particle 
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Reynolds number, particle mass and size whose are relating with particles behaviour. 

Physical models allow to perform to qualitatively assess some of the particle behaviour 

during movement, but computable results are more challenging to get because all the 

scale factors and fluid dynamic properties are difficult to match simultaneously. 

¶ Heat transfer: When complex temperature problems are considered such as conduc-

tion, convection, or radiation the CFD is surely the only option. Existed physical models 

whose are frequently called ócold-flow modelsô because air at room temperature is flown 

across the domain. It is not possible by physical models to simulate heat transfer or any 

similar phenomena except they are run at temperature. Available models in CFD code 

allow to select of the correct temperature and they consider variations in density, vis-

cosity, thermal conductivity, and the heat transfer coefficient. Therefore, the following 

CFD simulations of boiler combustion processes, heat exchangers, and evaporative pro-

cesses are possible (Adhikari et al., 2020; Freegah et al., 2020; Murasiewicz and 

Zakrzewska, 2019; Ozden and Tari, 2010; Roy and Das, 2020; Sund®n, 2007a, 2007b). 

¶ Multiphase flow: CFD allow to accurately predict the simultaneous interaction of more 

than one combination of phases that can be gases, solids or fluids. CFD is applied for 

multiphase flow analysis simulations to precisely calculate the interaction of more than 

one phase that can be gas, solid or fluid. Generally, multiphase flows are defined as 

complex flows because of the presence of additional phases. Therefore, CFD simulation 

allows for simulation and optimising those complex flows (Bozzini et al., 2003;  

Gel et al., 2013; Gidaspow et al., 2013; Jaworski and Murasiewicz, 2009, 2010; Mura-

siewicz and Jaworski, 2009; Murasiewicz and Zakrzewska, 2019).  

¶ Chemical reaction: Chemical reaction, i.e., combustion or change-of-state can be com-

puted by using a computational model or a laboratory test. The last would be not cer-

tainly denoted by the industry as a ñphysical flow modelò but as a lab test, i.e., a com-

bustion test chamber. CFD can be applied to compute complex processes by including 

individual species and compounds through reaction equations. Models for furnace com-

bustion available in CFD are used to evaluate elements such as burner/OFA systems, 

NOx creation, gas temperature uniformity, SNCR performance, slagging, and corrosion. 

Additionally, evaporative processes are fully completely simulated by using a CFD 

model because of notable changes in temperature and the moisture transfer from one 

state to another (Dixon et al., 2006; Fox, 2006). 

Other applications of CFD simulation include i.e., plastic injection moulding, thermal pro-

cess engineering (membrane processes, rectification, absorption), static structural performance, 
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chemical, biotechnological and environmental applications of thermal separation processes 

(downstream processing) or dynamic structural performance (Anderson, 2009).  

1.3. Advantages and Disadvantages of the CFD Approach 

There are numerous exclusive advantages of CFD software over experimental methods 

applied to fluid systems design: 

ï significant decrease of time and cost of new designs, 

ï capability to simulate systems where experiments are challenging or unbearable to per-

form (e.g., very large systems), 

ï possibility to simulate systems underneath hazardous conditions (e.g., safety analyses 

and accident scenarios), 

ï extremely large volumes of detailed results gained for any point measured data without 

almost additional cost in contrast to an experiment, 

ï generally, the cost of CFD simulation is much lower compared to experiments, 

ï much better understanding of flow patterns, parameters than experiments.  

Disadvantages of computer-generated experiments with CFD are: 

ï possibility of errors that occurs due to simplicity of flow models and boundary condi-

tions, 

ï possible doubts produced by very small computing values per cell and then, therefore 

interpolation errors, 

ï extension of the computation time when large models are used,  

ï the computing costs may be much higher due to the wrong definition of variables or 

consulting compared to experiments. 

The analysis of disadvantages has released that a great deal depends on the experienced of 

the CFD user. The correct and valid computing results require to have the expertise and expe-

rience of users. Therefore, it is hard to decide if the CFD simulations are better than experi-

mental studies. It is well-known that all numerical simulations should be verified by experi-

mental data. But when is not possible, the data you be taken the obtained result with the doze 

of the responsibility. 
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2. Fundamental Principles of Conservation (Halina Murasiewicz) 

2.1. Introduction 

Computational fluid dynamics (CFD) has been established mainly to describe the flow of 

air assumed an ideal gas and liquids of constant density. CFDs methods resolve equations of 

fluid motion and the interaction of the fluid with solid bodies. This chapter is devoted to present 

the mathematical basis for a complete model of þuid dynamics and heat transfer derives from 

the general principles of conservation laws:  

ï the conservation of mass, 

ï the conservation of momentum,  

ï the conservation of energy. 

The conservation of the particular flow quantity in general means that its total variation 

inside an arbitrary volume can be stated as the net effect of the amount of the quantity being 

moved across the boundary, any internal forces and sources, and external forces acting on the 

volume. The amount of the quantity that passing the boundary is named flux. Principally, the 

flux can be divided into two separate parts: one because of the convective transport and the 

other one due to the molecular motion existing in the fluid at rest. The second part is of a dif-

fusive nature, and it is proportional to the gradient of the quantity examined and therefore it 

will disappear for a homogeneous distribution. 

The governing equations of þuid þow symbolize mathematical statements of the conserva-

tion laws of physics: 

ï the mass of fluid is constant during its motion (the mass is conserved), 

ï the rate of change of momentum is equal to the sum of the forces applied on a þuid 

particle (Newtonôs second law), 

ï the rate of change of energy is equal to the sum of the rate of heat (Q) added to and the 

work (W) done on a þuid particle (the first law of thermodynamics).  

These governing equations and a discussion of the necessary auxiliary conditions ï initial 

and boundary conditions will be presented. The main subjects enclosed in this chapter are: 

ï Reynolds transport theorem, 

ï conservation of mass, 

ï conservation of linear momentum: NavierïStokes equation, 

ï conservation of energy,  

ï general scalar transport equation. 
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2.2. Reynolds Transport Theorem 

Practically every basic course either of fluid mechanics or computational fluid dynamics 

trains engineering students to establish and apply the equations for the conservation of mass, 

momentum, and energy for a finite control volume. Thus, it is essential to use the most efficient 

method of completing this task. Todayôs textbooks mostly derive these equations by means of 

an equation known as the Reynolds transport theorem (RTT) (Yamaguchi , 2008). This theorem 

converts the system formulation to control volume formulation obtained by the following ex-

pression:   

 ᷿
ȢȢ
ὦ”Ὠὠ᷿

ȢȢ
ὦ”ὠȢᴆὲᴆὨὃ (2.1) 

1. The first part (1) denotes the rate of change of the extensive property in the control volume. 

2. The second part (2) characterises the flux of the extensive property across the control surface. 

2.2.1. Derivation of Reynolds Transport Theorem  

An arbitrary flow field defined by ὠᴆ ὼȟώȟᾀȟὸ is considered together with a system moving 

with this flow field. In this case, the boundary of the c.v. converges with the boundary of the 

system at time t. The region I and II is occupied by them at time t, as presented in Figure 2.1. 

The system has taken the region II and III when time moves to ὸ Ўὸ. The system has been 

selected for this consideration in that way that the mass within the region I enters the c.v. during 

time interval Ўὸ, and the mass in region III leaves the c.v. during the same time interval. The 

entire situation and symbols used in this derivation is presented in Figure 2.1 (Anderson, 2009). 

 

Figure 2.1. Scheme of deformation of control system in algorithm of CFD simulation. Used with permission from 

(Anderson, 2009) 
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Let define B to be the property (extensive property) that is being conserved and b is the 

value of B per unit mass called specific property (Anderson, 2009). Thus:  

 ὄ ὄ ὄ  (2.2) 

and 

 ὄ Ў ὄ Ў ὄ Ў (2.3) 

The rate of changed of B for the system can be mathematically written by following: 

 ÌÉÍ
Ўᴼ

Ў

Ў
 (2.4) 

or  

 ÌÉÍ
Ўᴼ

᷿ ᷿ Ў ᷿ ᷿

Ў
 (2.5) 

Since the limit of the sums equals the sum of the limits, thus it can be expressed by: 

 ÌÉÍ
Ўᴼ

᷿ Ў ᷿

Ў
ÌÉÍ
Ўᴼ

᷿ Ў

Ў
ÌÉÍ
Ўᴼ

᷿

Ў
 (2.6)  

The volume V2 becomes that of the c.v. then ЎὸO π in the limit therefore the 1st limit in 

eq. 2.6 as can be stated as: 

 ÌÉÍ
Ўᴼ

᷿ Ў ᷿

Ў
᷿
ȢȢ
ὦ”Ὠὠ (2.7)  

The integral ᷿ ὦ”Ὠὠ in the 2nd limit expression denotes the amount of property B that has 

crossed the part of c.s. (through points ARB, see Figure 2.1). This value divided by æt gives the 

average rate of flux of B across points ARB during the time interval equals æt. Subsequently, 

the 2nd limit term can be written as: 

 ÌÉÍ
Ўᴼ

Ў

Ў
ÌÉÍ
Ўᴼ

᷿ Ў

Ў
᷿
ȢȢ
ὦ”ὠȢᴆὲᴆὨὃ (2.8)  

Finally, the 3rd limit term represents the exact rate of inflow of B into the c.v. at time t 

across the part of c.s. (across points ALB, see Figure 2.1). This is given by:  

 ÌÉÍ
Ўᴼ

᷿

Ў
᷿
ȢȢ
ὦ”ὠȢᴆὲᴆὨὃ (2.9)  

Both eq. 2.7 and 2.8 represent the net flux rate of B through the entire control surface. 

Thus, it can be replaced by using one term as follows: 
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 ᷿
ȢȢ
ὦ”ὠȢᴆὲᴆὨὃ (2.10)  

where ὠᴆ represents the velocity vector and ὲᴆ is the unit vector pointing outward from an en-

closed region. 

The finial form is expressed as: 

 ᷿
ȢȢ
ὦ”Ὠὠ᷿

ȢȢ
ὦ”ὠȢᴆὲᴆὨὃ (2.11) 

The physical meanings of each part of eq. 2.11 is given as follows (Bird et al., 2006): 

1.  is the total rate of change of any arbitrary extensive property B, of the system. 

2. ᷿
ȢȢ
ὦ”Ὠὠ is the time rate of change of the arbitrary extensive property B in the control 

volume. 

3. ᷿
ȢȢ
ὦ”ὠȢᴆὲᴆὨὃ is the net rate of flux of the extensive property across the control sur-

face. 

The velocity vector ὠᴆ is measured in the above equations relative to control volume which 

is fixed relative to the reference coordinates x, y and z. Therefore, the time rate of change of 

the arbitrary extensive property B within the control volume must be assessed by an observer 

fixed in the control volume (Leal, 2007; Yamaguchi, 2008). 

2.3. Conservation of Mass Equation 

A mass balance eq. for the þuid element is the first step in the derivation of the mass con-

servation equation given by: 

Rate of increase of mass in fluid = Net rate of flow of mass into element fluid element 

The first term of mass balance eq. called rate of increase of mass in the þuid element is written 

as: 

 ᾀ (2.12)‏ώ‏ὼ‏ᾀ‏ώ‏ὼ‏” 

In the next step, the mass þow rate across a face of the element, which is given by the 

product of density, area, and the velocity component normal to the face is accounted for.  
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Figure 2.2. The mass flow in and out of þuid element. Used with permission from (Anderson, 2009)  

According to the Figure 2.2, one can see that the net rate of þow of mass into the element 

through its boundaries is given by: 

 ”ό Ͻ‏ὼ‏ώ‏ᾀ”ό Ͻ‏ὼ‏ώ‏ᾀ 

 ”ὺ Ͻ‏ώ‏ὼ‏ᾀ”ὺ Ͻ‏ώ‏ὼ‏ᾀ 

 ”ύ Ͻ‏ᾀ‏ὼ‏ώ”ύ Ͻ‏ᾀ ‏ὼ‏ώ (2.13) 

Production of an increase of mass in the element occurs when the flow is directed into the 

element and has positive sign whereas the flow that is leaving the element are given a negative 

sign. The rate of increase of mass inside the element defined in eq. 2.11 is compared to the net 

rate of þow of mass into the element through its faces (please see the eq. 2.13). All terms of the 

resulting mass balance are organized on the left-hand side of the equals sign and the expression 

(eq. 2.12) is divided by the element volume ‏ὼ‏ώ‏ᾀ and it yields (Bird et al., 2006; Yamagu-

chi, 2008): 

 π (2.14) 

and by using the compact vector notation: 

 ὨὭὺ”◊ π (2.15) 

The expression 2.15 defines the unsteady, three-dimensional mass conservation or conti-

nuity equation for a compressible þuid. The term  describes the rate of change in time of the 
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density. The second term ὨὭὺ”◊ is the net þow of mass out of the element crossways its 

boundaries and is named the convective term.  

When an incompressible system like a liquid is considered the density ɟ is constant there-

fore the equation (2.15) converts to: 

 ὨὭὺ ◊ π (2.16) 

and in longhand system: 

 π (2.17) 

 

2.3.1. Integral Form of Conservation of Mass Equation 

According to the Reynolds transport theorem given by eq. 2.11, taking B = m (mass) and 

therefore b = 1 (\b = B per unit mass) it can be obtained: 

 ᷿
ȢȢ
”Ὠὠ᷿

ȢȢ
”ὠȢᴆὲᴆὨὃ (2.18) 

Since the control system is considered therefore πȟ then: 

 ᷿
ȢȢ
”Ὠὠ᷿

ȢȢ
”ὠȢᴆὲᴆὨὃ π (2.19) 

If the control volume is non-deformable, i.e., no change time and assumed as stationary 

(velocity vector ὠᴆis not relative vector): 

 Ḉ᷿
ȢȢ
Ὠὠ ᷿

ȢȢ
”ὠȢᴆὲᴆὨὃ π (2.20) 

Applying the divergence theorem given by᷿ ὊȢᴆὲᴆὨὃ ᷿ ὊɳᴆὨὠ is derived to:  

 ᷿
ȢȢ
Ὠὠ ᷿

ȢȢɳ
”ὠᴆὨὠ π (2.21) 

 ᷿
ȢȢ

ᶯ”ὠᴆὨὠ π (2.22) 

The elementary volume dV is arbitrarily selected, therefore if integral over dV is zero then 

integrand is zero. Thus, from equation 2.22 becomes: 

 ᶯ”ὠᴆ π (2.23) 

This above equation is called the conservation of mass equation or the equation of conti-

nuity. 
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2.4. Conservation of L inear Momentum: NavierïStokes Equation 

The fundamental equations of fluid dynamics are called NavierïStokes equations (Yama-

guchi, 2008). If the case of an isothermal flow, a flow at constant temperature is taken into 

consideration, these equations represent two physical conservation laws: the conservation of 

mass and the conservation of linear momentum. There are available of various ways for deriv-

ing these equations (Leal, 2007; Yamaguchi, 2008).  

The Newtonôs second law of motion for flows is used to formulate the conservation of 

linear momentum given by:  

net force = mass x acceleration. 

It defines when applied to the moving fluid element, detailed sketched in the Figure 2.3, 

that the rate of change of the linear momentum must be equivalent to the net force acting upon 

a collection of fluid particles. Newtonôs 2nd law is a vector relation, and thus can be divided 

into three scalar relations by the x, y and z-axes.  

 

Figure 2.3. Moving fluid element with the infinitesimally small size. The x-direction of the forces is shown. Used 

with permission from (Anderson, 2009)  

 

If the x-direction is only considered, the Newtonôs 2nd law can be written: 

 & Íὥ (2.24) 

where & and ὥ are known as the scalar x-components of the force and acceleration, respec-

tively. 
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The first part of eq. 2.24 expresses the force acting on the moving fluid element in the  

x-direction. There are two sources of this force: 

1. Body forces, which straightforwardly act on the volumetric mass of the fluid element. 

Example of these forces is gravitational, electric and magnetic force and they óact at 

a distanceô. 

2. Surface forces, which straight acting on the surface of the fluid element. Two sources 

are only considered: (i) the pressure distribution acting on the surface, forced by the 

outside fluid which surrounds the fluid element, and (ii) the distribution of shear and 

normal stress acting on the surface, also imposed by the outside fluid on the surface by 

means of friction. 

If the body force per unit mass acting on the fluid element is donated by Ὢᴆ with fx as its x-

component, the volume of the fluid element is (Äὼ Äώ Äᾀ therefore: 

 

"ÏÄÙ ÆÏÒÃÅ ÏÎ ÔÈÅ 
 ÆÌÕÉÄ ÅÌÅÍÅÎÔ ÁÃÔÉÎÇ 
ÉÎ ÔÈÅ Ø ÄÉÒÅÃÔÉÏÎ

”Ὢ Äὼ Äώ Äᾀ (2.25) 

The shear, denoted by † ȟ and normal, marked by † , stresses in a fluid are associated to 

the time changing of the rate of the deformation of the fluid element, as is presented in Figure 

2.3. The shear stress is defined as the time rate-of-change of the shearing deformation of the 

fluid element, while the normal stress is implied as the time-rate-of-change of volume of the 

fluid element. Consequently, both forces depend on velocity gradients in the flow. If the viscous 

flows are considered normal stresses (such as Űxx) are significantly smaller than shear stresses 

thus they are many times neglected. When the normal velocity gradients (Öu/Öx) are very large, 

i.e., normal stresses (such Űxx in the x-direction) become important. 

The left side of the eq. 2.24 can be written by using the convectional notation sketched in 

the Figure 2.3, where the surface forces in the x-direction exerted on the fluid element are pre-

sented. The notation will be used here that Űij means stress in the j-direction exerted on a plane 

perpendicular to the i-axis. Thus, for the moving fluid element it can be written:  

 
.ÅÔ ÓÕÒÆÁÃÅ ÆÏÒÃÅ 
ÉÎ ÔÈÅ Ø ÄÉÒÅÃÔÉÏÎ

ὴ ὴ Äὼ  Äώ Äᾀ † Ὠὼ †  Äώ Äᾀ  

 † Äώ †  Äὼ Äᾀ † Äᾀ †  Äὼ Äώ (2.26) 

Hence, the total force in the x-direction, Ὂ, is obtained as the sum of eqs. 2.25 and 2.26. 

The following formula is derived after adding and cancelling terms and represents the left-hand 

side of eq. 2.24: 
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 & Äὼ Äώ Äᾀ ”Ὢ Äὼ Äώ Äᾀ (2.27) 

When the right-hand side of eq. 2.24 is examined, the mass of the fluid element can be 

defined as: 

 ά ” Äὼ Äώ Äᾀ (2.28) 

But the acceleration of the fluid element is expressed as the time-rate-of-change of its ve-

locity. The component of acceleration in the x-direction represented by ὥ in the eq. 2.24 means 

the time-rate-of change of u. Thus, time-rate-of-change is given by the substantial derivative: 

 ὥ  (2.29) 

The merge of the following eqs. 2.24, 2.27, 2.28 and 2.29 it allows to obtain: 

 ” ”Ὢ  (2.30) 

The eq. 2.30 is called the momentum equation for a viscous flow for the x-component and 

for the y- and z-components it can be written in a similar fashion: 

 ” ”Ὢ  (2.31) 

and 

 ” ”Ὢ  (2.32) 

These three eqs. 2.30, 2.31 and 2.32 represent the x-, y- and z-components of the momen-

tum, respectively. All of them are partial differential equations gained directly from an appli-

cation of the fundamental physical principle to an infinitesimal fluid element and they are pre-

sented in non-conservation form. They are scalar equations and are called the NavierïStokes 

equations in honour of two scientists: M. Navier and G. Stokes who independently derived the 

equations in the first half of the nineteenth century (Anderson, 2009; Yamaguchi, 2008).  

The NavierïStokes equations can be also written in conservation form. If the left-hand side 

of eq. 2.30 is given in terms of the definition of the substantial derivative it can be expressed: 

 ” ” ”ὠᴆϽɳό  (2.33) 

Also, expanding the following derivative: 

 ” ό   (2.34) 
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 ” ό   (2.35) 

Evoking the vector identity for the divergence of the product of a scalar times a vector 

defined by: 

 Ͻɳ”όὠᴆ όɳ Ͻ”ὠᴆ ”ὠᴆϽɳό (2.36) 

or 

 ”ὠᴆϽɳό Ͻɳ”όὠᴆ όɳ Ͻ”ὠᴆ (2.37) 

Substitute eqs. 2.35 and 2.37 into eq. 2.33 gives: 

 ” ό όɳ Ͻ”ὠᴆ Ͻɳ”όὠᴆ (2.38) 

or 

 ” ό Ͻɳ”ὠᴆ Ͻɳ”όὠᴆ (2.39) 

The expression in brackets in eq. 2.39 is just the left-hand side of the continuity equation 

defined by eq. 2.23. Thus, the term given in brackets equals zero, so eq. 2.39 simplifies to: 

 ” Ͻɳ”όὠᴆ (2.40) 

Substitute eq. 2.40 into eq. 2.30 gives: 

 Ͻɳ”όὠᴆ ”Ὢ  (2.41) 

and the similar way applied to eqs. 2.31 and 2.32 which allows to express them as:   

 Ͻɳ”ὺὠᴆ ”Ὢ  (2.42) 

 Ͻɳ”ύὠᴆ ”Ὢ  (2.43) 

Those eqs. 2.41, 2.42 and 2.43 are called the NavierïStokes equations in conservation 

form. At the end of the 17th century Isaac Newton (Anderson, 2009) identified that shear stress 

in a fluid is proportional to the time-rate-of-strain, i.e., velocity gradients. These specified fluids 

are called Newtonian fluids. In the contrast, fluids in which Ű is not proportional to the velocity 

gradients are named non-Newtonian fluids. In almost all aerodynamic problems, the fluid can 

be assumed to be Newtonian. Therefore, for these fluids, Stokes (Anderson, 2009) acquired: 

 † ‗ɳ Ͻὠᴆ ς‘   (2.44) 



Part. 1. Theoretical Foundations 

29 

 † ‗ɳ Ͻὠᴆ ς‘   (2.45) 

 † ‗ɳ Ͻὠᴆ ς‘   (2.46) 

 † † ‘   (2.47) 

 † † ‘   (2.48) 

 † † ‘   (2.49) 

where ɛ is known as the molecular viscosity coefficient and ɚ is the bulk viscosity coefficient. 

Stokes postulated the hypothesis that is which is frequently used but has still not been definitely 

confirmed up to day: 

 ‗ ‘  (2.50) 

Substituting eqs. from 2.44 to 2.49 into eqs. 2.42 ï 2.43 it allows to obtain the complete 

NavierïStokes equations written in conservation form for the x-, y- and z-components of mo-

mentum: 

  

 ‗ɳ Ͻὠᴆ ς‘ ‘ ‘ ”Ὢ (2.51) 

  

 ‘ ‗ɳ Ͻὠᴆ ς‘ ‘ ”Ὢ (2.52) 

  

 ‘ ‘ ‗ɳ Ͻὠᴆ ς‘ ”Ὢ (2.53) 

2.5. Conservation of Energy 

In this section the energy equation will derive by applying the model for an infinitesimal 

moving fluid element, which was presented in the chapter 2.3 in Fig. 2.3. The derivation of the 

energy equation will be accordingly to these shown for NavierïStokes. The fundamental phys-

ical principle says that energy is conserved (Bird et al., 2006). It is proven by the first law of 

thermodynamics, which is applied to the moving element of fluid can be expressed as: 
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2ÁÔÅ ÏÆ ÃÈÁÎÇÅ ÏÆ 
ÅÎÅÒÇÙ ÉÎÓÉÄÅ ÔÈÅ 
ÆÌÕÉÄ ÅÌÅÍÅÎÔ 

.ÅÔ ÆÌÕØ ÏÆ 
ÈÅÁÔ ÉÎÔÏ 
ÔÈÅ ÅÌÅÍÅÎÔ

2ÁÔÅ ÏÆ ×ÏÒËÉÎÇ ÄÏÎÅ ÏÎ
ÔÈÅ ÅÌÅÍÅÎÔ ÄÕÅ ÔÏ ÂÏÄÙ
ÁÎÄ ÓÕÒÆÁÃÅ ÆÏÒÃÅÓ

  (2.54) 

The evaluation of the 3rd term of eq. 2.54 allows to gain the expression for the rate of work 

done on the moving fluid element due to body and surface forces. I can be revealed that the rate 

of doing work by a force applied on a moving body is equivalent to the product of the force and 

the component of velocity in the direction of the force (Bird et al., 2006; Yamaguchi, 2008). 

Thus, the rate of work done by the body force acting on the fluid element moving at a velocity 

ὠᴆ is given by: 

 ” ὪᴆϽὠᴆÄὼ Äώ Äᾀ  (2.55) 

It should be considered only forces in the x-direction for the surface forces (pressure plus 

shear and normal stresses), as is presented in Fig. 2.3. The rate of work completed on the mov-

ing fluid element by the pressure and shear forces in the x-direction is just velocity, u, in the 

x-direction multiplied by the forces. To highlight these energy considerations, Fig. 2.3 will be 

again adopted, where the rate of work done on each face by surface forces in the x-direction is 

clearly displayed in Fig. 2.4. 

 

Figure 2.4. Energy fluxes for the moving fluid element with the infinitesimally small size. The x-direction of the 

forces is shown. Used with permission from (Anderson, 2009)  

One can notice that forces in the positive x-direction do positive work and that forces in 

the negative x-direction do negative work. This note is important to get the net rate of work 

done on the fluid element by the surface forces. Therefore, comparison of the pressure forces 
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on two selected faces leads to obtain the net rate of work done by pressure in the x-direction 

written as:  

 όὴ όὴ Äὼ Äώ Äᾀ  Äὼ Äώ Äᾀ (2.56) 

and the net rate of work done by the shear stresses in the x-direction given by: 

 ό† Äώ ό† Äὼ Äᾀ  Äὼ Äώ Äᾀ (2.57) 

Hence, studying all the surface forces in the x-direction presented in Fig. 2.4, the net rate 

of work done on the moving fluid element due to these forces is expressed as: 

  Äὼ Äώ Äᾀ (2.58) 

Similar expressions are obtained when the surface forces the y- and z-directions are also 

included. The complete net rate of work done on the moving fluid element is equalled to the 

sum of both: the surface force in the x-, y- and z-directions and the body force contributions. 

This is represented by 3rd term of eq. 2.54 given by: 

 σ ὸὩὶά

                            Äὼ Äώ Äᾀ ” ὪᴆϽὠᴆÄὼ Äώ Äᾀ  (2.59) 

where the first three terms on the right-hand side are basically ɳϽÐὠᴆ. 

Now, the 2nd term in eq. 2.54 will be analysed. This term is defined as the net flux of heat 

into the element. This heat flux is due to: volumetric heating such as absorption or emission of 

radiation, and heat transfer across the surface due to temperature gradients, i.e. thermal conduc-

tion. It can be noticed that the mass of the moving fluid element presented in Fig. 2.4 is 

”Äὼ Äώ Äᾀ therefore it can be obtained:  

 
ÖÏÌÕÍÅÔÒÉÃ ÈÅÁÔÉÎÇ 
ÏÆ ÔÈÅ ÅÌÅÍÅÎÔ

” ήÄὼ Äώ Äᾀ  (2.60) 

The heat is transferred across faces in the x-direction by thermal conduction into the mov-

ing fluid element and out, as is presented in Fig. 2.4. Hence, the net heat transferred in the  

x-direction into the fluid element by thermal conduction is written:  

 ή● ή●
●Äὼ Äώ Äᾀ ●Äὼ Äώ Äᾀ  (2.61) 

Adding also heat transfer in the y- and z-directions across the other faces presented in Fig. 

2.4, it can be obtained:  
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(ÅÁÔÉÎÇ ÏÆ ÔÈÅ 
ÆÌÕÉÄ ÅÌÅÍÅÎÔ ÂÙ 
 ÔÈÅÒÍÁÌ ÃÏÎÄÕÃÔÉÏÎ 

● ◐ ◑Äὼ Äώ Äᾀ  (2.62) 

Therefore, the 2nd term seen in eq. 2.54 is exactly the sum of eqs. 2.60 and 2.62, given by: 

 ς  ÔÅÒÍ” ή ● ◐ ◑ Äὼ Äώ Äᾀ  (2.63) 

Heat transfer by thermal conduction is proportional to the local temperature gradient and 

for instant, for x-direction is written: 

 ή● Ὧ   (2.64) 

where k is the thermal conductivity. Similar expresses can be derived for the y- and z-directions. 

Therefore, the eq. 2.63 is expressed by: 

 ς  ÔÅÒÍ” ή Ὧ Ὧ Ὧ Äὼ Äώ Äᾀ  (2.65) 

The last term in eq. 2.54 which describes the rate of change in time of energy inside the 

fluid element. The total energy of a moving fluid per unit mass is defined as the sum of its 

internal energy per unit mass, e, and its kinetic energy per unit mass, ὠȾς and given as 

Ὡ ὠȾς. Since the concept of moving fluid element is followed, the time rate of change of 

energy is given by the substantial derivative (Bird et al., 2006). Because the mass of the fluid 

element is defined as ” Äὼ Äώ Äᾀ, the first term can be written as: 

 ρ ÔÅÒÍ” Ὡ Äὼ Äώ Äᾀ  (2.66) 

Considering the definition of all terms written by eq. 2.59, 2.65 and 2.66 and substituting 

them into eq. 2.54, it allows to derive the final form of the energy equation given by: 

 ” Ὡ ” ή Ὧ Ὧ Ὧ  

  

 ” ὪᴆϽὠᴆ (2.67) 

The eq. 2.67 is known as the non-conservation form of the energy equation written in the 

terms of the total energy Ὡ ὠȾς. However, more often the energy equation is given in a 

form that contains just the internal energy, e. Multiplying eqs. 2.30 to 2.32 by u, v and w, re-

spectively, it can be obtained:  
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 ” Õ ό ό ό ”όὪ (2.68) 

 ” ὺ ὺ ὺ ὺ ”ὺὪ (2.69) 

 ” ύ ύ ύ ύ ”ύὪ (2.70) 

When eqs. 2.68, 2.69 and 2.70 are added and the notation of ό ὺ ύ ὠ  is applied 

the following equation is delivered: 

 ” Õ ὺ ύ ό ὺ  

 ύ ”όὪ ὺὪ ύὪ (2.71) 

Deducting eq. 2.71 from eq. 2.67 and write ” ὪᴆϽὠᴆ ”όὪ ὺὪ ύὪ the following 

formula is obtained: 

 ” ” ή Ὧ Ὧ Ὧ Ð  

 † † † † † † † † †  (2.72) 

Equation 2.72 is called as the energy equation in terms of internal energy. The body force 

terms have cancelled in this formula and the energy equation when is given in terms of e does 

not explicitly include the body force. Eq. 2.72 is still given in non-conservation form  

(Bird et al., 2006; Yamaguchi, 2008). 

Both eqs. can be stated completely in terms of flow field variables by replacing the viscous 

stress terms given by †ȟ†  etc. with their equivalent expressions from eqs. 2.44 to 2.49.  

Substituting eqs. from 2.44 to 2.49 into eq. 2.72 after expressed it in term of flow field 

leads to: 

 ” ” ή Ὧ Ὧ Ὧ Ð ‗   

 ‘ς ς ς  (2.73) 

Once can find that eq. 2.73 is a form of the energy equation completely in terms of the 

flow-field variables (Bird et al., 2006).  
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The steps of derivation of energy equation in conservation form can be as follows. Apply-

ing definition of substantial derivative for the left-hand side of eq. 2.73: 

 ” ” ”ὠᴆϽɳὩ (2.74) 

but, 

 ” Ὡ  (2.75) 

From the definition of vector identity concerning the divergence of the product of a scalar 

times a vector: 

 Ͻɳ”Ὡὠᴆ Ὡɳ Ͻ”ὠᴆ ”ὠᴆϽὩɳ  (2.76) 

Substitute eqs. 2.75 and 2.76 into eq. 2.74.: 

 ” Ὡ Ͻɳ”ὠᴆ Ͻɳ”Ὡὠᴆ (2.77) 

The phrase in square brackets in eq. 2.77 equals zero, from the continuity equation (2.23). 

Consequently, eq. 2.77 converts to: 

 ” Ͻɳ”Ὡὠᴆ (2.78) 

Hence, substituting eq. 2.78 into eq. 2.73 gives: 

 Ͻɳ”Ὡὠᴆ ” ή Ὧ Ὧ Ὧ   

 Ð ‗  

 ‘ς ς ς  (2.79) 

Equation (2.79) is knowns as the conservation form of the energy equation, written in terms 

of the internal energy. 

Redoing the steps from eq. (2.74) to eq. (2.78) if the total energy is considered instead the 

internal energy, e:  

 ” ”Ὡ Ͻɳ”Ὡ ὠᴆ (2.80) 

Substituting eq. 2.80 into the left-hand side of eq. 2.66, it can be obtained: 
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 ”Ὡ Ͻɳ”Ὡ ὠᴆ ” ή Ὧ Ὧ Ὧ  

  

 ” ὪᴆϽὠᴆ (2.81) 

The eq. 2.81 is known as the conservation form of the energy equation, written in terms of 

the total energy, Ὡ . But there are many other possible forms of the energy equation; the 

equation can be written in terms of enthalpy, h, or total enthalpy Ὤ  (Anderson, 2009; 

Bird et al., 2006; Yamaguchi, 2008). 

2.6. General Scalar Transport Equation 

The equations governing fluid flow, heat and mass transfer can be dropped into a single 

general form which it is called the general scalar transport equation or convection-diffusion 

equation (Anderson, 2009; Bird et al., 2006; Yamaguchi, 2008). The general steady-state scalar-

transport equation is given by: 

 άὥίί ‰  В ÍÁÓÓ ÆÌÕØ  ‰  ɜ ὃ Ὓ (2.82) 

The term άὥίί ‰  is time derivative, ÍÁÓÓ ÆÌÕØ  ‰ is known as advection 

(transport with the flow), ῲ ὃ is diffusion (net transport by molecular or turbulent fluctua-

tions) and Ὓ means source (Anderson, 2009). Thus, generally the scalar-transport equation for 

a control volume has the form: 

 ÒÁÔÅ ÏÆ ÃÈÁÎÇÅÎÅÔ ÏÕÔ×ÁÒÄ ÆÌÕØίέόὶὧὩ (2.83) 

This equation combines of the diffusion and convection (advection) equations and defines 

physical phenomena where particles, energy or other physical quantities are transported inside 

a physical system by using two processes: diffusion and convection. The other general form of 

the generic scalar transport equation is given by: 

 ϽɳὈɳ ὧ ϽɳἾὧ Ὑ (2.84) 

The variables appearing in eq. 2.83 have the following meaning: c is the variable of con-

cern: species concentration for mass transfer, temperature for heat transfer; D is the diffusivity, 

e.g., mass diffusion of particle or thermal in heat transport; v is the velocity field that the quan-

tity is moving with, this variable is a function of time and space; and R defines sources or sinks 
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of the quantity c, for example for heat transport R > 0 might appear if thermal energy is being 

produced by friction.ɳ denotes gradient and ɳ represents divergence. In eq. 2.84, cɳ signifies 

concentration gradient. 

The right-hand side of the eq. 2.84 is the sum of three contributions. The first term  

ϽɳὈɳ ὧ means diffusion. If the c is defined as the concentration of a chemical and the con-

centration is low someplace compared to the surrounding areas, the substance will diffuse in 

from the surroundings that leads to an increase the concentration and conversely. The net dif-

fusion is proportional to the Laplacian (or second derivative) of concentration if D is a constant. 

The second contribution ϽɳἾὧ defines convection (or advection). For example, when 

water's salinity is measured each second and it might be noticed after adding the amount of salt 

into the water that the salinity suddenly grows, and then fall, as the zone of salty water passes 

by. It means that the concentration at a given position can change because of the flow. The last 

term R pronounces the creation or destruction of the quantity. For instant, if variable c defines 

the concentration of a molecule, then R labels how the molecule can be formed or demolished 

by chemical reactions. The term R may be a function of c and of other factors. Frequently, there 

are numerous quantities, each has its own convectionïdiffusion equation, where the destruction 

of one quantity causes the creation of another, e.g., methane combustion reaction where carbon 

dioxide and water vapor are created while methane and oxygen are destroyed. All convectionï

diffusion equations are coupled together and must be solved as a system of simultaneous dif-

ferential equations (Leal, 2007; Bird et al., 2006). 

A general scalar equation can be solved after conversating it to an algebraic equation (by us-

ing a control-volume-based technique) and be solved numerically. The control volume technique 

consists of integrating the transport equation about each control volume (Anderson, 2009).  
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3. Mathematical Models of Transport Processes in Fluids (Halina Murasiewicz) 

3.1. Introduction 

Analytical solution can be applied to tackle the continuity and NavierïStokes equations for 

simple cases (Anderson, 2009). More multifaceted þows can be solved numerically with CFD 

techniques such as the ýnite volume method without additional approximations.  

Mostly flows of engineering signiýcance are turbulent, so the turbulent þow regime is not 

just of theoretical interest. Therefore, fluid mechanics engineers need admission to feasible 

tools capable of representing the effects of turbulence. However, not only turbulence is phe-

nomenon that can be simulate in CFD software. Additional processes also consider in CFD 

modelling are multiphase flow, non-Newtonian flows, and others. 

This chapter gives a brief introduction to mathematical models use in modelling of turbu-

lent, multiphase, and non-Newtonian flows will present. The last part of this chapter will focus 

on fundamentals and modelling in CFD. 

3.2. Turbulent flows 

First, a brief look at the main characteristics of turbulent þows is taken. Turbulent flows 

are depicted by three-dimensional motion of the fluid on a wide range of scales both in time 

and space. Mathematically, it means that a very small gap between discretized points is essential 

which results in the numerical calculations becoming longer and more costly. Therefore, several 

approximations have been familiarized to represent the turbulence and effectively make the 

simulation more viable. 

The Reynolds number provides a measure of the relation of inertia forces (linked with con-

vective effects) and viscous forces. If the applied boundary conditions do not change with time 

the þow is steady. This regime is called laminar þow. The velocity and all other þow properties 

vary in a random and chaotic way. This regime is called turbulent þow. The initial cause of the 

transition to turbulence can be explained by considering the stability of laminar þows to small 

disturbances. 

A significant number of research effort is devoted to developing numerical methods to de-

termine the essential effects due to turbulence since it is imperative in engineering applications. 

The methods are mainly classified into the following three classes: 1) Reynolds-averaged  

NavierïStokes, óRANSô; 2) Large Eddy Simulations, óLESô and 3) Direct Numerical Simula-

tions, óDNSô. Besides these techniques, hybrid methods exist which are combining for example 

LES and RANS, and it is called URANS method.  
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¶ Turbulence models for Reynolds-averaged NavierïStokes (RANS) equations: this 

technique focuses on the mean þow and the effects of turbulence on mean þow proper-

ties. The NavierïStokes equations are time averaged (or group averaged in þows with 

time-dependent boundary conditions) before numerical methods are applied. Additional 

terms appear in the time-averaged (or Reynolds- averaged) þow equations due to the 

interactions between various turbulent þuctuations. These terms are simulated by using 

conventional turbulence models: among the best-recognized ones are the kïŮ model and 

the Reynolds stress model. This approach, represents by above models, has been the 

basis of þow calculations over the last three decades due to modest the computing re-

sources (Anderson, 2009).  

¶ Large eddy simulation: this is an intermediate method of turbulence computations 

which trails the behaviour of the larger eddies occurred in turbulent flow. The method 

engages space ýltering of the unsteady NavierïStokes equations before the computa-

tions, which passes the larger and refuses the smaller eddies. The effects on the solved 

þow (mean þow together with large eddies) due to the smallest, unresolved eddies are 

incorporated by means of a sub-grid scale model. In this approach, the computing re-

sources in terms of storage and volume of calculations are large because of demands of 

solution of unsteady þow equations. Recently, this method is also addressed for com-

plex geometry (Anderson, 2009). 

¶ Direct numerical simulation (DNS): this method compute both the mean þow and all 

turbulent velocity þuctuations. The NavierïStokes equations are solved for unsteady 

state on three-dimensional grids that are sufýciently ýne that they can determine the 

Kolmogorov length scales at which energy dissipation occurs and with time steps 

enough small to resolve the period of the fastest þuctuations. Unfortunately, the cost of 

computing by applying this method is high (Anderson, 2009).  

3.2.1. Reynolds-averaged NavierïStokes (RANS) 

For most engineering aims it is redundant to determine the details of the turbulent þuctua-

tions. In most cases, users of CFD software seek the time-averaged properties of the þow, e.g., 

mean velocities, mean pressures, mean stresses etc which are seemed to be always satisýed 

information. Hence, the enormous majority of turbulent þow simulations have been and, in the 

future, will last to be passed with procedures based on the Reynolds-averaged NavierïStokes 

(RANS) equations (Anderson, 2009). However, the explanation of the outcomes of turbulence 
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on the mean þow is still needed because the time-averaging operation on the momentum equa-

tions rejects all details regarding the state of the þow enclosed in the instantaneous þuctuations 

(Anderson, 2009). 

Application of the RANS equations to compute turbulent þows requires development of 

turbulence models to predict the Reynolds stresses: ”ό , ”ὺ , ”ύ , ”όὺ, ”όύ , 

”ὺύ  and the scalar transport terms and close the system of mean þow equations mentioned 

in chapter 2 (i.e., Eq. 2.15, Eq. 2.81). In all-purpose CFD code uses a turbulence model should 

have the following pros be accurate, extensive applicability, simple and cost-effective to run. 

The most popular RANS turbulence models are classified based on quantity of supplementary 

transport equations that is necessary to be solved together with the RANS þow equations. The 

summarized are presented in Table 3.1. 

Table 3.1. Classification of RANS turbulence models (Anderson, 2009) 

Number of additional transport eqs Name 
Zero Mixing length model 
One  SpalartïAllmaras model  
Two  kïŮ model  

kïɤ model  

Algebraic stress model 
Seven  Reynolds stress model 

 

Presented in Table 3.1 models are the base of typical turbulence calculation procedures 

available now in commercial CFD codes. The detailed information about models is presented 

in (Anderson, 2009). 

Among models shown in Table 3.1 the mixing length and k-Ů models are nowadays by far 

the most extensively used and validated. They are use the assumption that there is an analogy 

between the action of viscous stresses and Reynolds stresses on the mean þow. These both type 

of stresses emerges on the right-hand side of the momentum equation. In Newtonôs law of vis-

cosity, the viscous stresses are taken to be proportional to the rate of deformation of þuid ele-

ments. When an incompressible þuid are considered, this gives: 

 † ‘ί ‘  (3.1) 

and with the notation so-called sufýx notation eq. 3.1 is written as: 

 † † ‘ ‘  (3.2) 

where the convention of this notation is that i or j = 1 refers to the x-direction, i or j = 2 the 

y-direction and i or j = 3 the z-direction. 
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Discussions of simple turbulent þows presented in (Anderson, 2009) shows that both tur-

bulence levels and turbulent stresses differ from point to point in a þow. Mixing length models 

effort to pronounce the stresses by means of simple algebraic formulae for eddy viscosity, ‘, 

as a function of position. The k-Ů model is rather more general but more sophisticated, but also 

more costly. Nevertheless, this model allows describing the effects of transport of turbulence 

properties by convection and diffusion and for production and destruction of turbulence. Here, 

two transport equations (PDEs), one for the turbulent kinetic energy k and one for the rate of 

dissipation of turbulent kinetic energy Ů, are solved. 

Those two turbulent models have the same underlying assumption where ‘ is both these 

isotropic. It means that the ratio between Reynolds stress and mean rate of deformation is the 

similar in all directions. Unfortunately, this assumption collapses in many complex þows be-

cause it gives imprecise predictions. 

The mixing length models uses the concept of Prandtlôs mixing length model describes by 

the following formula: 

 ’ Љ  (3.3) 

where  is called mean velocity gradient, Љ  is the eddy length scale and ’ is called as the 

kinematic turbulent viscosity. The turbulent Reynolds stress is defined by: 

 † † ”όὺ ”Љ  (3.4) 

Since turbulence is a function of the þow therefore if the turbulence changes it is essential 

to account for this within the mixing length model by varying Љ .  

The mixing length model allows also to foresee turbulent transport of scalar quantities. In 

this case, turbulent transport term is modelled as follows: 

 ”ὺ• ῲ  (3.5) 

where ῲ  and means the turbulent or eddy diffusivity, ‘  ”’ and ’ is express by eq. 3.3. 

Rodi (Rodi, 1993) suggests values for „ of 0.9 in near wall þows, 0.5 for jets and mixing layers 

and 0.7 in axisymmetric jets. A general assessment of the mixing length model is given in (An-

derson, 2009). 

In turbulent þows where convection and diffusion produce notable differences between 

production and destruction of turbulence the mixing length model is no longer practicable. The 

correct way is to study the dynamics of turbulence. The k-Ů model spotlights on the mechanisms 
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that affect the turbulent kinetic energy. The instantaneous kinetic energy of turbulent flow, k(t), 

is the sum of the mean kinetic energy ὑ Ὗ ὠ ὡ  and the turbulent kinetic energy 

Ὧ ό ὺ ύ  as express the eq.:  

 Ὧὸ ὑ Ὧ (3.6) 

The rate of dissipation of turbulent kinetic energy per unit mass, e, is given by: 

 ‭ ς’ίijϽίij (3.7) 

The standard k-Ů (Launder and Spalding, 1974) model possess two model equations, one for k 

and one for Ů, built on best understanding of the related processes causing changes to these 

variables. The standard k-Ů model expresses k and Ů by using the following transport equations: 

 ÄÉÖ”Ὧ╤ ÄÉÖÇÒÁÄ Ὧ ς‘ὛȢὛ ”‐ (3.8) 

 ÄÉÖ”‐╤ ÄÉÖÇÒÁÄ ‐ ὅ ς‘ὛȢὛ ὅ ”  (3.9) 

and by using words above equations become: 

 

2ÁÔÅ ÏÆ 
ÃÈÁÎÇÅ 
ÏÆ Ὧ ÏÒ ‐

4ÒÁÎÓÐÏÒÔ ÏÆ
 Ὧ ÏÒ ‐ 

ÂÙ ÃÏÎÖÅÃÔÉÏÎ

4ÒÁÎÓÐÏÒÔ ÏÆ 
Ὧ ÏÒ ‐ 

ÂÙ ÄÉÆÆÕÓÉÏÎ

2ÁÔÅ ÏÆ 
ÐÒÏÄÕÃÔÉÏÎ ÏÆ 
Ὧ ÏÒ ‐

2ÁÔÅ ÏÆ 
ÄÅÓÔÒÕÃÔÉÏÎ ÏÆ 
Ὧ ÏÒ ‐

 

The eddy viscosity ‘ is defined as follows: 

 ‘  ”ὅ  (3.10) 

where ὅ means a dimensionless constant. 

Five adjustable constants: ὅȟ„ȟ„ȟὅ  and ὅ  are included in the equations 3.8 and 3.9. 

In the standard kïŮ model values for the above-mentioned constants are derived by data ýtting 

for a wide range of turbulent þows (Anderson, 2009): 

 ὅ  πȢπω     „ ρȢππ     „ ρȢσ     ὅ  ρȢττ     ὅ ρȢως (3.11) 

To calculate the Reynolds stresses the Boussinesq (Anderson, 2009) relationship: 

 ”όiόj ‘ i

j

j

i
”Ὧ‏ij ς‘Ὓ ”Ὧ‏ij (3.12) 

where ‏ÉÊ is the Kronecker delta. 
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The k-Ů model is broadly used in engineering applications and gives beneficial results de-

spite of its limited validity. The advantages and disadvantages of this model are shown in (An-

derson, 2009). 

3.2.2. Large Eddy Simulation (LES) 

The long-time efforts to develop RANS turbulence models, an all-purpose model appro-

priate for a varied range of practical applications has so far proved to be indefinable. This is 

because of differences in the behaviour of large and small eddies. The smaller eddies are almost 

isotropic and have a universal behaviour (mainly for turbulent þows at sufýciently high Reyn-

olds numbers). But, the larger eddies, which interact with and extract energy from the mean 

þow, are rather anisotropic. Their behaviour depends on the geometry of the problem domain, 

the boundary conditions and body forces. If Reynolds-averaged equations are applied the col-

lective behaviour of all eddies must be labelled by a single turbulence model. However, the 

problem dependence of the largest eddies makes the search for extensively applicable models 

much more difficult. Another approach suggests to the simulation of turbulent þows, particu-

larly for the larger eddies, should be computed with a time-dependent simulation. On the other 

hand, the universal behaviour of the smaller eddies it seems that is easier to capture with a 

compact model. This is the main principle of the large eddy simulation (LES) approach to the 

numerical simulation of turbulence (Anderson, 2009).  

The LES method employs a spatial ýltering operation to separate the larger and smaller 

eddies instead of time-averaging. The method of spatial ýltering begins with the selection of a 

ýltering function and a certain cut off width with the purpose of resolving in an unsteady þow 

simulation all those eddies with a length scale larger than the cut off width. Next, the spatial 

ýltering, described in (Anderson, 2009), operation is achieved on the time-dependent þow equa-

tions. In this ýltering operation information about the smaller, ýltered-out turbulent eddies is 

demolished. The filtering operation and interaction effects between the larger, resolved and the 

smaller unresolved eddies, provokes formation of sub-grid-scale stresses or SGS stresses. Their 

influence on the resolved þow is defined by means of an SGS model. When the ýnite volume 

method is taken the time-dependent, space-ýltered þow equations are solved on a grid of control 

volumes along with the SGS model of the unresolved stresses. This gives the mean þow and all 

turbulent eddies at scales greater than the cut-off width.  

The unsteady NavierïStokes equations for a þuid with constant viscosity Õ are given by 

following equations: 
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 ÄÉÖ ”Ἵ π (3.13) 

 ÄÉÖ ”όἽ ‘ ÄÉÖÇÒÁÄό Ὓ (3.14) 

 ÄÉÖ ”ὺἽ ‘ ÄÉÖÇÒÁÄὺ Ὓ (3.15) 

 ÄÉÖ ”ύἽ ‘ ÄÉÖÇÒÁÄύ Ὓ  (3.16) 

When the þow is also incompressible we have div(u) = 0, and thus the viscous momentum 

source terms Ὓ, Ὓ and Ὓ  also equal zero.  

Filtering of equation 3.13 gives the LES continuity equation: 

 ÄÉÖ ”Ἵ π (3.17) 

where the overbar in this and next equations denotes a ýltered þow variable. Repeating the 

procedure for all equations from 3.14ï3.16 yields: 

 ÄÉÖ ”όἽ
Ӷ
‘ ÄÉÖÇÒÁÄό  (3.18) 

 ÄÉÖ ”ὺἽ
Ӷ
‘ ÄÉÖÇÒÁÄὺӶ (3.19) 

 ÄÉÖ ”ύἽ
Ӷ
‘ ÄÉÖÇÒÁÄύ  (3.20) 

The LES momentum equations are expressed as follows: 

 ÄÉÖ ”όἽ
Ӷ
‘ ÄÉÖÇÒÁÄό ÄÉÖ ”όἽ ÄÉÖ ”όἽ  (3.21) 

 ÄÉÖ ”ὺӶἽ
Ӷ
‘ ÄÉÖÇÒÁÄὺӶ ÄÉÖ ”ὺἽ ÄÉÖ ”ὺӶἽ  (3.22) 

 ÄÉÖ ”ύἽ
Ӷ
‘ ÄÉÖÇÒÁÄύ ÄÉÖ ”ύἽ ÄÉÖ ”ύἽ  (3.23) 

                                                                                                                                        

Terms (I) are the rate of change of the ýltered x-, y- and z-momentum, terms (II) and (IV) 

are the convective and diffusive þuxes of ýltered x-, y- and z-momentum, terms (III) mean the  

gradients in the x-, y- and z-directions of the ýltered pressure ýeld whereas terms (V) are caused 

by the ýltering operation, and they can be considered as a divergence of a set of stresses †. In 

the fact that a substantial portion of † is attributed to convective momentum transport due to 

interactions between the unresolved or SGS eddies, these stresses are generally named the sub-

grid-scale stresses. The SGS stresses are defined: 
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 † ”όiόj ”όiόj ”όiόj ”όiόj ”όiόj ”όiόj ”όiόj (3.24) 

On the right side of eq. 3.24 there are three groups of contributions (Anderson, 2009): 

”όiόj ”όiόj ï Leonard stresses, ὒ, 

”όiόj ”όiόj ï cross-stresses, ὅ, 

”όiόj ï LES Reynolds stresses, Ὑ . 

In simple þows the Boussinesq eddy viscosity hypothesis (Anderson, 2009) was frequently 

found to predict of Reynolds-averaged turbulent stresses in a good way. Smagorinsky (1963) 

proposed that, since the smallest turbulent eddies are almost isotropic, it can be assumed that 

the Boussinesq hypothesis might deliver a good description of the effects of the unresolved 

eddies on the resolved þow. Therefore, the local SGS stresses Ὑ , shown in Smagorinskyôs SGS 

model, are assumed to be proportional to the local rate of strain of the resolved þow,  

ὛӶ É

Ê

Ê

É
: 

 Ὑ ς‘SGSὛӶ Ὑ‏ ‘SGS
i

j

j

i
Ὑ(3.25) ‏ 

The constant of proportionality is the dynamic SGS viscosity ‘ , which has dimen-

sions Pa s. The SGS viscosity is assessed by: 

 ‘SGS ”ὅSGSЎ ȿὛӶȿ ”ὅSGSЎ ςὛӶὛӶ (3.26) 

where ὅ3'3 means a dimensionless constant with its value presented in (Anderson, 2009) and 

ὛӶ expresses as above. 

3.2.3. Direct Numerical Simulation (DNS) 

The instantaneous continuity and NavierïStokes equations (Anderson, 2009) for an incom-

pressible turbulent þow create a closed set of four equations with four unknowns u, v, w and p. 

Direct numerical simulation (DNS) of turbulent þow adopts this set of equations as a starting 

point and expands a transient solution on a ýne spatial mesh with small time steps to resolve 

even the smallest turbulent eddies and the fastest þuctuations (Anderson, 2009).  

The possible beneýts of using DNS simulation for turbulent flow was found by Reynolds 

(Lumley, 1989) and Moin and Mahesh (Moin and Mahesh, 1998): 
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1. Detailed information of turbulence parameters, their transport at any point in the þow can 

be calculated with DNS. These data are beneficial for the development and validation of 

new turbulence models. 

2. It allows to obtain instantaneous results that are not quantifiable with instrumentation, 

and instantaneous turbulence structures can be pictured and studied.  

3. Advanced experimental techniques can be examined and assessed in DNS þow ýelds. For 

example, calibration of hot-wire anemometry probes in near-wall turbulence (Lumley, 

1989). 

4. Primary turbulence study on virtual þow ýelds that cannot occur, e.g., by including or 

excluding individual aspects of þow physics. For example: shear-free boundary layers 

emerging on walls at rest with respect to the free stream or the investigation of the basics 

of reacting þows (Moin and Mahesh, 1998). 

3.3. Multiphase Flows 

The main crucial factor in any numerical simulation is defining the appropriate mathemat-

ical model which describes the physics of the problem. Practically all engineering problem co-

vers of interactions between matter: solid, liquid and gases etc. Hence, the engineer should 

thoroughly specify the problem, taking these aspects into consideration. It is essential to first 

explain the basics of the physical phenomenon behind of multiphase flow to understand it bet-

ter. In the background of fluid mechanics, multiphase flows can be considered as simply any 

fluid flow system containing of two or more separate phases (with different thermodynamic 

state) flowing simultaneously in mixture, having some level of phase separation at a scale well 

above the molecular level (Yeoh and Tu, 2009). Water bubble column, boiling and condensa-

tion and cavitating pumps and turbines are example of multiphase system. Generally, multi-

phase flows exist in many different forms. Two-phase flows can be categorized according to 

the state of the different phases: gas-solid flows, liquid-solid flows, and gas-liquid flows. This 

classification can be extended by liquid-liquid flows of immiscible liquid. However, more than 

two phases can exist together in many fluid flows: solid-water-air.  

Each phase with distinctive form of matter is classified into three main fields: solid with 

specified of shape and volume, liquid with definite of volume but form depends on type of 

container and gas where shape and volume depend on type of box or storage device. Multiphase 

flow contains two main phases: continuous (based on the Eulerian hypothesis) phase, mainly 

liquid but also a gas, where dispersed (particles) phase is immersed. The dispersed phase can 
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be droplets (liquid), particles (solid), or bubbles (gas). A narrow region between phases is ob-

served as demarcation due to difference in chemical or physical structures, and it is called an 

interface. In CFD modelling a mathematical function for the interface is used to distinguish.  

Multiphase flow can be categorized due to specification of the fluid flow regime. Here we 

can distinguish the following main fields: 

1. Gas-liquid or liquid-liquid flows:  

ï bubbly flow: this is the flow of discrete gaseous or fluid bubbles in a continuous fluid, 

ï droplet flow: the flow of discrete fluid droplets in a continuous gas, 

ï slug flow: this is the flow of large bubbles in a continuous fluid, 

ï stratified/free-surface flow: this is the flow of immiscible fluids separated by a de-

fined interface. Example of dispersed flow is presented in Fig. 3.1. 

 
 
Figure 3.1. Dispersed (oil) phase into aqueous continuous phase 

2. Gas-Solid flows: 

ï particle-laden flow: this is flow of discrete particles in a continuous gas, 

ï pneumatic transport: this is a type of flow where pattern depends on factors such as 

solid loading, Reynolds numbers, and particle properties. Typical patterns are dune 

flow, slug flow, and homogeneous flow, 

ï fluidized bed: Here a vertical cylinder containing particles is used, into which a gas 

is introduced through a distributor. The gas increasing through the bed suspends the 

particles. The missing is intensified based on the gas flow rate, bubbles appear and 

rise through the bed.  

The example of particle flows (based on coupling) that is the connection between the par-

ticle motion and its environments can be used to classify the character of the multiphase flows. 

The following flow conditions are recognized: dilute, dispersed, and dense based on numerous 

interphase and interphase coupling (Fig. 3.2).  
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Figure 3.2. Type of particles flows based on coupling. Used with permission from (Pachpute 2021) 

1. Liquid-Solid Flows: 

ï slurry flow: This flow is the carrying of particles in liquids. The fundamental behav-

iour of liquid-solid flows differs with the properties of the solid particlesô compara-

tive to those of the liquid. In slurry flows, the Stokes number is normally less than 1. 

When the Stokes number is larger than 1, the characteristic of the flow is liquid-solid 

fluidization, 

ï hydrotransport: There are a densely distribution of solid particles in a continuous 

liquid, 

ï sedimentation: A tall column initially containing a uniform dispersed mixture of par-

ticles is used. At the bottom of column, the particles will slow down and form a 

sludge layer. At the top, a clear interface will appear, and in the middle of column a 

constant settling zone will exist. 

2. Three-Phase Flows: 

ï three-phase flows are arrangements of the other flow regimes listed above. 

Another specification classifies multiphase flow depends on the number of miscible fluids 

and the classification is presented in Fig. 3.3.  
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Figure 3.3. Classification of multiphase flows based on number of continuous and dispersed phases 

Multiphase flow can be found in the following industries: solid drying systems, droplet 

separation, packed bed reactors, foam, packed columns, mist eliminators, centrifugal extractors, 

sedimentation, fluidized bed, cyclone separators, mixers, bubble columns, particulate systems, 

dust collection systems, precipitators, solid suspensions. In nature, the multiphase is seen in 

rain falls, water from river and oceans.  

Computational fluid dynamics can be used to depiction details of flow physics that could 

not be pictured by experiments or explain mechanisms that are constantly being demonstrated 

in complex multiphase flows. 

3.3.1. Basic Terms, Governing Equations, and Models 

The constantly increment of power of computers has improved and promoted the application 

of mathematical equations and models also to forecast the comprehensive behaviour of multi-

phase flows and the phenomena that they manifest. Scientists play enormous attention to find 

feasible solution of the equations governing the motion of multiple phases in CFD. The key to 

describe multiphase flows is their presence under different forms. To understand better the deri-
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vation of the governing equations used in the different types of multiphase flows and their treat-

ment a flowchart is prepared and illustrated in Fig. 3.4. Detailed information of derivation for all 

conservation equations used in multiphase flows is presented in (Yeoh and Tu, 2009). 

 

Figure 3.4. Flowchart of derivation of the governing equations for multiphase flow. Used with permission from 

(Yeoh and Tu, 2009) 

In the first step of solving any multiphase problem is important to define which of the 

regimes offers some comprehensive standards for determining proper models for each regime, 

and how to define the degree of interphase coupling for flows including bubbles, droplets, or 

particles, and the correct model for different amounts of coupling. Development of computa-

tional fluid mechanics have offered the basis for further understanding of the dynamics of mul-

tiphase flows. Nowadays, there are two approaches for the numerical calculation of multiphase 

flows: the EulerïLagrange and the EulerïEuler approach (Yeoh and Tu, 2009).  

In EulerïLagrange approach the continuous phase is treated as a continuum by solving the 

NavierïStokes equations, while the dispersed phase is solved by tracking many particles, bub-

bles, or droplets across the computed flow field. The momentum, mass, and energy might be 

exchanged between dispersed phase and fluid phase. 

A major statement made in this model is that the dispersed second phase inhabits a low 

volume fraction, although high mass loading ά ά  is tolerable. The particle or 
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droplet trajectories are calculated individually at specified gaps together with the fluid phase 

calculation. Therefore, the model is suitable for the modelling of spray dryers, coal and liquid 

fuel combustion, and some particle-laden flows. Unfortunately, it canôt be applied for the mod-

elling of liquid-liquid mixtures, fluidized beds, or any application where the volume fraction of 

the second phase cannot be ignored. 

EulerïLagrange approach in Ansys Fluent foresees the trajectory of a discrete phase parti-

cle (or droplet or bubble) by integrating the force balance apply on the particle, which is written 

in a Lagrangian reference frame. This force balance equates the particle inertia with the forces 

acting on the particle. The trajectory equations are resolved by step-by-step integration over 

discrete time steps. It can be written (for the direction ὼ in Cartesian coordinates) as follows: 

 
p
Ὂ ό όp

x p

p
Ὂx (3.27) 

where ὊØ is an additional acceleration (force/unit particle mass) term and Ὂ ό όÐ  is the drag 

force per unit particle mass: 

 Ὂ
p p

 (3.28) 

In above eqs. 3.27 and 3.28, ό is the fluid phase velocity, όÐ is the particle velocity, ‘ is 

the molecular viscosity of the fluid, ” is the fluid density, ”Ð is the density of the particle, ὅ is 

drag coefficients and there are several laws available in the EulerïLagrange model for this con-

stants (Yeoh and Tu, 2009) and ὨÐ is the particle diameter. ὙὩ is the relative Reynolds number, 

which is definite as:  

 ὙὩ
p p p

 (3.29) 

Eq. 3.27 contains additional forces term ὊØ that can be significant under special conditions. 

The first of these is called the ñvirtual massò' force. It means the force essential to accelerate 

the fluid surrounding the particle. Also, in eq. 3.27 term ὊØ has forces on particles that result 

from rotation of the reference frame. These forces occur when you are modelling flows in ro-

tating frames of reference. Other forces come from thermophoresis. This phenomenon occurs 

when force in the direction opposite to that of the gradient act on small particles suspended in 

a gas that has a temperature gradient. The effects of Brownian motion can be optionally in-

cluded in the additional force term for sub-micron particles. Saffman's lift force, or lift due to 

shear, can also be optionally comprised in the additional force term. This form of the lift force 

is proposed for small particle Reynolds numbers (Yeoh and Tu, 2009).  
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The dispersion of particles due to turbulence in the fluid phase can be forecast by either the 

stochastic tracking model or the particle cloud model. The stochastic tracking (random walk) 

model contains the outcome of instantaneous turbulent velocity fluctuations on the particle tra-

jectories by stochastic methods. The particle cloud model tracks the statistical growth of a cloud 

of particles about a mean trajectory. The concentration of particles in the cloud is denoted by a 

Gaussian probability density function (PDF) about the mean trajectory. For stochastic tracking 

a model is available to allow the generation or dissipation of turbulence in the continuous phase 

(Yeoh and Tu, 2009). 

EulerïEuler approach mathematically treats the different phases are as permeating con-

tinua. The concept of phasic volume fraction is announced because the volume of a phase can-

not be occupied by the other phases. These volume fractions are supposed to be continuous 

functions of space and time and their sum is equal to one. All conservation equations for each 

phase have similar structure for all phases and they are derived to obtain a set of equations. 

These equations are closed by offering constitutive relations that are obtained from empirical 

information, or, in the case of granular flows, by application of kinetic theory. Ansys Fluent 

offers three different EulerïEuler multiphase models: the volume of fluid (VOF) model, the 

mixture model, and the Eulerian model and Population balance (PBM) can be included here 

(Yeoh and Tu, 2009). 

The VOF model is a surface-tracking technique useful to a fixed Eulerian mesh. This model 

was considered for two or more immiscible fluids where the position of the interface between 

the fluids is necessary. Here, a single set of momentum equations is shared by the fluids, and 

the volume fraction of each of the fluids in each cell (in mesh) is followed in the domain. This 

model is applied for stratified flows, free-surface flows, filling, sloshing, the motion of large 

bubbles in a liquid, the motion of liquid after a dam break, the prediction of jet breakup (surface 

tension), and the steady or transient tracking of any liquid-gas interface (Yeoh and Tu, 2009). 

The tracking of the interface(s) between the phases is achieved by the solution of a conti-

nuity equation for the volume fraction of one (or more) of the phases. This equation has the 

following form for the ή  phases: 

 
q

‌q”q Ͻɳ‌q”qὺᴆq Ὓ
q
В άpqp άqp (3.30) 

where άÑÐ is the mass transfer from phase q to phase p and άÐÑ is the mass transfer from 

contrary direction. The source Ὓ
Ñ
is zero by default.  
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A momentum equation is solved through the domain, and the resultant velocity field is 

shared among the phases. The momentum equation is related to the volume fractions of all 

phases by the properties r and m:  

 ”ὺᴆ Ͻɳ”ὺᴆὺᴆ ὴɳ Ͻɳ‘ ὺɳᴆ ὺɳᴆ pὫᴆ Ὂᴆ (3.31) 

In cases where greater velocity differences occur between the phases might cause that the 

precision of the velocities calculated near the interface can be adversely affected. This is one 

limitation of the shared-fields approximation approach. 

The energy equation, is also shared among the phases like momentum equation:  

 ”Ὁ Ͻɳὺᴆ”Ὁ ὴ ϽɳὯ 4ɳ Ὓh (3.32) 

The volume of fluid method treats energy, E, and temperature, T, as mass-averaged varia-

bles: 

 Ὁ
В q qq

В q q
 (3.33) 

where ὉÑ for each phase is based on the specific heat of that phase and the shared temperature. 

The properties ” and Ὧ , defined as effective thermal conductivity, are shared by the 

phases. The term, ὛÈ, encloses contributions from radiation, and any other volumetric heat 

sources (Yeoh and Tu, 2009). 

The mixture model is a basic multiphase model that can be used in different ways. The 

mixture model is created for two or more phases: fluid or particulate. Here, the phases are 

treated as interpenetrating continua like in the Eulerian model. The mixture model resolves for 

the mixture momentum equation and prescribes relative velocities to describe the dispersed 

phases. The mixture model is applying for liquid-solid flows, particle-laden flows with low 

loading, bubbly flows, sedimentation, and cyclone separators. 

The mixture model can model n phases (fluid or particulate) by solving the momentum, 

continuity, and energy equations for the mixture, the volume fraction equations for the second-

ary phases, and algebraic expressions for the relative velocities. 

The mixture model is a good replacement for the full Eulerian multiphase model in several 

cases. A complete multiphase model may not be practical for broad distribution of the particu-

late phase or for the interphase laws are unknown, or their reliability can be challenged. This 

simple model can simulate a full multiphase model whilst solving a smaller number of variables 

than the full multiphase model. 
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The mixture model resolves the following equations: continuity equation for the mixture, 

the momentum equation for the mixture, the energy equation for the mixture, and the volume 

fraction equation for the secondary phases, and algebraic formula for the relative velocities (in 

case of phases whose are moving at different velocities) (Yeoh and Tu, 2009). 

The continuity equation for the mixture is given by: 

 ” Ͻɳ”ὺᴆm π (3.34) 

where ὺᴆÍ is called as: the mass-averaged velocity: 

 ὺᴆm
В k kᴆk (3.35) 

and ”  means the mixture density defined as: 

 ” В ‌k”k (3.36) 

where ‌Ë is the volume fraction of phase k. 

The momentum equation for the mixture can be gained by summing the individual mo-

mentum equations for all phases. It can be stated as: 

 ”ὺᴆm Ͻɳ”ὺᴆmὺᴆm ὴɳ Ͻɳ‘ ὺɳᴆm ὺɳᴆm  

 ”Ὣᴆ Ὂᴆ ϽɳВ ‌k”kὺᴆdr,kὺᴆdr,k (3.37) 

where n is the number of phases, Ὂᴆ means a body force, and ‘  is the viscosity of the mixture 

defined as: 

 ‘ В ‌k‘k (3.38) 

and ὺᴆÄÒȟË is the drift velocity for secondary phase k: 

 ὺᴆdr,kὺᴆk ὺᴆm (3.39) 

The energy equation for the mixture is shown in the following form: 

 В ‌k‘kὉk ϽɳВ ‌kὺᴆὉk”k ὴ ϽɳὯ 4ɳ ὛE (3.40) 

where Ὧ  is the effective conductivity В‌ËὯ Ὧ  and Ὧ means the turbulent thermal 

conductivity, which is defined according to the turbulence model being used. The first term on 

the right-hand side of eq. 3.40 denotes energy transfer due to conduction. Term Ὓ% contains any 

other volumetric heat sources. The variable ὉË is expressed as: 
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 Ὁk Ὤk
k

k (3.41) 

and for a compressible phase, and ὉË ὬË but for an incompressible phase, where ὬË is the 

sensible enthalpy for phase k. 

The relative velocity (also denoted to as the slip velocity) is definite as the velocity of a 

secondary phase (p) relative to the velocity of the primary phase (q): 

 ὺᴆpq ὺᴆp ὺᴆq (3.42) 

The mass fraction for any phase (k) is stated as: 

 ὧk
k k

m
 (3.43) 

Both velocities: the drift and the relative velocity (ὺᴆÐÑ) are linked by the following defini-

tion: 

 ὺᴆdr,pὺᴆpq В ὧkὺᴆqk (3.44) 

The volume fraction equation for secondary phase p can be obtained from the continuity 

equation for secondary phase p: 

 ‌q”q Ͻɳ‌q”qὺᴆm Ͻɳ‌p”pὺᴆdr,pВ άqpq άpq (3.45) 

The most complex model of the multiphase models available in Ansys Fluent is called the 

Eulerian model. A Eulerian approach is used for each phase, in compared to the EulerianïLa-

grangian method that is used for the discrete phase model. It resolves a group of n momentum 

and continuity equations for each phase. Coupling between two phases is accomplished across 

the pressure and interphase exchange coefficients. The way this coupling is conducted depends 

upon the type of phases involved. For example, for granular (fluid-solid) flows are ran in dif-

ferent way than nongranular (fluid-fluid) flows. The interphase properties for granular flows 

are obtained from application of kinetic theory. Momentum exchange between the phases is 

dependent upon the type of mixture being modelled. Ansys Fluent allows to use user-defined 

functions to customize the calculation of the momentum exchange. The Eulerian multiphase 

model can be practical to bubble columns, risers, particle suspension, and fluidized beds (Yeoh 

and Tu, 2009). 

The concept of phasic volume fractions, denoted here by ‌Ñ is used in the description of 

multiphase flow as interpenetrating continua. Volume fractions symbolise the space taken by 
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each phase. The laws of conservation of mass and momentum are satisfied by each phase sep-

arately. The derivation of the conservation equations can be obtained by ensemble averaging 

the local instantaneous balance for each of the phases or by using the mixture theory approach 

(Yeoh and Tu, 2009). 

The volume of phase q, ὠÑ is expressed by: 

 ὠq ᷿‌qὨὠ (3.46) 

where В ‌ÑÑ ρ. 

The effective density of phase q is expressed: 

 ”q ‌q”p (3.47) 

where ”Ð means the physical density of phase q. 

The conservation equations for fluid-fluid and granular multiphase flows, solved by Ansys 

Fluent, are shown for the general case of an n-phase flow. The volume fraction of each phase 

is computed from a continuity equation: 

 
Űq

‌q”q Ͻɳ‌q”qὺᴆq ‌q” (3.48) 

where ”ʐÑ means the phase reference density, or the volume averaged density of the qth phase 

in the solution domain. The solution of this equation for each secondary phase, along with the 

condition that the volume fractions sum to one, permits for the calculation of the primary-phase 

volume fraction. This approach is popular to fluid-fluid and granular flows. 

The conservation of momentum for a fluid-fluid phase q is obtained by: 

 ‌q”ὺᴆq Ͻɳ‌q”ὺᴆqὺᴆq ‌qɳὴ Ͻɳ†֞q ‌q”Ὣᴆ  

 В ὑpqὺᴆqp ὺᴆq άpq ὺᴆpq άpq ὺᴆpq Ὂᴆq Ὂᴆlift, qὊᴆvm, qq  (3.49) 

here Ὣᴆ is the acceleration due to gravity and †֞Ñ, ὊᴆÑȟὊᴆÌÉÆÔȟ ÑȟὊᴆÖÍȟ Ñ are as defined as formula for 

classical conservation of momentum. 

Ansys Fluent takes a multi-fluid granular model to pronounce the flow behaviour of a 

fluid-solid mixture. The solid-phase stresses are resulting by making an analogy between the 

random particle motion result from particle-particle collisions. The thermal motion of mole-

cules in a gas, considering the inelasticity of the granular phase. The intensity of the particle 

velocity fluctuations determines the stresses, viscosity, and pressure of the solid phase, like the 

case for a gas. The kinetic energy related with the particle velocity fluctuations is denoted by a 
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ñpseudothermalò' or granular temperature which is proportional to the mean square of the ran-

dom motion of particles. The conservation of momentum for the fluid phases is like eq. 3.49, 

and that for the sth solid phase is: 

 ‌s”ὺᴆs Ͻɳ‌s”ὺᴆsὺᴆs ‌sɳὴ ὴɳs Ͻɳ†֞q ‌s”Ὣᴆ  

 В ὑlsὺᴆl ὺᴆs άls ὺᴆlsάsl ὺᴆsl Ὂᴆs Ὂᴆlift, sὊᴆvm, si  (3.50) 

where ὴÓ is the 8th solids pressure, ὑÌÓ ὑÓÌ is the momentum exchange coefficient between 

fluid or solid phase l and solid phase s, N is the total number of phases, and ὊᴆÑ, ὊᴆÌÉÆÔȟ Ñ, and ὊᴆÖÍȟ Ñ 

are as defined for general conservation of momentum.  

The equation for the conservation of energy is expressed by: 

 ‌q”qὬq Ͻɳ‌q”qόᴆqὬq ‌q
s †֞qȡɳόᴆq Ͻɳήᴆq Ὓq  

 В ὗpq άpq Ὤpq άqp Ὤqpp  (3.51) 

where ὬÑ means the specific enthalpy of the qth phase, ήᴆÑ is the heat flux, ὛÑ is a source term 

that includes sources of enthalpy (e.g., due to chemical reaction or radiation), ὗÐÑ means the 

intensity of heat exchange between the pth and qth phases, and ὬÐÑ is the interphase enthalpy 

(e.g., the enthalpy of the vapor at the temperature of the droplets, in the case of evaporation). 

The heat exchange between phases must comply with the local balance conditions ὗÐÑ = ҽὗÑÐ 

ὗÐÑ = 0 (Yeoh and Tu, 2009). 

It can be found in eqs. 3.49 and 3.50 that momentum exchange between the phases is based 

on the value of the fluid-fluid exchange coefficient ὑÐÑ and, for granular flows, the fluid-solid 

and solid-solid exchange coefficients ὑÌÓ. The comprehensive information about these inter-

phase exchange coefficients can be in (Yeoh and Tu, 2009). 

3.4. Non-Newtonian Flows 

Non-Newtonian fluids are defined as a fluid that do not obey Newton's law of viscosity, 

i.e., constant viscosity independent of stress. In any non-Newtonian fluids, viscosity can change 

under force towards either more liquid or more solid. There are many examples of non-Newto-

nian fluids, i.e., ketchup, which becomes thinner when shaken. Many polymer solutions, and 

salt solutions are representative of non-Newtonian fluids. Many everyday use products are 

known as non-Newtonian fluids such as custard, toothpaste, starch suspensions, corn starch, 

paint, blood, melted butter, and shampoo (Tropea et al., 2007). 
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The viscosity (the irregular deformation by shear or tensile stresses) of non-Newtonian 

fluids is relying on shear rate or shear rate history. There is example of non-Newtonian fluids 

with shear-independent viscosity that still demonstrate normal stress-differences or other 

non-Newtonian behavior. A Newtonian fluid shows the linear relation between the shear stress 

and the shear rate with the constant of proportionality being the coefficient of viscosity. For a 

non-Newtonian fluid this the relation is different, the fluid can even show time-dependent vis-

cosity Hence, the slope of shear stress versus shear rate curve is not constant and a constant 

coefficient of viscosity cannot be defined for this type of liquid (Tropea et al., 2007). According 

to the relation between viscosity and shear rate liquid can be called as shear-thinning and 

shear-thickening.  

The non-Newtonian flow physics mode is an extension of NavierïStokes equations which 

permits for several predefined non-Newtonian viscosity formulations. Ansys Fluent offers four 

models for simulating non-Newtonian flow:  

ï Power Law,  

ï Carreau model for pseudo-plastics,  

ï Cross model,  

ï HerschelïBulkley model for Bingham plastics. 

Power Law for non-Newtonian viscosity allows to calculate viscosity by using the follow-

ing formula (Tropea et al., 2007): 

 – Ὧ‎ ὌὝ (3.52) 

where k and n are input parameters. The parameter k is a measure of the mean viscosity of the 

fluid (the consistency index) whereas n shows the deviation of the fluid from Newtonian (the 

power-law index). The value of n defines the class of the fluid: 

ï Newtonian fluid: n = 1, 

ï shear-thickening (dilatant fluids): n > 1, 

ï shear-thinning (pseudo-plastics): n < 1. 

One of the disadvantages of the power-law model is that it fails to depict the viscosity of 

many non-Newtonian fluids in very low and very high shear rate regions. The value of viscosity 

for many suspensions and dilute polymer solutions becomes constant at a very high shear rate. 

Therefore, the power-law model is not applicable for this case (Tropea et al., 2007). 

A fluid viscosity calculated from the power law model is varied with shear rate. The fol-

lowing boundary condition are used: ‎O π, –O – and ‎O Њ, –O –  where – and –  

means upper and lower limits of the fluid viscosity, respectively.  
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Carreau model for pseudo-plastics liquid efforts to pronounce a wide range of fluids by the 

founding of a curve-fit to piece together functions for both Newtonian and shear-thinning 

(n < 1) non-Newtonian laws. The following formula is applied: 

 – ὌὝ – – – ρ ‎‗  (3.53) 

where variables: n, ‗, Ta, – and –  depends on the fluid. ‗ means the time constant, n is called 

as the power-law index, – and –  zero- and infinite-shear viscosities, respectively. Ta  is the 

reference temperature and a is the ratio of the activation energy to thermodynamic constant 

(Tropea et al., 2007).  

Cross model was proposed to overcome the doubts of the power-law model: 

 – ὌὝ  (3.54) 

where – means zero-shear viscosity, ‗ is natural time (defined as inverse of the shear rate at 

which the fluid changes from Newtonian to power-law behaviour) and n is power-law index. 

Generally, the Cross model is applied to portray the low-shear-rate behavior of the viscosity 

(Tropea et al., 2007). 

The power law model is valid for fluids for which the shear stress is zero when the strain 

rate is zero. Then Bingham plastic is the simplest form of viscoplastic model. This type of fluid 

is described by a nonzero shear stress when the strain rate is zero. In HerschelïBulkley model 

both effects of Bingham and power-law behavior in a fluid are included. In case of low strain 

rates ‎ , the ñstiffò material performances like a very viscous fluid with viscosity ‘ 

(Tropea et al., 2007). When the strain rate increases and the yield stress threshold † is crossed 

by, the behavior of fluid is pronounced by a power law: 

 – Ὧ‎  for ‎ ‎ (3.55) 

and 

 – Ὧ‎ ς ὲ ὲ ρ    for   ‎ ‎ (3.56) 

where k is the consistency index, and n is the power-law index. 

If the HerschelïBulkley model for Bingham plastics fluid is used, the fluid viscosity will 

be determined by eq. 3.55. This model can be used to describe materials such as concrete, mud, 

dough, and toothpaste. The practical assumption used for these materials is a constant viscosity 

after a critical shear stress. The HerschelïBulkley model can also demonstrate a shear-thinning 

or shear-thickening behaviour depending on the value of n (Tropea et al., 2007). 
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4. Basic Structure of Numerical Analysis Using CFD (Anna Story, Grzegorz Story) 

Computational Fluid Dynamics is a numerical technique used for the solution of the equa-

tions governing fluid flow problems inside a specified flow geometry. These problems often 

involve also heat transfer, mass transfer and associated phenomena, e.g. chemical reactions. 

Moreover, CFD has also found application in modelling more complex flow problems, such as 

turbulent, non-Newtonian and multiphase flows. Very wide possibilities of analysing flow 

problems using CFD made this technique an important element in the design of products and 

processes. Currently, it is applied in almost all industrial and non-industrial areas such as aero-

dynamics, hydrodynamics, power plant designing, turbomachinery, chemical and process en-

gineering, electrical and electronic engineering, environmental engineering, marine engineer-

ing, hydrology and oceanography, meteorology and biomedical engineering (Versteeg and Mal-

alasekera, 2007). 

The intensive development of computational techniques over the last few decades is closely 

related to the effective increase in computing power of high-performance computers hardware. 

This development improved and significantly simplified mathematical modelling of flow prob-

lems both in three-dimensional space and in time. Also, together with a wide range of CFD 

applications, it has led to the development of numerous CFD dedicated computer codes, both 

non-commercial open-source software, like OpenFOAM (https://www.openfoam.com/) and 

Code_Saturne (https://www.code-saturne.org/cms/), and commercial ones such as software of-

fered by Ansys company, e.g. Fluent, CFX and Polyflow (https://www.ansys.com/), COMSOL 

Multiphysics (https://www.comsol.com/) and PHOENICS (http://www.cham.co.uk/). 

Analysis of flow problems using numerical simulations is based on the numerical solution 

of transport equations in the computational domain. This technique is designed to apply spe-

cialized computational software in a way that ensures obtaining the best solution of a con-

structed system of equations that describe the analysed flow issue. Numerical modelling, how-

ever, is a multi-stage and complex process, and the correct passage through the successive 

stages of the simulation requires the user to use specialized and advanced knowledge in the 

field of numerical modelling and fluid mechanics (Jaworski, 2005). 

All of the CFD codes are structured around the numerical algorithms needed to solve fluid 

flow and heat transfer problems. It is obvious that various CFD programs represent specific 

graphical user interfaces to set up parameters of the analysed problem and to examine the ob-

tained results. Despite the multi-stage character of numerical simulations and different CFD 

packages, analysis of flow problems using CFD techniques, in general, consist of three discrete 
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parts, namely: (i) a pre-processor, (ii ) a solver and (iii ) a post-processor (Al-Baali and Farid, 

2006; Versteeg and Malalasekera, 2007), which are presented schematically in Figure 4.1.  

 

 

Figure 4.1. Stages of numerical analysis 

The subsequent sections within this chapter are mainly concerned with the overall structure 

of CFD programs and the role of each of the three main parts of numerical analysis will be 

discussed in more detail. However, as can be seen from an examination of Figure 4.1, each 

simulation must be preceded by a preliminary analysis of the fluid flow problem, which consists 

Preliminary analysis of the problem 

1. Defining of the simulation purpose 

2. Identification of the computational domain 

Part I ï Pre-processor 

3. Creation of geometry 

4. Mesh generation 

5. Selection of physics and material properties 

6. Specification of boundary conditions 

Part III ï Post-processor 

11. Visualization and analysis of the results 

12. Validation of the solution correctness 

Part II ï Solver 

7. Definition of solver settings ï solution meth-

ods and control and convergence criteria 

8. Initialization of the process 

9. Monitoring of the iteration process 

10. Checking the convergence criteria 

C
o

rr
e
c
ti
o

n
 o

f 
th

e
 n

u
m

e
ri
c
a
l 
m

o
d

e
l

 



Part. 1. Theoretical foundations 

61 

of defining the purpose of the simulation and conscientious identifying the area for which nu-

merical simulation will be conducted ï the computational domain. 

4.1. Pre-processor ï Problem Setup 

In general, a pre-processor is a tool used to define all the parameters required by the CFD 

package before their numerical processing. In this part of CFD analysis, we can distinguish 

several steps, such as creating a computational domain ï the physical geometry of the fluid flow 

that is the region of interest, generating a numerical mesh representing the physical environ-

ment, selecting physics and finally defining the fluid properties and boundary conditions of the 

physical environment along with the known flow parameters. They are described in more detail 

within this section. 

4.1.1. Creation of Geometry 

At the preliminary stage, the user needs to define the boundaries of the computational do-

main correctly. This is a key issue that allows for the proper representation of the actual volume 

of the fluid and thus obtaining the correct results of simulations. Therefore, the user must be 

very careful and pay attention to several aspects.  

First of all, the area of numerical analysis should be precisely selected, i.e. the user has to 

decide which elements of the modelled object are important and may affect the simulation re-

sults. For example, if we are interested in modelling a heat exchanger, we should focus on the 

exact representation of the liquid flowing through this exchanger. In this case, it is reasonable 

to omit long sections of pipelines supplying or discharging individual media. From a practical 

point of view, very often some elements can also be omitted because they do not disturb the 

nature of the flow in the tested device (e.g. connectors for the periodic introduction of measur-

ing devices). 

Second, we need to decide whether the flow can be analysed as a two-dimensional or 

a three-dimensional domain should be used. If the simulated flow problem can be simplified to 

a 2D task, it will significantly reduce the number of computational cells in the numerical grid 

and, consequently, also the computation time.  

It is also essential and crucial to correctly identify the type of flow, whether it is internal 

flow (e.g. inside a pipeline, channel or equipment) or external flow (e.g. fluid flow over or 

around an object such as an airfoil, a car or a sensor immersed in a liquid). Correct identification 

of the flow type is very important because it has a decisive influence on the method of creating 

the geometry and the further selection of boundary conditions. 
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After a thorough analysis of the above issues, the user is ready to create and edit the domain 

geometry. This can be done by using graphics software available in the CFD package, e.g. for 

Ansys Fluent the graphics module is DesignModeler or SpaceClaim. However, it is very con-

venient that many commercial simulation programs also allow importing and modification ge-

ometry generated in other CAD software, such as AutoCAD (https://www.autodesk.com/) or 

SolidWorks (https://www.solidworks.com/). 

4.1.2. Mesh Generation 

Numerical analysis of flow problems using CFD requires the subdivision of the computa-

tional domain into small, nonoverlapping subdomains. Hence, the second step of pre-processing 

is the generation of the numerical mesh (also called numerical grid) that divides the volume of 

the fluid under consideration into numerous small volumes ï computational cells that cover the 

whole geometry. The solution of the considered flow problem, including discrete values of in-

teresting transport parameters such as velocity, pressure and temperature, is defined at nodes 

inside each cell. 

During the iteration process, the defined system of equations describing the analysed flow 

process is solved separately in each cell of the generated mesh. Therefore, the accuracy of the 

obtained results is strongly affected by the number of cells in the grid within the computational 

domain. In general, the accuracy of a CFD solution increase with the increasing number of cells. 

However, it should be taken into account that increasing the number of computational cells, on 

the one hand, leads to more accurate calculations, but on the other hand, it is associated with 

a significant extension of their duration, as well as with an increase in the required computing 

power. 

The majority of commercial CFD codes offer powerful automatic built-in mesh generators, 

that reside within respective codes, e.g. for Ansys Fluent the mesh generator module is Meshing 

or Fluent Meshing. Nevertheless, there is still a lot of factors which user have to consider gen-

erating a proper grid characterized by good quality. Some of them, such as the choice of the 

coordinate system (e.g. Cartesian, cylindrical, or moving/rotating coordinate systems), the res-

olution of the computational mesh, and the method of its generation that affect the final shape 

and size of computational cells, are dependent on the complexity of the analysed problem. 

Therefore, generating a good-quality mesh, which is at the same time a suitable compromise 

between the desired accuracy and solution cost (time and needed computing power) still de-

pends on the userôs skills.  
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Taking into account real flows, the optimal grid should be rather non-uniform, i.e. finer in 

regions characterized by relatively high gradients and coarser in areas with relatively small 

changes of properties. However, the non-uniform grid is only of first-order accuracy. On the 

opposite, a uniform grid is characterized by regular rectangular computational cells with sec-

ond-order accuracy (Al-Baali and Farid, 2006). More detailed information on the types of nu-

merical mesh and the generation of an appropriate mesh will be discussed in Chapter 5. 

4.1.3. Selection of Physics and Material Properties 

Considering the various types of systems for which numerical simulations can be per-

formed, it should be explicitly stated that the simplest case concerns the laminar flow of New-

tonian fluid in a single-phase system. Such a flow can be considered incompressible and can be 

described by the NavierïStokes and the continuity equations. However, many flow problems 

encountered in industrial practice constitute very complex physical flow processes. These pro-

cesses are usually carried out in a turbulent fluid flow regime characterized by swirling and 

chaotic movements of fluid particles. Moreover, the properties of process media very often 

deviate from Newtonian behaviour. Finally, processes can be realised in multi-phase systems 

and with simultaneous heat transfer. The above issues make the flow problem more complex 

and unrepeatable. Therefore, it is imperative to select appropriate physical models (equations 

to be solved) that is unique to the particular fluid flow problem, as well as define specific ma-

terial properties.   

Various flow physics that users can encounter within the framework of numerical simula-

tions using the CFD technique are presented in Figure 4.2. Data collected in this flowchart are 

based on the Ansys Fluent software. As can be seen from the flowchart (Fig. 4.2), the user has 

to go through several steps before complete physics selection, such as a declaration of the solver 

(e.g. whether the fluid flow is steady or transient or the solver is Pressure-Based or Density-

Based), the definition of operating conditions (e.g. whether the gravitational acceleration is nec-

essary to set up in the case), selection of the models from the available list (e.g. whether the 

flow is inviscid, laminar or turbulent, is the heat transfer present in the flow), and definition of 

the material unique properties (e.g. value of density, viscosity, specific heat, etc.). Most of the 

commercial CFD codes have their own built-in databases containing information on material 

properties for common fluids. In addition, the user also has the possibility of changing the prop-

erties of existing materials or creating completely new material. It should also be emphasized 

that in the case of non-Newtonian fluid flow simulation, an appropriate viscosity model should 
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be selected, and the list of models describing the complex behaviour of the liquid is available 

in the Materials, instead of the Models tab. 

 

 

Figure 4.2. Various flow physics within CFD technique based on Ansys Fluent code 

 

4.1.4. Specification of Boundary Conditions 

Defined in the previous step system of differential equations describing the analysed flow 

problem should be supplemented with boundary conditions, i.e. types of boundary conditions 

should be set up and, if required, values of the initial flow parameters should be provided. The 

selection of the appropriate boundary conditions that mimic the real fluid flow is an important 

issue, as it ensures the uniqueness of the solution. Besides, the type of boundary conditions 
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affects how the equations are solved within the computational domain. Badly chosen boundary 

conditions can make the problem ill-conditioned, which means that even small errors made at 

this stage may affect the accuracy and stability of the entire calculation, and consequently lead 

to very large deviations in the solutions. Usually, it is also associated with the loss of uniqueness 

of solutions. It should be mentioned that setting the boundary conditions (depending on the 

software used) starts already at the stage of creating the geometry of the computational area and 

generating the mesh. In the computational domain, the surfaces (or edges for 2D problems) that 

will perform specific functions should be indicated, e.g. inflow and outflow within the domain 

or solid walls bounding the flow domain. Then, for the indicated surfaces (edges), a specific 

type of boundary condition is determined and values of known parameters are defined. The 

most important and the most frequently used types of boundary conditions are: 

a) inlet ï used for surfaces (edges) through which the fluid flows into the analysed domain, 

b) outflow ï used for surfaces (edges) through which fluid flows out of the analysed do-

main, 

c) wall ï it is used for surfaces (edges) corresponding to rigid walls. No-slip condition (at 

a solid boundary, the fluid has zero velocity relative to the boundary) is automatically 

assumed on the wall. The wall can be both stationary or moving, it can also be an ele-

ment through which heat transfer takes place, 

d) symmetry ï used for surfaces (edges) having mirror symmetry to reduce computational 

effort in the problem. To use the symmetry condition both flow field and geometry must 

be symmetric, 

e) axis ï similar to the symmetry boundary condition, however, is used at the centreline 

for axisymmetric flows. The application of this condition allows the reduction of the 3D 

problem to 2D, 

f) periodic ï as in the case of the two previous conditions, the periodic boundary condition 

is used to reduce the size of the numerical grid and thus to reduce computational effort. 

In the case of periodic boundary, both flow field and geometry must contain either ro-

tational or translational periodicity. 

An overview of available condition types in Ansys Fluent software is presented in Fig-

ure 4.3. As can be seen from the graph, there is no one universal boundary condition of the inlet 

type, and the user can choose one of several available, e.g. pressure inlet, velocity inlet. The 

same applies to the outflow type boundary condition.  
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Figure 4.3. An overview of condition types in Ansys Fluent 

It should also be mentioned that apart from the boundary conditions, in addition, cell zone 

conditions are implemented into the CFD code. Unlike boundary conditions, cell zone condi-

tions are not defined for the surfaces (edges), but they are related to specified volumes (zones) 
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different materials for multiple volumes problems. Furthermore, other options characteristic for 

the analysed problem can be set up, for example, whether the zone is rotating, is it porous, or 
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elling external flows. This arbitrarily imposed area must be large enough that the boundary 

conditions applied at the edges of the computational domain do not disturb the flow phenomena 

in the vicinity of the object being flown around. This is a difficult issue because the concept of 

a sufficiently large area is not precise, therefore when generating it, the user should be guided 

by his own experience. 
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4.2. Solver ï Numerical Solution 

The second main part of numerical analysis is the solver used to convert the system of 

differential equations that arise in transport phenomena into algebraic form and their iterative 

calculations. During the iteration process, the residues are displayed on the computer monitor, 

hence the user can easily control them. Before starting the iterative calculation process, how-

ever, the user is required to define certain solver settings, including the selection of numerical 

schemes or the definition of convergence criteria. The iteration process must also be initialized. 

4.2.1. Solver Settings and Initialization 

Solver settings include issues such as solution methods, solution control, and convergence 

criteria. After starting the solver part, all of the above options are already set as default, how-

ever, skilful use of functions that reside in the solver leads to a better problem formulation and 

therefore a faster and more realistic solution of fluid flow task.  

It should be mentioned that the selectability of the various functions depends on the solver 

configuration and models defined in the pre-processing step. General graphs showing the dif-

ferent solver setup options that allow configuring the solution methods and control before the 

calculation process are presented in Tables 4.1 and 4.2. Similar to the previous approach in this 

chapter, the tables show basic functions that are available in the Ansys Fluent software. How-

ever, readers should be aware that in addition to the most frequently used options presented in 

these tables there are also more possibilities, including advanced functions that are not pre-

sented here. As can be seen, the selection of appropriate interpolation schemes and solution 

controls is mainly due to the previously selected solver technology, whether it is pressure-based 

or density-based. Traditionally, the first method has been used for incompressible and slightly 

compressible flows, while the second ï for high-speed compressible flows. Currently, both 

solver types are applicable to a wide range of flows, nevertheless, density-based technology 

may provide better accuracy for high-speed compressible flows. On the other hand, there are 

several physical models or features that are only available for a pressure-based solver type, e.g. 

Solidification and Melting model or multiphase models ï Volume of Fluid, Mixture and Eu-

lerian (Ansys Fluent Userôs Guide, 2019), therefore this solver is set up as a default in the code. 

  



4. Basic Structure of Numerical Analysis Using CFD 

68 

Table 4.1. An overview of solver setup options for Pressure-Based solver type in Ansys Fluent 

Solution methods Solution Controls 

Scheme Å SIMPLE 

Å SIMPLEC 

Å PISO 

Å Fractional Step  

Å Coupled 

Å Flow Courant 

Number 

Å Volume Fraction 

Courant Number 

Å Explicit Relaxation 

Factors 

Å Under-Relaxations 

Factors 

Spatial Dis-

cretization 

Schemes 

Å Gradient Green-Gauss Cell Based,  

Green-Gauss Node Based,  

Least Squares Cell Based 

Å Pressure Standard,  

PRESTO!,  

Linear,  

Body Force Weight,  

Second Order 

Å Other, e.g. 

Momentum, 

Energy, etc. 

First Order Upwind,  

Second Order Upwind,  

Power Law,  

QUICK,  

Third-Order MUSCL,  

Bounded Central Differencing,  

Central Differencing 

Å Density First Order Upwind,  

Second Order Upwind,  

QUICK,  

Third-Order MUSCL, 

Å Volume Frac-

tion 

Geo-Reconstruct,  

CICSAM,  

Compressive,  

Modified HRIC,  

QUICK 

Transient 

Formulation 

Schemes 

Å First Order Implicit 

Å Second Order Implicit  

Å Bounded Second Order Implicit 

 

Within the pressure-based solver (Table 4.1), the user should first define the iterative 

scheme (e.g. SIMPLE, SIMPLEC or PISO), that provides correct linkage between the pressure 

and velocity. The choice of the iterative scheme has a significant impact on the computational 

costs. Next, it is possible to select spatial discretization schemes for the gradients, convection 

terms of each governing equation, pressure, density and volume fraction (depending on selected 

models). For the transient state solution method, it is also possible to select additional options 

to accelerate convergence. The next task within the solver settings is to define solution controls, 

e.g. flow Courant number or under-relaxation factors. The parameters that appear in solution 

controls are responsible for the stabilization of the iterative process and convergence control. 
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For example, the divergence of the solution can be avoided by reducing the values of the under-

relaxation factors. 

Within the density-based solver (Table 4.2), the user can choose between two algorithms 

for solving the coupled set of equations ï explicit or implicit formulations that differ in methods 

of linearization of governing equations with respect to the dependent variable(s) under consid-

eration. In order to define the solution methods completely, it is also possible to select one of 

three types of convective flux, options to accelerate convergence for both, steady and transient 

state, and as previously ï spatial discretization schemes and solution controls. 

Table 4.2. An overview of solver setup options for Density-Based solver type in Ansys Fluent. 

Solution methods Solution Controls 

Formulation 

 

Å Implicit  

Å Explicit 

Å Courant Number 

Å Multigrid Levels 

Å Residual Smooth-

ing 

Å Under-Relaxations 

Factors 

Flux Type Å Roe-FDS 

Å AUSM  

Å Low Diffusion Roe-FDS 

Spatial Dis-

cretization 

Schemes 

Å Gradient Green-Gauss Cell Based,  

Green-Gauss Node Based,  

Least Squares Cell Based 

Å Flow First Order Upwind,  

Second Order Upwind,  

Third-Order MUSCL 

Å Other, e.g. 

Turbulent Ki-

netic Energy, 

Wet Steam, 

etc. 

First Order Upwind,  

Second Order Upwind,  

Power Law,  

QUICK,  

Third-Order MUSCL 

Steady State Å Pseudo transient solution method  

Å Convergence acceleration for stretched meshes 

Transient 

Formulation 

Schemes 

Å First Order Implicit 

Å Second Order Implicit  

Å Explicit 

 

In the context of spatial discretization, it is worth saying that the most popular interpolation 

schemes include first-order upwind, second-order upwind, quadratic upstream interpolation 

convective kinetics (QUICK) and third-order MUSCL. The advantage of these schemes is that, 

unlike the central scheme, they enable the identification of the flow direction (Tu et al., 2018). 

In general, the first-order upwind scheme yields better convergence than the second-order 

upwind, but the second one yields more accurate results. Therefore, the first-order discretization 

should be used rather for simple flows aligned with the grid (i.e. for quadrilateral or hexahedral 
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computational cells), characterized by naturally low numerical diffusion, otherwise, it leads to 

increasing the numerical discretization error. The second-order discretization will provide bet-

ter results for complex flows. In such cases, triangular and tetrahedral meshes are generated for 

which flows are never aligned with the grid. Two consecutive discretization schemes, QUICK 

and third-order MUSCL may lead to more accurate results for rotating or swirling flows. The 

former is used for quadrilateral or hexahedral meshes and the latter for all types of meshes 

(Ansys Fluent Userôs Guide, 2019). Since our task is only a simple presentation of interpolation 

schemes selection, they will not be discussed in more detail here. The broad description of the 

above and other iterative and spatial discretization schemes is available in software manuals ï 

Ansys Fluent Userôs Guide and Ansys Fluent Theory Guide. 

After defining the solver settings related to the solution methods and control, the user also 

has the ability to define the convergence criteria at a strictly defined level (with a specified 

tolerance). The choice of certain convergence criteria is not obligatory, nevertheless, it provides 

a way to check the convergence of the solution during iterative calculations. Depending on the 

solution mode of fluid flow, whether it is steady or transient, the user can choose one of four 

options for convergence criteria: absolute, relative, relative or absolute and none, where con-

vergence checking is disabled. When each monitored variable reaches the convergence criterion 

specified by the user, the solution will stop automatically. 

The solution of complex flow problems using the CFD technique involves a host of math-

ematical schemes to discretize differential equations to an algebraic form that can be solved 

either directly or iteratively. Direct methods are very accurate and rapid, but their application 

requires a lot of computing power. For this reason, many commercial CFD packages use an 

iterative approach, although convergence may take a longer time and also the definition of ini-

tial conditions is imperative. Therefore, the last step before starting numerical calculations us-

ing an iterative procedure is the process initialization. Theoretically, the initial conditions may 

be adopted arbitrarily. However, well-chosen initial conditions are essential to the iterative pro-

cedure because they provide quick solution convergence and consequently a shorter time of 

calculations. On the other hand, carelessly chosen values of the initial conditions can lead to 

divergence of the solution. 

CFD codes offer different, more or less automatic procedures to initialize the discrete val-

ues of the modelled flow properties, e.g. in Ansys Fluent the user can choose between five 

techniques ï standard initialization, patch values, hybrid initialization, FMG initialization, and 

starting from a previous solution. The choice of one of these methods is dictated by the speci-

ficity of the analysed fluid flow problem. 
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4.2.2. Monitoring Convergence 

After carefully defining all solver settings and initiating the process, the user can run and 

perform the iterative process of calculating the flow problem under consideration. At this stage 

of the simulation, it is not possible to interfere with any solver settings that would lead to a bet-

ter solution. However, an important task during the numerical calculation is to control the run 

of the iteration process. Therefore, it can be said that this stage of numerical simulation includes 

not only an iterative calculation of the system of equations but also monitoring of the iteration 

process and checking the convergence criteria, which are the basis for assessing the conver-

gence of CFD solutions. 

During the calculations, the results of each iteration step are displayed in the form of resid-

uals through the graphical user interface. The imbalances accentuated by the progress of nu-

merical computation measure the conservation of the flow properties. By progressive tracing 

these imbalances, it is possible to assess whether the solution is converging or diverging. A suc-

cessful CFD computation is characterized by converging the iterative process, i.e. downward 

tendencies of residuals. The criterion for the completion of the iteration process can be either 

reaching the minimum ï plateau of residuals or achieving the specified level of convergence 

criteria (tolerance), defined in the previous step.  

In addition to described above basic knowledge about the stage of performing numerical 

calculations and monitoring its convergence, there are more aspects related to the convergence 

of a numerical method, like consistency, stability and accuracy, numerical errors, verification 

and validation. They will be discussed in more detail in Chapter 5. 

4.3. Post-processor ï Result Report and Visualization  

The final stage of numerical analysis using the CFD technique is post-processing. This 

stage plays a very important decision-making role in numerical modelling because the user 

must verify and critically assess the correctness of the obtained results. If the results are correct, 

further data processing and their analysis are performed. Otherwise, a correction of the numer-

ical model should be considered as was shown earlier in Figure 4.1.  

After completing the iteration process, all CFD packages provide alphanumeric values of 

considered flow properties (e.g. velocity, temperature, pressure, etc.). Values of interesting pa-

rameters can be read locally (in each computational cell of the numerical grid), but also as 

average values for selected areas or volumes (e.g. average value of fluid temperature on the 

outflow surface or inside the mixing tank). Directly in the CFD software, the numerical results 

can also be viewed as plots (e.g. fluid velocity as a function of pipe radius). Another option for 
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processing alphanumeric results of numerical simulations is their export, which allows for their 

further manipulation and analysis beyond the CFD code (e.g. statistical analysis). 

Moreover, a significant advantage of these codes is the possibility of presenting the results 

in readable graphical form, including even animations for dynamic simulations. Graphical 

presentation of numerical data includes various types of visualization such as line and shaded 

contour plots (2D), iso-surface plots (2D, 3D), vector plots (2D, 3D), pathlines, particle tracks, 

X-Y Plots. The user can also manipulate the view in any way (translation, rotation, scaling). 

This is possible due to the impressive visualization tools that are included in the package. Users 

of Ansys Fluent software can read results directly in Fluent or through a dedicated module ï 

Ansys CFD Post. Examples of graphical presentation of CFD results are shown in Table 4.3. 

The presented data were obtained for transient flow (Re å 2500) of water through a pipe with 

two semi-circular baffles. Simulations were performed using Ansys Fluent v. 2019 R3. 

Table 4.3. Examples of visualization of CFD results in Ansys Fluent 

Line contour plot  

of fluid velocity 

magnitude along 

the  

mid-plane of the 

pipe and at the in-

let and outlet sur-

faces 

 

Velocity magnitude, ms-1 

 

Shaded contour 

plot  

of fluid velocity 

magnitude along 

the  

mid-plane of the 

pipe and at the in-

let and outlet sur-

faces 

 

Velocity magnitude, ms-1 

 

0    0.02    0.04    0.06    0.08    0.10    0.12    0.13    0.14    0.16    0.18   ms-1 

0    0.02    0.04    0.06    0.08    0.10    0.12    0.13    0.14    0.16    0.18   ms-1 



Part. 1. Theoretical foundations 

73 

Table 4.3. (continued) 

Iso-surface plot  

of fluid velocity 

magnitude v = 

0.07 ms-1 coloured 

by turbulence ki-

netic energy  

 
 

Kinetic turbulence energy, m2s-2 

 

Vector plot 

of fluid velocity 

magnitude along 

the  

mid-plane of the 

pipe  

Velocity magnitude, ms-1 

 

Pathlines 

of fluid velocity 

magnitude along 

the  

mid-plane of the 

pipe  

Velocity magnitude, ms-1 

 

 

 

 

0       0.02       0.04       0.06       0.08       0.10       0.12       0.13       0.14  m2s-2 

0    0.02    0.04    0.06    0.08    0.10    0.12    0.13    0.14    0.16    0.18   ms-1 

0    0.02    0.04    0.06    0.08    0.10    0.12    0.13    0.14    0.16    0.18   ms-1 
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Table 4.3. (continued) 

X-Y Plot 

of fluid velocity 

magnitude along 

pipe diameter in 

three locations 

Three locations of X-Y plots inside the analysed flow domain denoted 

by colours:  

¶ green (close to inlet),  

¶ red (in the middle),  

¶ blue (close to outlet).  

 

 

 

 

INLET OUTLET 
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5. Numerical Simulation in the CFD Software (Anna Story, Grzegorz Story) 

5.1. Numerical Mesh 

In general, the generation of numerical mesh (also called grid) is the subdivision of the 

whole analysed flow domain into a finite number of small discrete elements ï computational 

cells. The general structure of the 2D and 3D numerical grid is shown in Figure 5.1. 

 

Figure 5.1. The general structure of the two-dimensional and three-dimensional grid [by permission from Ansys, 

Inc. (Ansys Introductory Fluent Training, 2009)] 

A particular numerical mesh generated for a specified flow problem may determine the 

success or failure in obtaining the correct solution of the partial differential equations governing 

the analysed task. Therefore, the stage of grid generation is one of the most complicated and 

time-consuming parts of CFD analysis. A certain convenience for users of CFD packages is 

automatic numerical grids generators, such as the aforementioned Meshing. Nevertheless, even 

when using automatic mesh generators, there are still some important considerations related to 

mesh generation. First, the proper mesh must be fine enough to satisfactorily represent the ge-

ometric shape of the analysed domain and faithfully reproduce its characteristic flow features 

(physical conditions). It has already been mentioned that increasing the number of computa-

tional cells leads to more accurate calculations but also to a significant extension of their dura-

tion and an increase in the required computing power. Thus, it is substantial to find a suitable 

compromise between the desired numerical grid resolution and its quality. Second, the selection 

of a specific type of numerical grid cannot be accidental, it is closely related to the specificity 

of the analysed flow problem. For example, to ensure good calculation accuracy in regions with 

large gradients (such as near walls or stagnation points), it is recommended to use a local mesh 

refinement. Finally, the mesh quality has a significant impact on the convergence and stability 

of the iterative process and the accuracy of the obtained simulation result. Therefore, it is es-

sential to check and control the parameters that inform about the generated mesh quality at the 

pre-processing stage. 
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5.1.1. Cell Types 

Depending on the specification of the analysed flow problem, a numerical mesh may con-

sist of elements of various shapes. First, we have to decide whether our flow problem must be 

analysed as a three-dimensional problem or it can be simplified to a two-dimensional problem. 

In the case of simpler, 2D tasks, there are mainly two types of cells that are commonly used, 

namely the triangle and the quadrilateral (Fig. 5.2). A triangle element consists of three edges 

and three nodes. The mesh made of triangular elements is easy to generate and it can be used 

in the case of a flow domain with complex shapes, as it easily adapts to any geometry. There-

fore, these cells are most commonly used in unstructured grids. A quadrilateral element consists 

of four edges and four nodes. Not for every geometry it is possible to generate a numerical mesh 

only from quadrilateral elements. These cells are most commonly used in structured grids. 

 

Figure 5.2. Basic two-dimensional computational cells  

In the case of three-dimensional flow problems, the numerical grid consists of 3D elements. 

The most common types of 3D computational cells are the tetrahedron, quadrilateral pyramid, 

triangular prism, and hexahedron (Fig. 5.3). All of these elements have triangular and/or quad-

rilateral faces. A tetrahedral element consists of four nodes, six edges, and is bounded by four 

triangular faces. A tetrahedron is equivalent to the triangular cell in 2D analysis, thus ï similarly 

as triangles ï these types of elements can be easily adapted even to the complex geometry of 

the flow domain. The pyramid-shaped element is bounded by one quadrilateral and four trian-

gular faces, so it has five nodes and eight edges. These types of elements are typically used as 

a connection between triangular and square-faced computational cells. A triangular prism (also 

called a prismatic or a wedge) is bounded by two triangular and three quadrilateral faces. It has 

six nodes and nine edges. These types of elements are typically used as boundary layer cells. 

Hexahedral element (also called a hex or a brick) consists of eight nodes, twelve edges, and is 

bounded by six quadrilateral faces. Hexahedron is equivalent to the quadrilateral cell in 2D 

analysis, thus these types of elements cannot be adapted to the complex geometry of the flow 

domain, but they form structured grids. The accuracy of solution in hexahedral meshes is higher 

than in meshes with other element types. 

Quadrilateral Triangle 
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Figure 5.3. Basic three-dimensional computational cells  

5.1.2. Mesh Classification 

Numerical grids may be classified into three major categories, structured, unstructured or 

hybrid. In general, structured grids consist of quadrilateral elements in the case of two-dimen-

sional analysis or hexahedral elements for three-dimensional flow domains. They are charac-

terized by regular connectivity between computational cells. In other words, they are formed 

by lines having the property that in a given family of lines (e.g. horizontal lines) they do not 

intersect each other and with another family of lines (e.g. vertical lines) each line intersects only 

once. A structural mesh is logically equivalent to a Cartesian mesh ï each cell has four or six 

closest neighbours depending on the 2D or 3D flow domain. A structural mesh may be uniform, 

non-uniform or body fitted, but it always retains its Cartesian structure. One of the advantages 

of structured meshes is therefore an implicit relationship that exists between the number of a 

cell and the number of its neighbours which makes that the iterative calculations are faster and 

the values of the dependent flow parameters (e.g. velocity, pressure, temperature) can be easily 

found. Moreover, the use of structured meshes leads to better convergence of the solution and 

higher resolution. A kind of structural mesh is block-structured mesh. The use of this type of 

numerical grid is related to the division of the computational domain into several blocks, inside 

which various structural meshes are generated. This approach is beneficial in cases where the 

problem includes areas with large gradients of hydrodynamic parameters. 

In contrary to structured grids, unstructured meshes consist of triangle elements (2D anal-

ysis) or tetrahedral elements (3D analysis). They are characterized by irregular connectivity 

between computational cells, so explicit storage of neighbourhood relationships is necessary. 

Therefore, unstructured grids are highly space inefficient. On the other hand, they can faithfully 

reproduce even a very complex geometry of the flow domain what is impossible for structured 

grids.  

         Tetrahedron       Pyramid           Triangular Prism             Hexahedron 
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Structured uniform mesh Block-structured mesh 

  
Structured non-uniform mesh Unstructured triangular mesh  

  
Structured triangular mesh Hybrid triangular/quadrilateral mesh 

  
Structured body fitted mesh Hybrid triangular/quadrilateral mesh 

Figure 5.4. Different types of numerical grids  
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A very good compromise between the above two types of mesh is the use of a hybrid mesh 

that contains both structured and unstructured cells. This is done by identifying in the flow 

domain parts with regular and complex shapes. For the former, structural meshes, while for the 

latter ï unstructured meshes are generated. Examples of different mesh types are presented in 

Figure 5.4. 

5.1.2. Mesh Quality 

The quality of the generated mesh affects the convergence and stability of the iterative 

process, as well as the accuracy of the simulation result. In order to obtain the best solution to 

partial differential equations, it is necessary to generate a good-quality mesh, which is assessed 

by checking the values of dedicated criteria. The quality of the generated mesh can be verified 

using various measures but in Ansys Fluent software the most important are skewness and as-

pect ratio.  

Skewness determines how much the shape of the face (Fig. 5.5a) or cell (Fig. 5.5b) differs 

from the regular, equilateral shape. The value of the skewness factor ranges from 0 to 1, with 0 

being the ideal cell. Numerical mesh is considered good for skewness value less than 0.9 for 

tetrahedral elements or 0.8 for mesh elements with other shapes (Ansys Meshing Application 

Introduction, 2009). Another source gives the cut-off skewness value for a good quality mesh 

as <0.75 (Ansys Meshing Userôs Guide, 2013). 

a)       b) 

                  

Figure 5.5. Optimal (green) and actual (red) skewness for (a) 2D and (b) 3D element 

Aspect ratio (Fig.5.6) defines the ratio of the longer side of the rectangle reconstructed on 

the numerical grid elements to its shorter side (Ansys Meshing Userôs Guide, 2013). An aspect 

ratio value of 1 determines ideal equilateral cells. The greater the value, the more the calculation 
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cell is different from that of an equilateral figure. It is assumed that the proportionality coeffi-

cient should be less than 40, however, more than 50 may be tolerated at the inflation layers 

(Ansys Meshing Application Introduction, 2009).  

a) 

        

 

b)                

 

Figure 5.6. Optimal (green) and actual (red) aspect ratio for (a) 2D and (b) 3D element  

 

5.2. Principles of Numerical Solving Methods 

Due to the nonlinear nature of the equations of fluid motion, they can be solved only in 

a few, very specific situations. Therefore, we are forced to approximate the solution of these 

equations using numerical techniques. Before starting an approximate solution, partial differ-

ential equations must first undergo a process referred to as discretization. As a result of discreti-

zation, differential equations are replaced with a system of algebraic equations. The discretiza-

tion process is carried out using a numerical grid. There are various methods of discretization, 

but three of the most commonly used are the Finite Difference Method (FDM), the Finite Ele-

ment Method (FEM), and the Finite Volume Method (FVM) (Norton et al., 2007). It should be 

mentioned that depending on the method of discretization of the problem, the mesh is built of 

a set of points, called nodes (in FDM), sub-volumes called elements (in FEM) or a set of vol-

umes called cells (in FVM) (Ashgriz and Mostaghimi, 2002). Solutions are obtained at discrete 

points in space, called nodes. The accuracy of the solution depends on the order of the discreti-

zation method and the mesh density. If the mesh is dense enough, all discretization methods 

give practically the same solutions. In some cases, however, a certain method of discretization 
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may be preferred. Within this chapter, we will introduce and compare the three mentioned 

above most popular discretization methods. 

5.2.1. Finite Difference Method 

The Finite Difference Method is one of the simplest methods of numerically solving prob-

lems described by the system of differential equations. The idea behind this method is to replace 

the derivatives present in these equations with appropriate difference quotients. Some difficul-

ties in applying FDM are related to the boundary conditions and the irregular shape of the do-

main boundary. 

For the analysed area ï computational domain, a grid of nodal points is generated. Values 

of the searched function in the mesh nodes constitute a set of unknowns. Therefore, it is neces-

sary to determine the difference quotients appropriate to the order of the equation, which will 

allow transforming the differential equation into a system of algebraic equations. A simple way 

to obtain difference quotients is to use the Taylor series expansion of the searched function for 

around nodal points. By expanding into Taylor series, the derivatives of a variable are written 

as differences between its values at different points in space or time (Ashgriz and Mostaghimi, 

2002). When this process is applied to all points in the grid, a set of equations is obtained that 

can be solved numerically. 

Consider the variation of any intensive variable, ‰, with the distance, ὼ,  i.e. ‰ὼ. After 

discretization, changes of the ‰ὼ can be represented by a set of discrete points, ‰ôs, that can 

be related to each other using a Taylor series expansion. Now consider the point that is moved 

from the central point, ὼ, by a small distance ɝὼ,  i.e. ὼ ɝὼ. The intensive variable in that 

point can be expressed in terms of Taylor series expansion about ὼ as: 

 ‰ὼ ɝὼ ‰ὼ ɝὼ Ễ
Ȧ

Ễ (5.1) 

In Equation 5.1, the first term of the expansion on the right, (1), is the intercept of the 

polynomial and gives the first approximation of the function ‰ὼ at point ὼ ɝὼ. The sec-

ond term (2) specifies the slope and the third (3) the curvature of the function at point ὼ (Ja-

worski, 2005). The graphical interpretation of this expansion is shown in Figure 5.7. In this 

graph points (0) and (1) represent the values of the ‰ὼ function at the point ὼ and the first 

approximation of Taylor series expansion at point ὼ ɝὼ, while point (ὲ) indicates the real 

value of the function ‰ὼ at the point ὼ ɝὼ. Points (2) and (3) refers to the value of the 

function ‰ὼ approximated respectively by the first two and first three terms of the Taylor 



5. Numerical Simulation in the CFD Software 

82 

series. As can be seen, by increasing the total number of terms in the Taylor series, we get 

a solution that is closer to the real one (point ὲ). Limiting this one-way expansion to the first 

ὲ ρ terms usually corresponds to introducing an ὲ-th order truncation error (Jaworski, 

2005). More detailed information about the Finite Difference Method can be found in the liter-

ature (Anderson et al., 2016; Chapra and Canale, 1988; Hildebrand, 1956). 

 

Figure 5.7. Graphical interpretation of the first three terms in the Taylor series 

Although the FDM is the simplest method to apply, it cannot be always used due to several 

disadvantages, including for example problems with adjusting the mesh to the analysed area of 

complex geometry, difficulties with boundary conditions and often associated with it a loss of 

accuracy, as well as the need for even division (high degree of mesh regularity) and an associ-

ated large number of nodes. Due to the above disadvantages, FDM is rarely used in the analysis 

of engineering flows (Norton et al., 2007). 

5.2.2. Finite Element Method 

In the Finite Difference Method, the process of deriving algebraic equations for a discrete 

(finite) set of approximation points consists of replacing the derivatives with the corresponding 

difference quotients. The Finite Element Method is based on the assumption that the solution 

can be locally interpolated between the nodes of the numerical grid, however, the manner of 

this interpolation depends on the type of equation (Jaworski, 2005). Similar to any numerical 

method, it is a method that gives an approximate solution. The widespread use of the FEM in 

solving technical flow problems is due to the possibility of obtaining the result of an equation 

that cannot be solved analytically or the solution would be too complex and/or time-consuming. 

The Finite Element Method is based on the method of Weighted Residual. Consider a dif-

ferential equation that for simplicity is expressed in the following symbolic form: 
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 ὗὝ π (5.2) 

Assume we are looking for an approximate solution, Ὕᴂ, using a trial function of some form. 

Substituting Ὕᴂ into the differential equation (5.2) will not satisfy this equality. Therefore, on 

the right side of the equation the residual, Ὑ, appears instead of zero: 

 ὗὝᴂ Ὑ (5.3) 

Since ὗὝᴂ is an approximation, the residual Ὑ does not disappear in the majority of the ana-

lysed domain. The basic concept of the Weighted Residual Method is to introduce to the equa-

tion a weighting function, ὡ, and requiring that the integral of the weighted residual throughout 

the whole solution domain, ɱ, vanishes: 

 ᷿ὡὗὝᴂὨɱ
 

π (5.4) 

Assume that the trial function is a polynomial with many unknown coefficients. By selecting 

successive trial functions and integrating them, a series of equations is generated that can be 

solved simultaneously. The results of this solution are the previously unknown coefficients of 

the polynomial and, consequently, the solution of the polynomial. This means that the FEM can 

be successfully used to obtain solutions of differential equations, on the condition that appro-

priate trial and weighting functions are found. 

The first step of numerical solving the problem using the Finite Element Method is dis-

cretization, i.e. division of the flow domain into smaller elements, called subdomains or finite 

elements. The elements have common nodes (points) and they approximate the shape of the 

domain. It should be underline that as the number of elements increases, the accuracy of the 

approximation also increases. Then, for each element, polynomials are determined, called shape 

functions. Each shape function is associated with exactly one node. The value of a given shape 

function at the node with which it is associated is equal to one, and at all other nodes, it is zero. 

Shape functions are determined in such a way as to maintain the condition of the continuity of 

the searched value at the element boundaries. With their help the value of the unknown param-

eter is determined at any point inside the finite element (knowing nodes values of this parame-

ter). In other words, to calculate the value of the searched parameter at any position in the 

subdomain (other than nodes), interpolation between nodes is done using shape functions and 

parameter values in nodes. The last step involves the minimization of the functional correspond-

ing to the given differential equation. This operation can be performed directly or by calculating 

a system of algebraic equations. In the second and simultaneously more common case, the num-
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ber of equations is equal to the number of unknowns. For the scalar variable field (e.g. temper-

ature), the number of unknowns is equal to the number of nodes. If the unknown is a vector 

(e.g. velocity), then the number of unknowns is the product of all nodes and the number of 

unknowns in each of them. More detailed information about the Finite Element Method can be 

found in the literature (Lewis et al., 2004; Reddy, 1993; Zienkiewicz and Taylor, 1991). 

The Finite Element Method has many advantages. In contrary to the FDM, the FEM can 

be easily applied even to complex geometries of flow domain by using irregular meshes. It also 

allows describing the variation of parameters within each subdomain (between grid points) us-

ing the shape functions (Sayma, 2009). The summation of variations for all subdomains is then 

used to describe the entire flow field. On the other hand, this method is not without its disad-

vantages. Although FEM is one of the numerical methods that are particularly effective for the 

discretization of partial differential equations in space, the same cannot be said for time dis-

cretization. When transient processes are considered, usually a continuous approximation in 

space is used first, which leads to ordinary differential equations with respect to time. Then, the 

obtained system of equations is discretized in time with the FDM, because full discretization 

with the FEM in time is not very effective (Jaworski, 2005). These include the need to calculate 

and store base functions for each element of the numerical grid, incomplete fulfilment of the 

conservation (balance) laws, especially for a single element of irregular shape. Moreover, with 

a certain number of mesh nodes, FEM calculations require more memory storage compared to 

the Finite Volume Method with a structured mesh (Jaworski, 2005; Nakajima and Kallinderis, 

1994). 

5.2.3. Finite Volume Method 

The Finite Volume Method (FVM) is a numerical method used to solve partial differential 

equations. Similar to the previously discussed FDM and FEM methods, its purpose is to present 

the differential equations in the form of a solvable system of algebraic equations. As with other 

methods of this type, the values of searched parameters are calculated at discrete locations in 

the computational domain. The same as in the FEM, the FVM divides the flow domain into 

a finite number of elements, however, it uses both structured and unstructured numerical mesh 

to approximate the shape of the simulated flow domain. Those elements are subsequently used 

to build dual mesh: control areas called also finite or control volumes (Aleksendric and Carlone, 

2015). The discretization of the analysed object into a number of control volumes can be per-

formed by adopting a vertex-centred or cell-centred approach (Aleksendric and Carlone, 2015). 

In the first approach, each node of the grid is the centre of a control volume. Boundaries of this 
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volume are obtained by connecting the centroids of each element and the midpoints of their 

edges. In the second approach, finite volumes coincide with grid elements and the interesting 

variables of the flow are located at the centroid of the control volume (Ashgriz and Mostaghimi, 

2002). Therefore, it can be said that depending on the discretization scheme, the control area is 

built independently or equivalent to the grid cell. Inside the control volume, the condition de-

scribed by the differential equation must be fulfilled, however, it does not have to be met for 

the entire volume of the flow domain. Examples of control volumes in FVM generated using 

the two aforementioned approaches are presented in Figure 5.8. 

a) 

 

b) 

 

Figure 5.8. Control volumes (red colour) generated in FVM: (a) vertex-centred and (b) cell-centred approach  

The Finite Volume Method can be viewed as a special version of described earlier method 

of Weighted Residual where a weighting function, W, from Eq. (5.4) is equal to unity. For this 

purpose, a weighting residuals equations are generated by splitting the flow domain into control 

volumes and setting the weighting function equal to one in the control volumes and zero else-

where. This means that the residual in each volume must be zero (Sayma, 2009).  

Another way to derive a Finite Volume discretization scheme is to begin from the integral 

form of the differential equations. After decomposition of the flow domain, the differential bal-

ance equations are formulated as integrals, separately for each control volume. The FVM uses 
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Gaussôs divergence theorem, also known as Ostrogradskyôs theorem (Katz, 1979), to convert 

the volume integral into the surface integral. In general, this theory says that the output vector 

field (or flux) passing through a closed surface is equal to the volume integral of the divergence 

of this vector field in the volume enclosed by this surface. The flux passing through the surface 

of the cell is approximated as the sum of the fluxes passing through each finite element.  

Values of the integrals are approximated by numerical integration. For this purpose, inter-

polation schemes are adopted that describe the variability of searched variables (e.g. velocity, 

pressure, temperature) between cell centroids. The resulting equation, called the discretized or 

discretization equation, is an algebraic form of the differential transport equation. Thus, the 

discretization equation expresses the principle of conservation of an interesting variable inside 

the control volume. More detailed description of FVM can be found elsewhere (Ferziger and 

Peric, 2002; Patankar, 1980; Versteeg and Malasekara, 2007). 

The Finite Volume Method discretizes the balance equation directly, therefore, in contrary 

to FEM, a benefit of this method is the conservation of quantities such as mass, momentum, 

energy, and species, i.e. the flux leaving a given control volume is identical to that entering the 

adjacent control volume. This feature is satisfied for any control volume, for any number 

of control volumes as well as for the whole analysed flow domain. Another advantage of FVM 

is the versatility and ease to understand and apply, even to unstructured meshes. Therefore, 

this method is now the most commonly used in solving problems of fluid mechanics (Nor-

ton et al., 2007). It should be underline that one of the most popular commercial CFD 

code, namely Ansys Fluent, is based on the Finite Volume Method with a cell-centred formu-

lation (Molina-Aiz et al., 2010). 

5.3. Assessment Criteria for CFD Solution 

Each numerical solution must be thoroughly assessed and analysed in order to be consid-

ered credible. The credibility of a particular solution is checked on the basis of various criteria, 

including consistency, stability, convergence, and accuracy. A preliminary diagram of the rela-

tionship between the above-mentioned criteria and the various stages of the numerical solution 

is shown in Figure 5.9. In more detail these criteria will be described within this chapter.  
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Figure 5.9. Diagram of the relationship between assessment criteria and stages of CFD solution  

In addition to the above assessment criteria, it is also important to check and reduce the 

numerical errors and uncertainties that arise during CFD analysis. After all, the computational 

solution should be subjected to the verification and validation processes. These concepts also 

will be discussed. 

5.3.1. Consistency 

Consistency is an important property that concerns the discretization of the partial differ-

ential equations describing the flow problem under analysis. According to this property, ap-

proximation of differential equations should decrease or become accurate if finite quantities 

such as time step and mesh spacing approach zero. For the Finite Difference Method (Section 

5.2.1), the truncation error concept measures the discrete approximation obtained by expanding 

the Taylor series around a particular nodal point. Therefore, the truncation error represents the 

difference between the discretized and the exact equation. Consequently, the primary partial 

differential equation is recovered by adding the remainder, i.e. truncation error. Essentially, the 

truncation error measures the accuracy of the approximation and establishes the rate at which 

the error decreases with decreasing the time step and/or the grid spacing. 

The numerical method is considered consistent when the truncation error becomes zero for 

the time step and/or grid spacing going to zero. Generally, the truncation error is proportional 

to the n-th power for finite quantities. The order n of the most significant term of the Taylor 

series in the aforementioned difference with respect to the time and/or space step is usually 

taken as a measure of consistency of the numerical method (Jaworski, 2005). If this term is 

proportional to (ȹt)n or (ȹx)n, the numerical method gives an approximation of the n-th order 
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for n > 0 (Tu et al., 2018). Preferably, all terms in the partial differential equations should be 

discretized to the same order of precision. In practice, however, some terms may be particularly 

dominant and a higher-order approximation may be required to provide consistency of the 

method. 

5.3.2. Stability 

Another independent criterion that also governs the numerical solution method is stability. 

Stability refers to the increase or disappearance of errors introduced at any stage of the calcu-

lation. It should be noted that these errors are not caused by incorrect logic, but arise as a result 

of poor initial guesses and rounding off during iterative calculation due to the finite number of 

significant digits that the hardware can accommodate. Therefore, the method of the numerical 

solution is considered stable if it does not magnify the errors that appear during the calculations 

(Anderson, 1995). In the context of iterative methods stability ensures that the solution is not 

divergent. 

In the case of linear flow problems, the two most commonly used methods of stability 

assessing are the matrix method and the von Neumann method. Both of them are based on 

predicting whether there will be an increase in error between the true solution of the numerical 

method and the actual computed solution that includes the round-off contamination (Tu et al., 

2018). The stability of the numerical method can be quite difficult to investigate when there are 

boundary conditions and non-linearity in the problem. Therefore, it is usually tested with con-

stant coefficients and without boundary conditions. The results obtained in such a simplified 

way may often be applied to more difficult flow problems. However, during solving complex, 

nonlinear and coupled equations with boundary conditions, there are very few stability studies 

that we can infer. Thus, to ensure the stability of the numerical procedure, we must rely on 

experience and intuition. Usually, a small value of time steps and appropriate under-relaxation 

factors are also required. 

5.3.3. Convergence 

Convergence of a numerical process means that the numerical solution of the differential 

equation should approach their exact solution at any point in the domain when time step and 

grid spacing approach zero. This means that as the mesh is refined and the time step is reduced, 

the obtained numerical solution should be approaching the exact solution. According to Laxôs 

equivalence theorem, a numerical procedure can be considered convergent if meets two criteria 

described earlier, i.e. consistency and stability (Tu et al., 2018). In practice, proving that the 

obtained numerical solution is convergent with the exact one is often very difficult. This is 
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because in many cases the exact solution is unknown as it is very difficult or even impossible 

to obtain by analytical methods. Indeed, such cases are common in the field of chemical engi-

neering and the main purpose of numerical simulations is then to find a specific solution. 

In the numerical procedures used in commercial CFD codes, the concept of convergence 

is used slightly differently. In such software, the system of algebraic equations is usually solved 

iteratively, and to obtain iterative convergence, there are three aspects to keep in mind: i) all 

discretized equations are considered to be convergent when they reach a specified tolerance, ii ) 

the convergent numerical solution does not change with additional iterations, and iii ) overall 

balances of mass, momentum, energy, and scalar are achieved. During the iterative procedure, 

the residuals are monitored which are the imbalances (errors) of the discretized equations. 

In other words, for a steady problem, residuals are the differences between the solution at a par-

ticular and the next iteration. Residuals terminate the iterative process of calculation when a 

specified tolerance is reached. In order to obtain the convergence of the numerical process, the 

residuals should decrease as the iterative computation progresses. Otherwise, the numerical so-

lution is considered divergent (unstable). 

5.3.4. Accuracy 

In the chapter describing the principles of numerical solving methods, it has been repeat-

edly emphasized that the solution of partial differential equations of transport processes in fluids 

is always an approximation. Therefore, except consistency, stability and convergence another 

important criterion that should be carefully checked and analysed is the accuracy of the obtained 

solution. 

As mentioned earlier, the truncation error that represents the difference between the dis-

cretized and the exact equation measures the accuracy of the approximation and determines the 

rate of error decay with decreasing time and space steps. It is therefore obvious that, 

from the point of truncation error view, improvement in accuracy can be achieved by mesh 

refining. It has to be remembered, that although increasing computational cells number leads to 

superior accuracy, it is always associated with a simultaneous increase in the required compu-

ting power. 

There are different methods for accuracy assessment. One of them relies on applying a par-

ticular algorithm to a related but simplified flow problem that possesses an exact solution. How-

ever, it should be remembered that accuracy is often problem-dependent. Therefore, the algo-

rithm that is accurate for one flow problem may not be equally accurate for another, more com-

plex issue. The second method is to carry on simulations for successively refined numerical 
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meshes and then to check if the solution changing. This procedure is performed until the change 

of the solution from one grid to the next reaches a prescribed tolerance. 

It should be emphasized that a convergent solution does not necessarily have to be an ac-

curate solution. Therefore, it is important to assess the accuracy of the solution and, if this is 

possible, to consider how to improve it. It can be done, for example, by using a higher-order 

approximation or finer numerical mesh. Such methods, however, should be considered to-

gether with an analysis of calculation time and computational efficiency. Other ways to im-

prove accuracy include minimizing the numerical errors as well as verification and validation 

of numerical simulations. These aspects will be presented in the subsequent sections within this 

chapter. 

5.3.5. Numerical Errors 

There are several sources of errors that the user can meet performing CFD simulations. 

A well-known classification includes discretization error, round-off error, iteration or conver-

gence error, physical modelling error and human error. 

Discretization errors result from the difference between the exact and the numerical solu-

tion of the modelled governing equations with a limited time and space step. Errors of this type 

arise because the solution to the analysed flow problem is approximated numerically. It is ex-

pected that the calculated results will be closer to the exact solution of the modelled equations 

as the number of mesh cells increases and the nodal points are distributed regularly. 

Round-off errors are associated with the difference between the accuracy of a used com-

puter and the true value of the calculated variable. Every electronic device represents numbers 

with a finite number of significant digits, which for many computers is limited up to 7 (so-

called single precision) or 15 (so-called double precision). The values obtained during the cal-

culations may have more significant figures. Therefore, the error resulting from keeping a lim-

ited number of digits that are available for storing is called the round-off error. It should be 

underline that round-off errors are rather random and difficult to predict. Nevertheless, usually 

they are not dominant compared to the previously described discretization errors. 

Iteration or convergence errors result from the difference between the fully convergent 

solution of the analysed flow problem and the non-convergent solution. As the process of iter-

ation progresses, it is expected that gradually better estimates of the solution are generated, that 

perfectly meet the equations and boundary conditions both in each computational cell and in 

the whole domain. This type of error arises when the iterative process is terminated prematurely 
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due to either the user impatience or applying too large convergence criteria to stop the calcula-

tions that in practice may be far away from its convergence state. 

Physical modelling errors result from the uncertainty of formulating mathematical models 

and deliberate model simplifications. It can be due to the fact that the studied phenomenon is 

not fully understood. The difference between error and uncertainty should be clearly indicated 

here. According to the literature (AIAA, 1998) error is defined as a recognizable deficiency that 

is not due to the lack of knowledge, while uncertainty as a potential deficiency that is due to the 

lack of knowledge. Other reasons for physical modelling errors are related directly to the used 

physical models, including simplifications of the models, the uncertainty of the parameters of 

these models as well as the lack of possibility or the limited possibility of its experimental 

confirmation. The occurrence of physical modelling errors is investigated by performing vali-

dation studies. These, in turn, are focused on strictly defined models used in the analysed flow 

problem, e.g. models related to turbulence, combustion, non-Newtonian flow, multiphase flow, 

etc. 

Human errors result mainly from the incorrect and/or imprecise application of the CFD 

code. They can be made at any stage of CFD analysis, starting from drawing geometry and 

generating a numerical mesh, through defining all solver settings (boundary and initial condi-

tions, model selection, calculation schemes), ending with reading and analysing the results. 

Often the reason for these types of errors is simply the lack of experience in handling CFD 

codes. Human errors can be controlled and minimized through meticulous and careful problem 

definition, training and gaining experience. Another type of human error is a computer pro-

gramming error that arises at the CFD code programming stage. Computer programming errors 

can be eliminated by performing verification and validation tests. 

 

5.3.6. Verification and Validation 

Analysis of the assessment criteria for the CFD solution clearly indicates that numerical 

errors and uncertainty are inherent aspects of numerical modelling using the CFD technique 

and cannot be ignored. Therefore, it is necessary to use rigorous methods of a quantitative as-

sessment of the solution correctness, i.e. estimating the inherent errors and uncertainties. These 

include two concepts: verification and validation.  

Although there is no one universal definition of the above concepts, in general, we can say 

that verification is the process of determining whether the implemented model accurately rep-

resents the nature of the analysed flow task. Verification is therefore a procedure that is used to 
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assess the correctness of the domain geometry, numerical grid, initial and boundary conditions, 

models. 

On the other hand, validation is the process of determining how accurately the used model 

represents the real problem. Validation is therefore a procedure that is used to quantitatively 

evaluate the results obtained from CFD numerical simulations by their comparison to the bench-

mark experimental data. Stage of the results validation is the final phase of the credibility pro-

cess of the applied models. More detailed information about the methods of verification and 

validation can be found elsewhere (Versteeg and Malalasekera, 2007; Computational Fluid Dy-

namics Committee, 1998). 
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Introduction to A nsys Workbench Framework and GUI 

The process of numerically modelling physical phenomena involving fluid flow with the 

Computational Fluid Dynamics technique can be performed using various CFD packages. One 

of these codes is the software developed by the Ansys company. Examples included into this 

student book were prepared following the Ansys code. As it was mentioned in the first part of 

this book, the CFD analysis of any flow task requires first to define the geometry of the flow 

domain and generate the numerical grid. Both these steps are performed in different software, 

for example, Ansys DesignModeler or Ansys SpaceClaim are dedicated to geometry drawing 

and Ansys Meshing is dedicated to grid generation. Only after generating the mesh, it is possible 

to proceed to the next program in which numerical simulation can be performed, such as Ansys 

Fluent, Ansys CFX or Ansys Polyflow.  

The examples presented within this section are prepared for Ansys DesignModeler, Ansys 

Meshing and Ansys Fluent, version 2021 R2. In order to facilitate the project management of 

the analysed flow problem and to improve the data flow between individual programs, Ansys 

has created a project management tool, called Ansys Workbench. It is a platform that links all 

used software tools. The overall structure of Ansys Workbench is presented in Figure I.1.  

 

Figure I.1. Ansys Workbench GUI 

On the right side, there is a Project Schematic window where the user prepares the project 

of the analysed flow task. On the left side, there is a Toolbox, which contains all the products 

available within the owned license. Modules in the Analysis Systems tab include all the individ-

ual programs needed for the analysis of a particular flow task. Dragging one of the modules 
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into the Project Schematic window, the user obtains all the stages needed for a typical analysis, 

i.e. Geometry, Mesh, Solver and Post-Processor (Fig. I.2).  In this case, the direction of the 

workflow is from the top to the bottom.  

 

Figure I.2. Flow task analysis in Ansys Workbench using a particular Analysis Systems module 

Apart from Analysis Systems, there is also a Component Systems tab where the individual 

programs for each stage of the analysis were collected. In this case, the analysis of the flow task 

is prepared by selecting modules containing individual programs, and then connecting them 

using connectors (Fig. I.3).  

 

Figure I.3. Flow task analysis in Ansys Workbench using several Component Systems modules 
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Each module in the Project Schematic window is denoted by a capital letter. It should also 

be mentioned that through connectors, data can be transferred not only between different mod-

ules of Component Systems but between all modules, including also Analysis Systems modules. 

There are two methods for creating connectors between different programs. The first is to use 

the mouse with a pressed left mouse button to draw a line between them (for example from cell 

A2 to cell B2, Fig. I.3). The second method is to drop the new module onto the cell of the 

upstream module. In this case, the linkage will be generated automatically. 

The current status of each stage of the analysis is monitored and displayed using special 

icons. When a particular stage in the module is completed, then the status of the cell automati-

cally changes. The meaning of possible icons representing different statuses are collected in 

Table I.1. 

Table I.1. Meaning of the status icons 

Icon Icon meaning 

 Up to date 

 Refresh required. Upstream data has changed 

 Update required. Local data has changed 

 Unfulfilled. Upstream data does not exist 

 Attention required 

 Update failed 

 Update interrupted 

 
Changes pending (was up-to-date, but upstream 

data has changed) 

 

In order to turn on a particular software, the user has to double-click with a left mouse 

button (LMB) the proper name in the selected module. For example, looking at the project 

presented in Figure I.3, if we want to open the program to geometry drawing, we have to double-

click with LMB the cell A2, when the mesh generator is needed, then B3 cell should be chosen. 

In the case of a geometry drawing, it is also important, which program will be used ï if Ansys 

SpaceClaim, then the LMB double-click is enough, but Ansys DesignModeler for the first time 

can only be opened by clicking the A2 cell with a right mouse button (RMB) and selecting the 

New DesignModeler Geometryé command.  
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Example 1. Modelling of Laminar Flow of Newtonian Fluid in a Pipe 

1.1. Introduction and Objectives 

A flow that is completely bounded by a solid surface is called an internal flow. Internal 

flows are widespread in all industries as they involve many important and practical flows such 

as flow through pipelines and accompanying fittings. Depending on value of the Reynolds num-

ber, internal flows can be laminar, transitional or turbulent. In this simple example we will 

consider the laminar flow (Re = 500) of a Newtonian fluid (water) through a pipe with a smooth 

surface. The main objectives of this exercise are as follows: 

ï draw 3D geometry of the flow domain using Primitives options, 

ï generate a structured mesh, 

ï identify and create Named Selection ï individual parts of flow domain to which different 

materials or boundary conditions will be assign, 

ï illustrate the setup of the laminar fluid flow simulation, 

ï visualization of results ï contours and profiles of fluid velocity. 

1.2. Problem Description 

Details of the analysed flow problem are shown in Figure E1.1. 

 

 

Figure E1.1. Problem description. 

1.3. Geometry 

Into the Project Schematic window insert a Fluid Flow (Fluent) module from Analysis 

Systems tab. Open the Ansys DesignModeler as described in the Introduction. There are differ-

ent methods of the geometry drawing. In this example we will use the Primitives method. From 

the main menu choose Create Ÿ Primitives Ÿ Cylinder (Fig. E1.2a). A new figure (Cylinder1) 

appeared in the Tree Outline, and its details such as basic plane, origin or dimensions are visible 

in the Details View window placed below the Tree Outline (Fig. E1.2b). Also a grey wireframe 

of the figure is visible in the Graphics window (Fig. E1.2b). In the Details View window enter 

the following parameter values: Axis Z Component ï 5 m and Radius ï 0.25 m (Fig. E1.2c). 

Direction of  

the flow of the 

water 

Inlet Outlet 

Re = 500 

L = 5 m 

D = 0.5 m 
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Important information ï Ansys DesignModeler uses comas instead of dots. After entering these 

values, click the Generate button from the top menu (Fig. E1.2d). If everything has been done 

correctly, a shaded figure will appear in the Graphics window and a corresponding green check 

mark will appear next to the cylinder name in Tree Outline (Fig. E1.2e). At the end save the 

project by selecting from the main menu File Ÿ Save Project. You can close Ansys Design-

Modeler. 

a) b) 

  

c) d) 

  

e) 

 

Figure E1.2. Steps of the geometry drawing 
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1.4. Mesh 

Open the Ansys Meshing as described in the Introduction. After opening you will see a ge-

ometry window with the shape of the geometry drawn in the Geometry module in the previous 

step (Fig. E1.3). Over this window there is a main menu as well as different toolbars used, 

among others, to establish and edit the mesh settings, set up the Named Selection or set up the 

view of the flow domain. On the left side there are also the Tree Outline and Details View. Tree 

Outline is the object tree that represents outline view of the whole project and provides access 

to objectôs context menus. Details View, similar like in Ansys DesignModeler, contains details 

about each object in the Tree Outline.  

 

Figure E1.3. Ansys Meshing basic view. 

Before the mesh generation we will change the name of the geometry and specify the ma-

terial. In this purpose in the Tree Outline expand the Geometry, select the Solid with the RMB 

and choose Rename option (Fig. E1.4a). Enter the ñPipeò name. Now, in the Details of ñPipeò 

select the Material as Fluid (Fig. E1.4b). Please note that both above settings can be done in 

Ansys Meshing or Ansys DesignModeler module. 

Now choose the Mesh from the Tree Outline. The shape of the flow domain in the present 

example is quite simple, therefore it is possible to generate a structured mesh. In the Details of 

ñMeshò select the Defaults Ÿ Physics Preference as CFD and Solver Preference as Fluent 

(Fig. E1.4c). The same as in the Ansys DesignModeler each operation has to be ended with 

generation, therefore press the Generate Mesh button that is visible in the top Home Menu. The 

mesh will generate automatically. In the Details of ñMeshò you can check its Quality and Sta-

tistics (Fig. E1.4d). Recall form the chapter 5.1.2. Mesh Quality that in the case of the hexahe-

dral element the mesh is considered good for skewness value less than 0.8. Here, the maximum 
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value of skewness does not exceed 0.38. However, the number of elements is quite low ï 3968 

elements. We will increase this number by expanding in the Details of ñMeshò the Sizing tab 

and changing the default value of Growth Rate from 1.2 for 1.02 (Fig. E1.4e). After regenerate 

the mesh, the number of element in the grid increases to 5888 and the maximum value of skew-

ness does not exceed 0.36 (Fig. E1.4f).  

a) b) 

  

c) d) e) 

 

  

f) 

 

Figure E1.4. Steps of the mesh generation 
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The last step in the Ansys Meshing software is creation of Named Selection. In the analysed 

flow task, we will create three Named Selections on the surfaces ï one for the inlet, one for the 

outlet and one for the wall. First, choose Face option from the Graphics Toolbar (Fig. E1.5a) 

and then select a proper surface from the geometry by clicking on them in the Geometry Win-

dow. The chosen surface is highlighted by green colour (Fig. E1.5b). Click again on this surface 

with RMB and choose Create Named Selectioné In the new window that will appear enter a 

name for the chosen surface, here it is Outlet (Fig. E1.5c). Repeat this step for two remaining 

surfaces ï Inlet and Wall. If you need to move or turn your geometry, you can do this using 

options collected in the Graphics Toolbar, such as Rotate, Pan, Zoom, Box Zoom, Zoom To Fit. 

All created Named Selections are visible in the Tree Outline. An active Named Selection is 

highlighted with red colour in the Geometry Window (Fig. E1.5d) and its characteristics are 

collected in the Details window. Save the project and close Ansys Meshing. 

a) b) c) 

 

 

 

d) 

 

Figure E1.5. Creation of the Named Selections 
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1.5. Simulations 

Open the Ansys Fluent software by a double-

click the Setup in the Fluid Flow (Fluent) module. 

During the first start of Ansys Fluent, the Fluent 

Launcher (Fig. E1.6) will open, where the user can 

check and set a several start-up options. Enter the 

Double Precision, Display Mesh After Reading and 

Solver Processes equal to 1. Then click Start in or-

der to launch Ansys Fluent. 

 

 

Figure E1.6. Fluent Launcher 

 

The Ansys Fluent window (Fig. E1.7) is segmented into several menus. On the top ribbon 

we can find various tabs, e.g. File, Domain, Physics, Solution, etc., where all adjusting proper-

ties are collected. Below the top ribbon there is an Outline View that include each step of setting 

up the simulation, a Task Page where we can enter the variables and properties available in 

each step of the Outline Tree, and the main window where we can observe the domain, simu-

lation progress or results. There is also a Console under the main window ï a command line 

that shows the progress of simulation or errors. Here, the user can also enter specific commands 

to perform particular tasks.  

 

Figure E1.7. Ansys Fluent layout 
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Operating the Ansys Fluent will mainly consist of running down the tree in Outline View 

and editing parameters and variables in each respective Task Page. 

A. Setup ï General 

From the General Task Page (Fig. E1.8) choose the following options:  

 

1. Mesh Ÿ Check ï program will report the 

results of the mesh check in the console. 

Make sure that the minimum volume is not 

negative as the calculation cannot begin in 

this case. 

2. Mesh Ÿ Report Quality ï program will re-

port the results of the mesh quality in the 

console. Values of cell orthogonality can 

vary between 0 and 1, where 0 correspond 

to a very poor cell quality. In general, the 

minimum orthogonality should not be be-

low 0.01 with the average value signifi-

cantly larger.  

Figure E1.8. General Task Page 

3. Solver Type Ÿ Pressure-Based ï proper for low-speed incompressible to high-speed 

compressible flows. 

4. Solver Velocity Formulation Ÿ Absolute ï proper for cases where majority of the do-

main is non-rotational. 

5. Time Ÿ Steady ï for a steady-state solution.  

 

B. Setup ï Models 

The purpose of this flow task is to simulate the 

laminar flow of a liquid, therefore only Viscous Ÿ 

Laminar should be selected from the list of availa-

ble models. Open the Models Task Page 

(Fig. E1.9) by double-click the Models in the Out-

line View Tree. Make sure that the Laminar model 

is selected within the Viscous tab.  

Figure E1.9. Models Task Page 
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C. Setup ï Materials 

Open the Materials Task Page (Fig. E1.10) by double-click the Materials in the Outline 

View Tree. Default materials are air as a fluid and aluminum as solid. The presented simulation 

is performed for the water therefore it is necessary to create this material. In this purpose click 

Create/Edité button visible at the bottom of the 

Materials Task Page that launch a new window ï 

Create/Edit Materials (Fig. E1.11a). Water is a ma-

terial that is available in the Ansys Fluent Data-

base. Click on the Fluent Databaseé on the right. 

In the new window (Fluent Database Materials, 

Fig. E1.11b) find in the list the water-liquid 

(h2o<l>). Select this material and confirm with 

Copy. Material was automatically added to the Ma-

terials lists on the Materials Task Page. You can 

close both Fluent Database Materials and Cre-

ate/Edit Materials windows. 

Figure E1.10. Materials Task Page 

 

Figure E1.11. Adding a new material from the Fluent Database 

 

D. Setup ï Cell Zone Conditions 

Open the Cell Zone Conditions Task Page (Fig. E1.12a) by double-click the Cell Zone 

Conditions in the Outline View Tree. From the Zone list select pipe and click Edité In a new 

Fluid window (Fig. E1.12b) the default material is the air. Change the Material Name for the 

water-liquid by selecting it from the dropdown list and confirm with Apply button. The rest 

setting left without change and close the Fluid window.  
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Figure E1.12. Setup of the Cell Zone Conditions 

 

E. Setup ï Boundary Conditions 

Open the Boundary Conditions Task Page (Fig. E1.13a) by double-click the Boundary 

Conditions in the Outline View Tree. On the Zone list there are sections that were created in the 

Ansys Meshing, i.e. inlet, outlet and wall. Also, the interior-pipe zone was created automati-

cally. For each Zone it is necessary to define a proper type of a boundary condition. From Zone 

list select the wall name and make sure that the type of boundary condition is set up as Wall 

(Fig. E1.13b). 

  

Figure E1.13. Boundary Condition Task Page and definition of the boundary condition type 

 

With the same procedure set up the remaining boundary conditions as: 

1. for the interior-pipe zone Ÿ the interior boundary condition, 

2. for the outlet zone Ÿ the pressure-outlet boundary condition, 
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3. for the inlet zone Ÿ the velocity-inlet boundary condition. We also need to enter the 

velocity of the fluid at the pipe entrance. In this purpose click Edité and in the Velocity 

Inlet dialog box (Fig. E1.14) enter the Velocity Magnitude [m/s] as w = 0.001005 [m/s]. 

This value was calculated from the Reynolds number definition for the specified in the 

example values of the Reynolds number, pipe diameter and water properties (density 

and viscosity, Fig. E1.11). 

 

Figure E1.14. Velocity Inlet dialog box 

 

F. Solution ï Methods  

Open the Solution Methods Task Page (Fig. E1.15) by double-click the Methods in the 

Outline View Tree. Ensure that the options within 

this page are set up as: 

1. Scheme Ÿ Coupled, 

2. Flux Type Ÿ Auto Select,  

3. Gradient Ÿ Least Squares Cell Based,  

4. Pressure Ÿ Second Order,  

5. Momentum Ÿ Second Order Upwind, 

6. Other options are disabled. 

Figure E1.15. Solution Methods Task Page 

G. Solution ï Monitors 

Expand the Monitors tab in the Outline View Tree by clicking ñplusò icon on the left side 

of this tab. Then open the Residual Monitors dialog box (Fig. E1.16) by double-click the Re-

sidual in the Outline View Tree. Make sure that all equations are monitored and their conver-

gence is checked, as it is shown in the Fig. E1.16. Set all Absolute Criteria as 1e-13 and close 

the window by clicking OK.  
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Figure E1.16. Residual Monitors dialog box 

 

H. Solution ï Initialization  

Open the Solution Initialization Task Page 

(Fig. E1.17a) by double-click the Initialization in 

the Outline View Tree. Here, the user can choose 

between two types of initialization: 

1. Hybrid Initialization ï provides a quick ap-

proximation of the flow field by solving La-

placeôs equation to estimate a flow and 

pressure fields. 

2. Standard Initialization ï sets all mesh cells 

to a single starting value. The user should 

enter values of parameters that are close to 

the final solutions in order to help the solu-

tion converge faster. The options Compute 

from inlet takes inlet conditions that was 

defined in the boundary conditions tab and 

applies them to the whole mesh as a starting 

guess.  

In this example we use the Standard Initializa-

tion with enabled Compute from inlet option (Fig. 

E1.17b). After selecting the initialization tech-

nique, click Initialize button. 

Figure E1.17. Solution Initialization Task Page 
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I. Solution ï Run Calculation 

Open the Run Calculation Task Page (Fig. E1.18) by double-click the Run Calculation in 

the Outline View Tree. Before run calculation press the Check Caseé button to make sure eve-

rything was set up correctly. You should get the information ñNo recommendation to make at 

this timeò, that means the setup is good.  

 

Set the Number of Iterations as 200 and click 

Calculate. During the calculations in the main win-

dow you will see the Scaled Residuals for each of 

the equation parameters (in this case continuity, x-

velocity, y-velocity, z-velocity) as in Fig. E1.19. 

The solution will be stopped by Ansys Fluent when 

all residuals reach their specified values (here 1e-

13) or after 200 iterations. After complete the iter-

ation you will see the dialog box with the infor-

mation ñCalculation completeò.  

Figure E1.18. Run Calculation Task Page 

 

Figure E1.19. Residuals for the converged solution 

 

Since the solution in the above example is convergent we can start displaying the results. 

It can be done in both Ansys Fluent and CFD Post programs. Here we will use the Ansys Fluent. 
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1.6. Results 

In this example as a results we will show con-

tours and profiles of fluid velocity. In order to cre-

ate contours of velocity double-click the Contours 

in the Outline View Tree. A Contours dialog box 

will open (Fig. E1.20). The contours of velocity 

will be presented at three locations: at the inlet, out-

let and in the mid-plane of the pipe. Two of them 

(inlet and outlet) are visible in the Contours dialog 

box Surfaces list. The mid-plane has to be created.  

Figure E1.20. Contours dialog box 

In this purpose from the Contours dialog box choose New 

Surface Ÿ Planeé A Plane Surface dialog box will open. Here 

enter the following settings (Fig. E1.21):  

1. New Surface Name Ÿ mid-plane, 

2. Method Ÿ YZ Plane, 

3. X Ÿ 0, 

4. Surfaces Ÿ 1,  

and confirm by clicking Create. Note that during creation of 

the new plane its shaded view is visible in the main window.  

Figure E1.21. Contours dialog box 

 

After complete this operation a new plane will appear on the Surfaces list. Come back to 

the Contours dialog box and enter the following settings: 

1. Contours of Ÿ Velocityé Ÿ Velocity Magnitude, 

2. Surfaces Ÿ mid-plane, 

3. Coloring Ÿ Smooth, 

4. Options such as Filled, Node Values, Boundary Values, Global Range and Auto Range 

should be enabled. 

Click Save/Display button. A created contours of magnitude velocity in a mid-plane will 

appear in the main window. You can set up the proper view using the Pointer toolbar (rotate, 

pan, zoom options) or by clicking directly on the axes visible in the right bottom corner of main 

window. In a similar way create contours of magnitude velocity at the inlet and outlet surfaces. 

All these results are presented in Fig. E1.22. 
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Figure E1.22. Contours of fluid velocity magnitude in the mid-plane, at the inflow and outflow surfaces 

In order to create profiles of velocity double-click the XY Plot in the Outline View Tree. 

A Solution XY Plot dialog box will open. The profiles of velocity will be presented along the 

diameter of the pipe at three locations starting from the inlet: 0.5 m, 2.5 m and 4.5 m. They 

have to be created by choosing New Surface Ÿ Line/Rakeé A Line/Rake Surface dialog box 

will open. Here enter the following settings (Fig. E1.23a):   

1. New Surface Name Ÿ line-0.5, 

2. Type Ÿ Rake, 

3. Number of Points Ÿ 25, 

4. End Points Ÿ    x0 [m] = 0,    y0 [m] = ī0.25,    z0 [m] = 0.5,  

      x1 [m] = 0,    y1 [m] = 0.25,     z1 [m] = 0.5, 

and confirm by clicking Create. In analogous way create two remaining lines with the settings 

showed in Figs. E1.23b, c.  

   

Figure E1.23. Settings of the three line locations needed to XY Plot creation 

After complete this operation new lines will appear on the Surfaces list. Come back to the 

Solution XY Plot dialog box and enter the following settings (Fig. E1.24): 

1. Plot Direction Ÿ X = 0, Y = 1, Z = 0. 

2. Y Axis Function Ÿ Velocityé Ÿ Velocity Magnitude. 

3. X Axis Function Ÿ Direction Vector. 

Mid-plane: 

Inlet:                                Outlet: 
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4. Surfaces Ÿ line-0.5, line-2.5, line-4.5 (in order to select multiple objects press and hold 

Ctrl while you click on them). 

5. Options such as Node Values, Position on X Axis should be enabled. 

Confirm by clicking Save/Plot and close the window. As a result, in the main window you will 

see the graph with profiles of velocity magnitude along the diameter in three subsequent loca-

tions (Fig. E1.25). 

 

Figure E1.24. Settings in the Solution XY Plot dialog box 

 

 

Figure E1.25. Profiles of velocity magnitude along the pipe diameter in three locations 
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Example 2. Modelling of Turbulent Flow of Newtonian Fluid in Pipe 

2.1. Introduction and Objectives 

In the previous example we said that internal flows are widespread in all industries and we 

analysed a simple laminar flow through a pipe. However, most flows encountered in engineer-

ing practice are turbulent. Turbulent flow, instead of laminar one, does not flow in parallel 

layers but is characterized by random, irregular (chaotic) and rapid movement of particles of 

the fluid and, consequently, a significant variation of the flow properties in space and time. One 

of the advantage of the turbulent flow is highly efficient mixing of the fluid. On the other hand, 

it is much more complex than the laminar flow, thus the equations derived for the laminar flow 

are not sufficient to describe its random nature. In the case of the turbulent flow problem, the 

system of equations is supplemented with so-called turbulence model. In this example we will 

consider the turbulent flow (Re = 10 000) of a Newtonian fluid (water) through a pipe with the 

same dimensions as in exercise 1. 

The main objectives of this exercise are as follows: 

ï simulations for the existing geometry of the computational domain and numerical mesh, 

ï illustrate the setup of the turbulent fluid flow simulation, 

ï visualization of results ï contours and profiles of fluid velocity, contours of properties 

connected with turbulence. 

2.2. Problem Description 

Details of the analysed flow problem are shown in Figure E2.1. 

 

 

Figure E2.1. Problem description 

2.3. Geometry and Mesh 

Geometry and mesh representing the flow domain in this example are the same like in the 

previous example. Therefore, to prepare them follow the steps described in the following sec-

tions of Example 1: 1.3. Geometry and 1.4. Mesh. If you already did the first example you can 

use now the mesh that was generated earlier, for example by creating the connectors between 

Direction of  

the flow of the 

water 

Inlet Outlet 

Re = 10 000 

L = 5 m 

D = 0.5 m 
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the Mesh cell from the module of the previous example and the Setup cell from the module of 

the present example, as it is shown in the Fig. E2.2.  

          

Figure E2.2. Connectors between Mesh cell of Example 1 and Setup cell of Example 2. 

2.4. Simulations 

In general, the flow task presented in this example is very similar to that analysed in the 

Example 1. The only difference is that previously we examined the laminar flow, while now 

we have the turbulent flow of the water in the pipe since the Reynolds number was increased 

from Re = 500 to Re = 10 000. From this reason most of the settings within the Ansys Fluent 

will not change and therefore they will not be repeated in details within this section. The user 

is obligated to check carefully all the settings from this example by comparing them to the 

settings of the Exercise 1. All the new settings will be described with details. 

In order to perform numerical simulations, open the Ansys Fluent. Ensure that the Double 

Precision and Display Mesh After Reading are enabled and the Solver Processes is set up as 1. 

Run down the Outline View Tree to edit subsequent parameters and variables: 

 

A. Setup ï General 

1. Mesh Ÿ Check,  

2. Mesh Ÿ Report Quality,  

3. Solver Type Ÿ Pressure-Based,  

4. Solver Velocity Formulation Ÿ Absolute,  

5. Time Ÿ Steady.  

 

B. Setup ï Models 

Open the Models Task Page by double-click the Models in the Outline View Tree. Next 

double-click on Viscous model from the list of available models. A new dialog box will open, 
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that call Viscous Model. For turbulent flow analysis 

there are several models that approximate the solu-

tion. In this example we will use the k-Ů turbulence 

model. Select the k-epsilon (2 eqn) model from the 

model list in Viscous Model dialog box. The dialog 

box will expand showing a new options character-

istic for chosen turbulence model (Fig. E2.3). Use 

the default Standard from the  

k-epsilon Model group and choose Enhanced Wall 

Treatment from the Near-Wall Treatment. Do not 

change the values of Model Constants. Click OK to 

accept the model settings and close the Viscous 

Model dialog box. 

 

Figure E2.3. Viscous Model dialog box with enabled  

k-epsilon model 

 

C. Setup ï Materials 

Open the Materials Task Page and add water-liquid (h2o<l>) to the to the Materials lists. 

 

D. Setup ï Cell Zone Conditions 

Open the Cell Zone Conditions Task Page and select the water-liquid as a process fluid 

that flows in the pipe zone. 

 

E. Setup ï Boundary Conditions 

Open the Boundary Conditions Task Page and set up the boundary conditions as the Wall 

for the outer cylindrical wall zone, the interior for the interior-pipe zone, the pressure-outlet 

for the outlet zone and the velocity-inlet for the inlet zone. For the last boundary condition enter 

the Velocity Magnitude [m/s] as w = 0.0201 [m/s]. 

 

F. Solution ï Methods 

Open the Solution Methods Task Page and ensure that the options within this page are set 

up the same as in the previous example, i.e.: Scheme Ÿ Coupled, Flux Type Ÿ Auto Select, 

Gradient Ÿ Least Squares Cell Based, Pressure Ÿ Second Order, Momentum Ÿ Second Order 

Upwind, and other options are disabled. Note that comparing to the previous example, here also 
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the Turbulent Kinetic Energy, k, and Turbulent Dissipation Rate, Ů, are calculated. For both 

these parameters select from the dropdown list the Second Order Upwind scheme of spatial 

discretization. 

 

G. Solution ï Monitors 

Open the Residual Monitors dialog box, make sure that all equations are monitored and 

their convergence is checked. Then set all Absolute Criteria as 1e.13. Note that except continu-

ity and velocity components now we can find here also k and Ů ï parameters that come from the 

turbulence model.  

 

H. Solution ï Initialization  

Open the Solution Initialization Task Page and initialize the calculation selecting the Stand-

ard Initialization with enabled Compute from inlet option. 

 

I. Solution ï Run Calculation 

Open the Run Calculation Task Page and examine your setup selecting Check Caseé You 

should see the Case Check dialog box with recommendation to consider the realizable k-epsilon 

turbulence model instead of standard one (Fig. E2.4). Nevertheless, the analysed flow problem 

is quite simple, without complex structures, rotation, separation or recirculation. Therefore, we 

do not apply this recommendation. If there are no other recommendations, you can click Close 

in the dialog box and start the calculation by entering 200 iterations. During the calculations in 

the main window you will see the Scaled Residuals for each of the six equation parameters. 

They are presented in Fig. E2.5. 

 

Figure E2.4. Case Check dialog box with recommendation 
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Figure E2.5. Residuals for the converged solution 

2.5. Results 

In this example results will be presented in the same way like previously, as a contours and 

profiles of the fluid velocity. However, here also contours of the turbulent kinetic energy and 

turbulent dissipation rate will be presented.  

Examine section 1.6 in order to create a mid-plane of the pipe and lines representing the 

diameter of the pipe at three locations: 0.5 m, 2.5 m and 4.5 m starting from the pipe inlet. The 

velocity magnitude contours and profiles results are presented in Figs. E2.6 and E2.7, respec-

tively. You can compare these results with the results from the Example 1.  

Contours of the turbulent kinetic energy and turbulent dissipation rate were created in the 

same way as velocity contours with such difference that in the Contours dialog box the Turbu-

lenceé was selected instead of the Velocityé (Fig. E2.8). Next, from the dropdown list first 

the Turbulent Kinetic Energy (k), and then the Turbulent Dissipation Rate (epsilon) were se-

lected. They are presented in a mid-plane Figure E2.9. 

 

 

Figure E2.6. Contours of fluid velocity magnitude in the mid-plane, at the inflow and outflow surfaces 

 

Mid-plane: 

Inlet:                                Outlet: 
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Figure E2.7. Profiles of velocity magnitude along the pipe diameter in three locations 

 

Figure E2.8. Contours dialog box set up for the contours of the turbulent kinetic energy 

 

 

 

Figure E2.9. Contours of turbulent kinetic energy and turbulent dissipation rate in the pipe mid-plane 
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Example 3. Modelling of TaylorïCouette Flow for a Newtonian Fluid 

3.1. Introduction and Objectives 

The viscosity-induced fluid flow that occurs between two parallel walls while one of them 

is moving and the other remains stationary is called Couette flow. Couette flow can also occur 

in more complex geometries, for example between two coaxial cylinders. It is important which 

cylinder is rotating. If the outer, laminar flow is much more stable. The high rotational fre-

quency of the inner cylinder can disturb the laminar fluid flow by the acting centrifugal force. 

Increasing the rotational speed of the inner cylinder leads to an increase in centrifugal forces 

that overcome the viscous forces between the liquid particles. This causes the formation of 

toroidal vortices in the space between two cylinders called Taylor vortices. The fluid flow is 

then called the TaylorïCouette flow, which will be the object of our interest in this example. 

The main objectives of this exercise are as follows: 

ï create 3D geometry of the flow domain from 2D sketch using Extrude option, 

ï illustrate the setup of the simulation with wall in motion ï employing the Rotating Wall 

boundary condition, 

ï visualization of results ï contours of axial and radial components of fluid velocity. 

3.2. Problem Description 

Details of the analysed flow problem are shown in Figure E3.1. 

 

Figure E3.1. Problem description 

Angular velocity of rotor is 

ɋ = 0.02 rad/s 

DS = 1 m 

DR = 0.8 m 

Inlet 

Outlet 

H = 2 m 

Stator 

Rotor 
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3.3. Geometry 

Open Ansys DesignModeler in order to draw the geometry of the flow domain. In this ex-

ample, we will first draw a two-dimensional sketch, which will be then extruded to create 

a three-dimensional object. In this purpose change the Tree Outline that is used to display and 

edit all operations done with 3D objects for the Sketching Toolboxes that are used to draw 2D 

sketches. This can be done by pressing the Sketching tab (Fig. E3.2). 

 

 

 

 

 

 

 

 

 

 

 

Figure E3.2. Sketching Toolboxes  

Before we start drawing our geometry, we should setup a proper view. The proper view 

means a view that is perpendicular to the plane at which we want to draw (an active plane). The 

default active plane is always XYPlane and the default view is always an isometric view. In 

order to setup a perpendicular view click the Look At Face/Plane/Sketch icon that is visible in 

the main menu (Fig. E3.3). When the view is proper, you can come back to the Sketching 

Toolboxes, where you can find different tabs, such as Draw, Modify, Dimensions, Constraints 

and Settings (Fig. E3.3). 

 

 

 

 

 

 

 

 

 

 

 

Figure E3.3. Basic view on the DesignModeler window with enabled Sketching tab  
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In the first step of drawing make sure that Auto Constraints options are enabled (Fig. E3.4). 

It is important since they allow new sketch entities to automatically snap to a particular location 

or orientation. Choose Sketching Toolboxes Ÿ Constraints Ÿ Auto Constraints and if they are 

disabled select both, Global and Cursor options. 

 

 

 

 

 

 

 

 

 

 

Figure E3.4. Auto Constraints  

 

Now go to the Draw tab and select Circle. Move the cursor to the Graphics window and 

click the point where two axes intersect (the origin of the coordinate system). Make sure you 

started drawing exactly at this point ï this will be indicated by subtle ñPò letter near the junction 

of the axes. Move the cursor away from the centre (but still in the field of Graphics window) 

and click again to finish drawing the geometry (Fig. E3.5a). Do not bother with the dimension 

of the circle now ï we will set all the dimensions in the next step. Now draw the second, larger 

circle in the same way (Fig. E3.5b). 

 

   

 

 

 

 

 

 

 

 

 

Figure E3.5. The circles drawn in the Graphics window 
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Now set up the dimensions of the circles. In this purpose open the Dimensions tab and 

select the General option that allows you to measure the diameter of the circles. In order to 

measure the diameter of the larger circle click on the edge of this circle, move the cursor away 

but still in the field of Graphics window and click again. The dimension D1 was added in the 

sketch as well as in the Details view window. In the same way measure the smaller circle (D2). 

Now in the Details view window enter the proper dimensions of the circles ï D1 = 1 m and D2 

= 0.8 m (Fig. E3.6). 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure E3.-6. The circles dimensioning 

After dimensioning, the sketch is complete and can be converted to 3D geometry. To do 

this, go back to the Modeling tab. You can change the view for the isometric one by clicking 

on the blue sphere near the coordinate system visible in the right bottom corner (Fig. E3.7a). 

When you unfold the XYPlane in Tree Outline and select Sketch1, the sketch view is highlighted 

in yellow in the Graphics window. This option is not so important here, but it will be very 

important for more complex geometries that are drawn in several sketches. When the Sketch1 

is selected choose form the top ribbon the Extrude (Fig. E3.7b). In the Details View window 

(Fig. E3.7c), you can set the parameters of Extrude option. First click Apply to choose the 

Sketch1 as a geometry to be extruded. Then enter the FD1, Depth (>0) as 2 m. After entering 

these options in the Graphics window you will see a grey wireframe of the geometry to be 

extruded (Fig. E3.7d). In order to generate the geometry, you have to confirm the operation by 

clicking Generate button. If everything was done correctly, you will see a grey 3D geometry in 

the Graphics window (Fig. E3.7e). You can close Ansys DesignModeler. 
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a) c) 

 

 

b) 

 

d) e) 

  

Figure E3.7. Steps of the 3D geometry creating from the 2D sketch 

3.4. Mesh 

Open the Ansys Meshing, rename the geometry as Cylinder, and set up the Material as 

Fluid. Next, choose the Mesh from the Tree Outline. Ensure that in the Details of ñMeshò the 

Physics Preference is set as CFD and Solver Preference as Fluent, and confirm by clicking 

Generate Mesh. The grid is now coarse, therefore from the Top Menu select the Mesh tab and 

the Sizing option in order to improve the grid. Details of ñSizingò ï Sizing window will appear 

under the Outline Tree with several options to set up. Firstly, you need to define the Geometry 

(highlighted with yellow background). In this purpose from the Graphics Toolbar select the 

Edge option that allows you to select particular edges directly from the geometry. Press and 

hold the Ctrl button from the keyboard and select four circular edges from the cylindrical ge-

ometry of flow domain. When four edges are selected then click once on the No selection next 

to the Geometry in the Details of ñSizingò ï Sizing box. No selection will change for Apply/Can-

cel. Confirm your choice by Apply. Next change the Type for the Number of Divisions and enter 

the Number of Divisions as 180. Yellow markers appear on the geometry to show 180 equal 
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segments. Regenerate the mesh and examine its Quality and Statistics. The subsequent steps of 

mesh generation are presented in Fig. E3.8. 

 

 

Figure E3.8. Steps of the mesh generation.  

In the next step create the Named Selections giving them the following names (Fig. E3.9): 

1. outer cylindrical surface ï stator, 

2. inner cylindrical surface ï rotor,  

3. bottom annular surface ï inlet, 

4. top annular surface ï outlet. 
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Figure E3.9. Named Selection  

Save the project and close Ansys Meshing. 

3.5. Simulations 

In order to perform numerical simulations, open the Ansys Fluent. Ensure that Display 

Mesh After Reading option is enabled and the Solver Processes is set up as 1. Run down the 

Outline View Tree to edit subsequent parameters and variables: 

 

A. Setup ï General 

1. Mesh Ÿ Check, 

2. Mesh Ÿ Report Quality, 

3. Units Ÿ ensure that the unit of the angular 

velocity is set up as rad/s (Fig. E3.10),    

4. Solver Type Ÿ Pressure-Based, 

5. Solver Velocity Formulation Ÿ Absolute,  Figure E3.10. Units settings dialog box 

6. Time Ÿ Steady.  

B. Setup ï Models 

Select the Viscous Ÿ Laminar model from the Models Task Page.  

 

C. Setup ï Materials 

Open the Materials Task Page and add water-liquid (h2o<l>) to the to the Materials lists. 
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D. Setup ï Cell Zone Conditions 

Open the Cell Zone Conditions Task Page and select the water-liquid as a process fluid 

that flows in the annular zone (named as cylinder). 

 

E. Setup ï Boundary Conditions 

Open the Boundary Conditions Task Page and firstly set up the boundary conditions as the 

Wall for the stator and rotor, the interior for the interior-cylinder zone, the outflow for the 

outlet zone and the velocity-inlet for the inlet zone.  

In this case, we will not define the velocity of the fluid at the inlet zone, since the rotating 

inner cylinder is the only factor that drives the flow. Therefore, things we have to change are 

the settings of the rotor. 

In this purpose select the rotor from the Zone list and press Edité. A new Wall dialog box 

will open. Set up the following parameters as (Fig. E3.11): 

1. Wall Motion Ÿ Moving Wall,  

2. Motion Ÿ Relative to Adjacent Cell Zone,  

3. Motion Ÿ Rotational, 

4. Speed [rad/s] Ÿ enter the value 0.02 [rad/s] 

(make sure that before entering value you 

already changed the type of motion from 

the default Translational for Rotational), 

Figure E3.11. Moving Wall dialog box 

5. Shear Condition Ÿ No Slip. 

After entering the above setup confirm it by clicking Apply and close the window. Note 

that in the Wall dialog box there is also a possibility to define the Rotation-Axis Origin and 

Direction (Fig. E3.11). If you draw the flow domain geometry exactly like in this tutorial, left 

these values without change. But if the origin of the rotation axis and/or the rotation axis direc-

tion in your geometry are different, you have to enter the proper values here in order to correctly 

represent the rotation of the computational domain.  

F. Solution ï Methods 

Open the Solution Methods Task Page and ensure that the options within this page are set 

up as: Scheme Ÿ Coupled, Flux  Type Ÿ Auto Select, Gradient Ÿ Least Squares Cell Based, 

Pressure Ÿ Second Order, Momentum Ÿ Second Order Upwind, and other options are disa-

bled.  
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G. Solution ï Monitors 

Open the Residual Monitors dialog box, make sure that all equations are monitored and 

their convergence is checked. Then set all Absolute Criteria as 1e-7.  

 

H. Solution ï Initialization  

Open the Solution Initialization Task Page and initialize the calculation selecting the Stand-

ard Initialization with enabled Compute from all-zones option. 

 

I. Solution ï Run Calculation 

Open the Run Calculation Task Page and examine your setup selecting Check Caseé You 

should see the recommendation about flow specification at the inlet boundary. Nevertheless, as 

it was explained, left the default 0 [m/s] value. If there are no other recommendations, you can 

start the calculation by entering 350 iterations. During the calculations in the main window you 

will observe the Scaled Residuals (Fig. E3.12) that do not fall as much as in Examples 1 and 2 

without moving parts.  

 

Figure E3.12. Residuals for the converged solution 

3.6. Results 

In this example results will be presented as a contours of the axial and radial fluid velocity 

components on the rotor surface and in the gap between the inner and outer cylinders (rotor and 

stator). The rotor surface is available on the Surfaces lists of Contours dialog box, but surface 

representing the gap between two cylinders (a vertical mid-plane of the flow domain) have to 

be created. To do this examine section 1.6 (Example 1).  
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To create contours of the axial components of 

fluid velocity open the Contours dialog box and en-

ter the following settings (E3.13): 

1. Contours of Ÿ Velocityé Ÿ Axial Veloc-

ity, 

2. Surfaces Ÿ select rotor and new plane that 

you created, here it is plane-4, 

3. Coloring Ÿ Smooth, 

4. Options such as Filled, Node Values, 

Global Range and Auto Range should be 

enabled.  Figure E3.13. Contours dialog box 

Click Save/Display button. After checking the results create similar one by choosing the Radial 

Velocity from the dropdown list. The results are presented in Figure E3.14. 

    

Figure E3.14. Contours of axial and radial velocity components 
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Example 4. Modelling of TaylorïCouette Flow for a non-Newtonian Fluid 

4.1. Introduction and Objectives 

The previous examples concerned simulations for water, a liquid that obeys Newton's law 

of friction. The viscosity of the Newtonian fluid does not depend on the shear rate, i.e. under 

certain pressure and temperature conditions it has a constant value. There is a group of fluids 

for which the relationship of shear stress as a function of shear rate cannot be described by a 

simple linear Newton equation. The behaviour of these fluids differs significantly from New-

tonian fluids, therefore they are generally referred to as non-Newtonian fluids. Non-Newtonian 

fluids include systems with very different rheological properties and are often used as working 

media in industry. They do not obey Newton's law of friction and, unlike Newtonian fluids, 

their viscosity strongly depends on the shear rate. The complex rheological properties of non-

Newtonian fluids make the flow task more complicated and difficult to analyse. For such flow 

tasks, the system of equations has to be supplemented with an appropriate rheological model 

describing the fluid viscosity under certain conditions of pressure, temperature and shear rate. 

In this example again we will consider TaylorïCouette flow, however for a complex non-New-

tonian fluid. The main objectives are as follows: 

ï define a new material that is not implemented into the Fluent database of materials, 

ï illustrate the setup of the non-Newtonian fluid flow simulation, 

ï visualization of results ï contours of axial and radial components of fluid velocity and 

contours of viscosity. 

4.2. Problem Description 

Details of the analysed flow problem are shown in Figure E4.1. 

 

I. Two levels of angular velocity are tested:  

ɋ1 = 0.02 rad/s and ɋ2 = 7.5 rad/s, 

II.  Tested fluid: 0.2% Carbopol Ultrez 30 with pH 

= 5.0 that can be described with Herschelï

Bulkley model with the following values of rhe-

ological parameters: 

¶ Consistency Index, k = 10.7 Pasn 

¶ Power-law Index, n = 0.459 

¶ Yield Stress Threshold, Űy = 19.6 Pa 

¶ Critical Shear Rate, ‎ = 3.761 s-1 

Figure E4.1. Problem description  
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4.3. Geometry and Mesh 

Geometry and mesh representing the flow domain in this example are the same like in the 

Example 3. Therefore, to prepare them follow the steps described in the Example 3. You can 

also use the previously generated geometry/mesh in this Example.  

4.4. Simulations 

Most of the settings in this example are the same like in the previous one, therefore they 

will not be repeated here. In this part of the tutorial only the differences between settings within 

these two examples are described. The user is therefore obligated to verify the remaining set-

tings with the previous instructions. 

 

A. Setup ï Materials 

The present simulation will be carried out for a new material that is not available in the Fluent 

Database. Therefore, the user has to introduce it into the software. According to the Problem 

Description, a new material is a 0.2% Carbopol Ultrez 30 with pH = 5.0 that is a highly non-

Newtonian microgel which can be described with the HerschelïBulkley model. In order to add 

this liquid into the Ansys Fluent open the Ma-

terials Task Page and press Create/Edité 

button. In the Create/Edit Materials dialog 

box (Fig. E4.2) enter the name of a new ma-

terial as carbopol and remove the Chemical 

Formula (left this place blank). Next from 

the Viscosity dropdown list select the her-

schel-bulkley model.  

Figure E4.2. Entering of a non-Newtonian material to the Materials list 

 

This will open a new dialog box (Fig. E4.3) 

where you have to enter values of the Her-

schelïBulkley model presented in the de-

scription of the problem. After entering val-

ues of the rheological parameters click OK to 

close HerschelïBulkley dialog box. Then in 

the Create/Edit Materials dialog box press 

the Change/Create button.  

Figure E4.3. Entering values of the rheological parameters of a non-Newtonian liquid 
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A new dialog box will open with the following question: ñChange/Create mixture and 

Overwrite (name of previous material)?ò (Fig. E4.4). If you choose Yes, then a new material 

will appear on the Materials list but at the same time the previous material which was there will 

be removed. If you choose No, then both materials, old and a new one will be kept and visible 

on the Materials list. In this exercise select ñNoò. You can close the Create/Edit Materials 

dialog box. 

 

Figure E4.4. The last stage of creating a new material in the Ansys Fluent code 

 

B. Setup ï Cell Zone Conditions 

Open the Cell Zone Conditions Task Page and select the new created material ï carbopol, 

as a process fluid that flows in the annular zone. 

Remember about other settings within the Ansys Fluent connected with the general setup, 

models, boundary conditions, methods and monitors of the solution, initialization. When all the 

settings will be ready run the calculation entering 350 iterations. As the iterative process will 

be completed check the results. 

4.5. Results 

The angular speed of the rotor in the first simulation was equal to ɋ1 = 0.02 rad/s. You 

should obtain contours of the axial and radial velocity similar to those presented in Fig. E4.5. 

   

Figure E4.5. Contours of axial and radial velocity components for a non-Newtonian fluid, ɋ1 = 0.02 rad/s 



Part 2. Applications and Practical Guide 

135 

As you can observe from the analysis of Fig. E4.5 in the flow domain there is no Taylor 

vortices which were observed in the previous example where as a process fluid the water was 

chosen. In contrast to the water, the Carbopol microgel is a non-Newtonian fluid that is charac-

terized by a very high value of apparent viscosity, especially under the low shear forces. Recall 

from the Fluid mechanics course that viscosity describes the internal friction of a moving fluid. 

In other words, it is a measure of a fluid's resistance to flow. In our example the rotating inner 

cylinder is the only one factor that induces the flow. The conclusion is that the entered angular 

velocity of the rotor is too low to withstand the viscous forces in Carbopol. Therefore, come 

back to the boundary condition and enter a new value of the angular velocity of the inner cyl-

inder as ɋ2 = 7.5 rad/s. Do not reinitialize the process. When you change value of the rotor 

angular velocity go directly to the Run Calculation tab and run the calculation again entering 

another 350 iterations. A warning will appear that the settings have changed. Confirm this in-

formation choosing ñUse settings changes for current calculation onlyò and clicking OK. The 

program will continue calculations starting from the previous result. If you reinitialize the pro-

cess, the old results will be deleted and the simulations will start all over again.  

Results of the new simulation performed for the increased value of the angular velocity of 

the rotor should reveal Taylor vortices in the TaylorïCouette flow occurring between two co-

axial cylinders, as it is shown in Fig. E4.6. Nevertheless, since the rheological properties of the 

tested Carbopol microgel are completely different than for water, also the vortices in this flow 

task have a different shape.  

   

Figure E4.6. Contours of axial and radial velocity components for a non-Newtonian fluid, ɋ1 = 7.5 rad/s



 

136 

Example 5. Modelling of Heat Transfer in a T-Junction of Pipes 

5.1. Introduction and Objectives 

The concept of heat is relevant to understand in many fields of engineering, including civil, 

mechanical and chemical engineering. The heat transfer process (heating and cooling) is an 

essential part of many industrial processes and plays a key role in such aspects as for example 

material selection, machinery efficiency and chemical reaction kinetics. In general, there are 

three distinct mechanisms of heat transfer, i.e. conduction (transfer of energy via solid material 

by direct contact, without mixing of any material), convection (transfer of energy by the bulk 

mixing, may be natural or forced) and radiation (e.g. light, infrared or ultraviolet which emanate 

from a hot body). In this example we will consider a turbulent heat transfer in a T-junction. In 

particular, we will study the interaction between two liquid streams of water with different 

temperatures (convection mechanisms) in a T-junction of circular cross-section. The main ob-

jectives of this exercise are as follows: 

ï create 3D geometry of the flow domain from 2D sketches located in different planes, 

ï illustrate the setup of the simulation with heat transfer between two streams ï defining 

the temperature of the liquid streams, 

ï visualization of results ï contours of fluid velocity and temperature, mean value of tem-

perature at the outflow. 

5.2. Problem Description 

Details of the analysed flow problem are shown in Figure E5.1. 

 

Figure E5.1. Problem description  

Inlet 1 

Water  

T = 353 K 

Re = 50 000 

Inlet 2 

Water  

T = 283 K 

Re = 50 000 

Outlet 

L = 1 m 

D = 0.5 m 

l = 0.3 m 

d = 0.3 m 

h = 0.6 m 
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5.3. Geometry 

Open Ansys DesignModeler in order to draw the geometry of the flow domain and go to 

the Sketching Toolboxes since we will draw a 2D sketch first. Make sure that Auto Constraints 

options are enabled and setup a proper view by clicking Look At Face/Plane/Sketch icon from 

the top ribbon. From the Draw Toolbox select Circle and draw a circle starting in the origin of 

the coordinate system. Then measure the diameter of this geometry using the General or Diam-

eter dimension and set the value as 0.5 m (Fig. E5.2).  

 

Figure E5.2. First circle drawn in the XYPlane with its dimensioning  

This circle is a base of the first pipe with bigger di-

ameter and it was drawn in the default XYPlane. The 

steps of drawing the second circle with smaller diameter 

are analogous, however it is perpendicular to the first 

one, therefore it has to be drawn in other plane. In order 

to change the plane, move the cursor in the area on the 

top ribbon where the active plane is indicated and from 

the dropdown list select the ZXPlane (Fig. E5.3).  

 

 

Figure E5.3. Changing the plane 
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After changing the plane, the first circle will disappear from the Graphics window. It does 

not mean that it was removed, it is just not visible 

in this view. If you want to make the first circle vis-

ible go to the Modeling tab, select the Sketch1 from 

the Tree Outline, click the RMB and select the ñAl-

ways Show Sketchò option. It will make your sketch 

always visible, even if you will change the active 

plane. Remember that in this way it is possible to 

see all of the non-active geometries, but you cannot 

modify them. Any modifications are available for 

active planes and sketches only.  Figure E5.4. Always Show Sketch option 

If you did the operations described above the program automatically changed the active 

plane for XY since exactly there the first circle was drawn. Therefore, again change the plane 

for ZX and press the Look At Face/Plane/Sketch icon . Then from the Draw Toolbox select 

the Circle and draw it. Please note that although the first circle started in the origin of the coor-

dinate system, this is not the case for the smaller circle. It does not start in the origin of the 

coordinate system therefore draw it in such a way that the centre of the circle will lie on the X 

axis but at the same time it will be moved away from the Z axis by a certain distance 

(Fig. E5.5a). Now measure diameter of the circle and then move it in a proper position. In order 

to move the circle, measure the distance from the Z axis to the circle centre. From the Dimen-

sions Toolbox select the Horizontal tool and click with the LMB on the circle centre (it will be 

highlighted with yellow colour), then click on the Z axis, and then in any free place of the 

Graphics window that is moved by a certain distance from your geometry, i.e. in the place 

where you want to drop a dimension line (Fig. E5.5b). In the Details View window enter the 

proper values of measured distances, i.e. 0.3 m for the diameter and 0.3 m for the horizontal 

distance. Your 2D sketch is ready. 

  

Figure E5.5. Drawing the second circle with its dimensioning 
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You can check the view of the 2D geometry (Fig. E5.6) by clicking the isometric view 

(blue sphere in the right bottom corner). 

 

Figure E5.6. View of the 2D geometry 

When 2D sketch is ready launch the Modeling tab in order to create 3D geometry. To do 

this use Extrude option described in Example 3. Here you have to use Extrude twice, separately 

for each pipe in T-junction. According to the Problem Description the bigger pipe has to be 

extruded for 1 m, while the smaller one for 0.6 m. The view of final 3D geometry is shown in 

Fig. E5.7. You can close Ansys DesignModeler. 

 

Figure E5.7. 3D geometry representing the flow domain 
























































