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I'm not promising the moon,
I'm not promising a rainbow,
... Just a practical solution

— Sting & Rob Mathes

PREFACE

This monograph presents selected results of several years of work the author conducted
at the Technical University of Szczecin (now West Pomeranian University of Technol-
ogy, Szczecin) and the Technische Universitdt Ilmenau. The monograph consists of five
chapters and describes some methods applicable in the analysis of selected problems
of the electromagnetic field.

The first two chapters of monograph have been written to Recall memory of my
friend Modest Gramz. Thus, these chapters have more or less historical character.

Chapter 1 is devoted to the finite element method. It does not describe the method
itself but presents only some shape functions which can be used in the FEM, namely,
vector shape functions for brick finite elements. Nodal, edge, and face implementations
are discussed in details.

Chapter 2 presents an analysis of a general 3D magnetostatic field problem using
the finite element method with various magnetic field formulations. The analysis by
means of scalar potentials together with modeling of 3D windings is described at first.
Next, magnetic field descriptions using the magnetic vector potential A and the direct
H formulation are discussed. Their implementations in the FEM with separated A/H
components using edge finite elements are also shown.

Chapter 3 deals with a problem of reconstruction of the interface between two os-
cillating electrically conducting immiscible fluids through which flows direct current.
Using the magnetic tomography concept the system based on magnetic field measure-
ments around the cell with fluids has been developed for the interface identification.
In the chapter, first, the methods for calculation of the magnetic field outside the cell
are described. Then, some algorithms for an identification of the dominant mode in
the oscillating interface are presented, namely, simple genetic algorithm, direct search
technique, and cross-correlation approach.

Chapter 4 describes analytical methods suitable for modeling Lorentz eddy current
testing (LET) problems. The chapter presents 2D and 3D LET models for which calcu-
lation of Lorentz forces, defect response signals, and modeling of permanent magnets
are analyzed.

The last chapter, Chapter 5, is dedicated to the 3D visualization of objects and scalar
and vector fields which is an important element of any numerical/analytical 3D simu-
lation.
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VECTOR SHAPE FUNCTIONS

1.1. INTRODUCTION

In the finite element method (FEM) , choice of shape functions which are used for
description of the behavior of the electromagnetic field in a finite element, strongly
affects the process of solving the analyzed boundary value problem [52]. For scalar
problems, an approximation of unknown field function (scalar potential) is usually
limited to a specification of the order of polynomial defining shape functions in a finite
element. For vector problems, however, the following important properties should be
also taken into account:

e the continuity of tangential (or normal) components of the approximate vector
field on common faces of adjacent finite elements,

¢ the continuity of normal (or tangential) components of the curl of the approxi-
mate vector field on borders between finite elements,

¢ zero divergence (or zero curl) of the approximate vector field inside finite ele-
ments.

The above properties (or the lack of them) have a strong influence on the applicability
of specific boundary value formulations used in 3D magnetostatic problems as well as
in 3D quasi-static eddy-current problems.

The goal of this chapter is to present three types of the vector field approximation
using brick finite elements as a simple example. According to [12], the following terms
(related to finite element geometric parts such as nodes, edges, and faces) will be used
to describe the analyzed approximation, namely: nodal, edge, and facet approximation.
For each type of approximation, finite element matrices used in the FEM will be deter-
mined. They can be directly applied to various problems of technical electrodynamics.

1.2. SAMPLE VECTOR PROBLEM OF TECHNICAL ELECTRODYNAMICS

To avoid unnecessary repetitions in the further analysis of various vector formulations,
a general boundary value problem (GBVP) of electrodynamics is defined.

First, the vector function F is introduced. It can be interpreted as one of the following
electromagnetic fields: the electric/magnetic field intensity E/H, the electric/magnetic
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flux density D/B, the electric current density J, or the magnetic/electric vector poten-
tial A/T.

Then, the vector GBVP (static, quasi-static) is defined as follows: in a certain region
Q) is seeking to vector function F. The function F satisfies the equation:

V x (vVxF)—«xV(V- -F)+ BF=0Q (1.1)
and the appropriate boundary conditions:

VWWXxFxn=P and xn-F=p, onIp (1.2)
nxF=D and vV-F=g4, onIp (1.3)

where I'p and I'p are non-overlapping parts of boundary I' of the analyzed region ();
Q, P; D are given vector functions; p, q are known scalar functions; coefficients v, x, 8
depend on material parameters and type of the problem (static, quasi-static).

Applying Galerkin’s method, the following equivalent integral formulation can be
obtained:

/Qv(v><w)-(V><F)dQ+K/Ov(V-w)(V~F)dQ+,B/Qw-FdQ:

:/ w-QdQ) + w~PdT+K/ gw - ndl' (1.4)
Q I'p

I'p
The vector test function w in (1.4) has to satisfy homogeneous principal boundary
conditions:

kw-n=0 onIp (1.5)
nxw=0 onIp (1.6)

Non-homogeneous boundary conditions (1.2) and (1.3) have to be fulfilled similarly as
for scalar problems [51].

In order to solve (1.4) by means of the finite element method, it is necessary to
determine finite element matrices for actually used approximation of the vector field F.
The vector field F in any finite element is approximated using vector shape functions
Wi = wklk,k: 1...Kas:

K K
F = Z Fka = Z kaklk (1.7)
k=1 k=1

where coefficients F can be interpreted as the components of F at selected points of the
finite element (nodes, middle of element edges, or faces), 1 are local unit vectors, and
K is equal to the number of selected points. Substituting (1.7) into (1.4), the following
set of algebraic equations is obtained:

[SHF} = {R} (1.8)

where [5] is the global stiffness matrix and {R} is the load vector.
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Assuming that coefficients v, ¥ and § are constant inside finite elements, the global
stiffness matrix [S] can be constructed as a sum of the following matrices:

[S] = v[E] + xv[G] + B[H] (1.9)

with elements Dy, Ei,, and Gy, calculated as volume integrals over the appropriate
finite element:

Eip = /QE(V x W) - (V x wy)dQ) (1.10)
G = /QC(V Wi ) (V- wy,)dQ (1.11)
Hy, = /QE Wi - W, dQ) (1.12)

The right hand side vector {R} of the global system (1.8) is obtained using source
terms from (1.1) - (1.3) and the corresponding integrals in (1.4). Under the assumption
that the functions Q, P and g are constant in the considered finite element, elements of
the load vector {R} can be calculated as:

Rk = Qk/ wde+Pk/ wkdl"+q;<nk/ wde (1.13)
JOe JTY IS

where Qx = Q -1, P = P - 1j,n, = n - 1, and I'}, I'}, are element parts belonging to
the boundary I'p or I'p, respectively. In next sections, the above matrices for the brick
finite element using nodal and edge approximations will be presented in details.

1.3. THE BRICK FINITE ELEMENT

The first order brick finite element is a special type of 8-node isoparametric finite
elements where the element edges are parallel to the axes of global coordinate system.
The analysis presented here is restricted to the brick elements because of problems with
a construction of general isoparametric finite elements having the properties described
in Section 1.1.. In the paper [129], the author has tried to define such general elements
but the assumptions which he has used are in fact fulfilled only for the brick element.
Tetrahedral elements with various approximations of vector fields have been already
described in [8, 12, 13, 97].

The normalized brick finite element to be analyzed is shown in Fig. 1.1. It is assumed
that the axes of the local coordinate system (&, 77, () are parallel to the axes of the global
coordinate system (x,y,z). In that case, the local coordinate system is given as:

€m0 = (R —xn), 2 G —ym), 2 (z=2u) (1.14)
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Fig. 1.1: Normalized brick element with node and edge numbering scheme
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where X, Ym, zm are coordinates of the center of gravity of the analyzed element and
Iy, 1y, I, are lengths of element edges, respectively. Additionally, the following auxiliary
parameters are introduced:

ax=3(1-§), ax=301+8),
1 1
0(1y:§(1—17), “2]/:2(1""7)/
m:=5(1-0), a=3(1+0) (1.15)
The classical 3D nodal shape functions for the brick finite element are given as:
N1 = ageqymyz, N5 = aqpaqyaoz,
Ny = apytqyt1z, Np = toxtyytos,
N3 = apyttpytt1z;, N7 = toytoytns,
Ny = agppym1z, Ng = 10000, (1.16)

Two additional types of shape functions can be introduced for the brick finite ele-
ment, namely, edge shape functions:

e e e e
Ny = Ny, = X1yX1z, N; = N3y = x(2z,

¢ e e e

N; = N, = Xoyl1z, Ng = N4y = K2xX1z,
e e e e

N3 = N3, = agyta;,  Ng = Ny, = aq1y,
e e e e
4 = Ngy = &1yQ2z, N1() = NZZ = QA2xX1y,

N§ = ny = K1xX1z, Nfl = Ngz = A2xX2y,

Ng = Nj, = a1x0:, Nip = Nj, = aqxtpy (1.17)
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and facet shape functions:

N{ = a1y, Ng{ =y, N5f =y,

N, —aze, N =wy, N/=ua, (1.18)

The relationships between above shape functions and their derivatives are presented
in Table 1.1.

Table 1.1: Shape functions and their derivatives

Node
hie by Ly
Np | -N¢ —N¢ —N§ Edge
N, Ny —Ng —Nj, I, aa lyi 1,2
N; | N§ N§ —N§, x % 9z
Ny | -N¢{  N¢ —Ng, Ni = Nj, 0 -N[ -NJ
Ns | -N¢ —N¢  N¢ N; = Ny, 0o N -N]
Ne | Nf -N§ o N Ng=N5 |0 NNy
N, | N¢ N NE Nj = Ng, 0 N/ N
Ns | -N§ N N, N =Ng, | -N 0 N
Ne=Ng, | -N, 0 N
Face N; = N§y Ng 0 N{
2 12 12 Ng=N;, | N 0 —NJ
ax  yay oz N§ =N, | — N{ _ N{ 0
M| -10 0 Nip=Ns, | N N o
N1 0 0 Ny, =Ng, | NfON 0
S I Np=Ng | -N N 0
NS o 0
N0 -1
NS0 1

1.4. VECTOR SHAPE FUNCTIONS - NODAL REALIZATION

The most popular approach in the finite element method to problems described by
vector field functions is the independent approximation of every global vector field
component by means of the classic 3D nodal shape functions (1.16) (nodal approxima-
tion). As a global vector field component, we understand the component received from
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the projection of the vector field on one of the axes of the global Cartesian coordinate
system. It should be noted that in the paper [28], the authors have proposed the approx-
imation using local vector components (components which are covariant with respect
to the local coordinate system received from the isoparametric transformation) but the
realization of their approach is very complicated and therefore it is not considered in
this work. According to the previously formulated assumptions (Section 1.1.), the first
order vector shape functions for the brick finite elements are defined using the bi-linear
form of shape functions (1.16). In this case, the respective test functions (1.7) take the
following form:

Ni1y k=1,...,8
wi = Ni_gly k=9,...,16 (1.19)
Ni_1612 k=17,...,24

with the coefficients F; defined as:

k=9,...,16 (1.20)

Figure 1.2 shows the nodal vector shape functions in a normalized brick element
related to the corresponding element node. The shape functions are visualized as com-
bined vectors wy + Wy g + W16,k = 1,...,8, where k denotes the node index.

The nodal approximation of the vector field F has the following properties:

* all components of the approximate vector function F are continuous on faces of
adjacent elements,

* the normal component of the curl of F (V X F) is continuous on faces of adjacent
elements in contrast to its tangential components which are discontinuous,

e the divergence V - F is not equal to 0 inside finite elements except for the case
where components F, (k = x,y,z) are constant with respect to the appropriate
coordinates.
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Elements of the stiffness matrix [S] are calculated according to (1.9), with the ele-

ments (1.10) - (1.12) of [E], [G], and [H] expressed as follows:
d1Ayjn +d2Azpn k=1...8 n=1...8

—d6Byy,n-g)x k=1...8 n=9...16

—d5By (n1e)p k=1...8; n=17...24

—d6Byy,(k—8)n k=9...16; n=1...8
d3Ay (k-8),(n-8)F
Ey, = +d2 A, (k-8),n-8) k=9...16; n=9...16 (1.21)
—dsBy; (1_16),k-8) k=9...16; n=17...24

—d5By, (k-16)n k=17...24; n=1...8
—d4By. (k16)(ns) k=17...24; n=9...16
d3Ay (k-16),(n—16)T
+d1Ay (k—16),(n-16) kK=17...24; n=17...24

d3Avkn k=1...8, n=1...8
deByykn-s) k=1...8; n=9...16
d5Byn-16) k=1...8, n=17...24
d6Byyyk—s) k=9...16; n=1...8
Gin =< DA, pg)n-s) k=9...16; n=9...16 (1.22)
4By (k—s)(n-16) k=9...16; n=17...24
5Bk 16) k=17...24; n=1...8

d4ByZ,(1178),(k716) k=17.. .24, n=9...16
dlAz,(k716),(n716) k=17... 24, n=17...24

d7Cen k=1...8, n=1...8

0 k=1...8 n=9...16

0 k=1...8 n=17...24

0 k=9...16;, n=1...8
Hy, = d7Ck_g),n-8) k=9...16; n=9...16 (1.23)

0 k=9...16;, n=17...24

0 k=17...24; n=1...8

0 k=17...24; n=9...16

d7C 16y (n16) k=17...24 n=17...24




where constants d; are defined as

lxlz _ lxly

d; =

Iyl.
361,

dg =

Ix

ﬂ/

ly
ds = 54, do =

1.4. VECTOR SHAPE FUNCTIONS - NODAL REALIZATION

and the elements A, j, Ay i i, Azijs Bxy,ijs Bxzjijs Byz,ij, Cij are given as the following ma-

di= 22 d, = ,
' 361, P 36l
trices
[ 4 4 2
4
(AL ] =
L sym
[ 4 2 —2
4 —4
4
(Al =
L sym
[ 4 2 1
4 2
4
[Az,i,j]:
L sym

2
-2
—4

4

—4
-2

2

—4
-2
-1
-2

2
-2
-1

1

4

-1
-2

-2
2
1
-1
—4
4

-1
1
2
-2
-2
2
4

-1
-2

-2

(1.24)

(1.25)

(1.26)

9
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1.5. VECTOR SHAPE FUNCTIONS - EDGE APPROXIMATION

Integrals used for the calculation of right hand side vector elements Ry (1.13) are
equal respectively:

o N;dQ) = %, /1;B N;dT' = % (1.31)

where V, denotes the volume of the corresponding finite element and S, is the area of
the appropriate element face.

1.5. VECTOR SHAPE FUNCTIONS - EDGE APPROXIMATION

The edge approximation introduced to electromagnetic field calculations in the paper
[13] can be implemented using tetrahedral elements [8, 10, 11, 97, 131] as well as brick
elements. Linear edge shape functions for the brick finite element shown in Fig. 1.1
have the following form:

wir=N{1l,, k=1...12 (1.32)

where N/ is given by (1.17) and unit vectors 1; are defined as:

].x k:1...4
L,=q1, k=5...8 (1.33)
1, k=9...12

The coefficient F in (1.7) is the projection of the vector field F on the brick edge k
at its center. Figure 1.3 shows the edge shape functions attached to the corresponding
element edge in the normalized brick element.

The approximation of the vector field F by means of edge shape functions has the
following properties:

* the tangential components of F on common faces of adjacent finite elements are
continuous whereas normal components are discontinuous (except for the case
where the function F is constant in the normal direction to the considered face),

* the normal component of the curl of F (V x F) is continuous on faces of adjacent
finite elements while the tangential components of curl are discontinuous,

e the divergence V - F equals zero inside brick finite elements.

The above features of the edge approximation cause that edge elements are particularly
interesting in the calculation of electromagnetic fields. Since the edge approximation
satisfies the condition V - F = 0, it can be assumed x = 0 in the general boundary
problem (Section 1.2.), which considerably simplifies the equation (1.1) and the corre-
sponding boundary conditions as well.

11
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Fig. 1.3: Edge approximation - vector shape functions in a normalized brick element
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The continuity of tangential components of the approximate vector field F and the
normal components of its curl, and at the same time, discontinuity of the remaining
components is beneficial because it allows the FEM easily integrating materials hetero-
geneity in the domain under consideration. It should be noted that the continuity of all
components of the vector field F, which was the characteristic feature of nodal aproxi-
mation, limits the possibilities. This is also one of the reasons of a growing popularity

of edge approximation.

Elements (1.10) - (1.12) of [E],[G], and [H] for the edge approximation have the

following form:

e1Ax, +eBy, k=1...4
_66Ck,(n74) k=1... 4;
_85C(n78),k k=1... 4;
7e6cn,(k74) k=5... 8;
Ep, = eZA(k74),(n74) + e3B(k74),(n74) k=5...8;
_e4c(k—4),(n—8) k=5... 8,‘
_e5c(k—8),n k=9... 12;
_e4C(n—4),(k—8) k=9... 12,
eBA(k78),(n78) +e B(k78),(n78) k=9...12;
Gy = 0
e7Dk,n k=1...4, n=1...4
0 =1...4, n=>5...8
0 k .4 n=9...12
0 =5...8 n=1...4
Hkn = e7D(k74),(n74) =5...8; n= .8
0 k=5...8, n=9...12
0 k=9...12, n=1...4
0 = .12, n=5...8
e7A(k78),(n78) k=9...12, n= .12
where constants e¢; are defined as
Ll L, L
31—@, 62—67121 63_E,
Iy ly L _ Llyl,
e4—6/ eS—gr eé—g/ e7 = 36

n=1...4

n=>5...8

n=9...12

n=1...4

n=>5...8 (134)

n=9...12

n=1...4

n=>5...8

n=9...12
(1.35)
(1.36)
(1.37)

13
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and the elements A

ijr

B;;,Cij, D are described by the matrices

[ 2 2 -1 1 [ 201 -1 2

2 1 -1 2 -2 -1

[ z,]} 5 _o [ z,]} 5 1

| sym 2 | sym 2
[ 2 1 1 2 [ 4 2 1 2
2 1 1 2 4 2 1

Ciil= , Dyl = (1.38)

G 1 -2 2 1 D] 4 2
1 2 -2 -1 | sym 4

Elements Ry of the load vector in (1.13) are calculated using the following integrals:

Ve S
AMM_Z’AMJ_?

where V. denotes the volume of the corresponding finite element and S, is the area of
the appropriate element face.

(1.39)

1.6. VECTOR SHAPE FUNCTIONS - FACET APPROXIMATION

The first order facet approximation for the brick finite element shown in Fig. 1.1 is in-

troduced using facet shape functions N,{ given by (1.18). In this case, the test functions
(1.7) have the following form:

Wi = N,flk (1.40)
where 1 is a unit vector defined as
1x k - 1,2
=41, k=34 (1.41)
1, k=5,6

The coefficient F in (1.7) is interpreted in this approximation as a projection of the
vector field F on normal located in the center of the k! brick face. Figure 1.4 presents
linear facet vector shape functions in a normalized brick element associated with the
corresponding brick face.

The facet approximation is characterized by the following properties:

* tangential components of the approximate vector field F are discontinuous on
common faces of adjacent brick finite elements,

e the curl of F equals zero inside brick finite elements.
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Fig. 1.4: Linear facet shape functions in a normalized brick element

The above properties show that the linear facet approximation is of little use in the
calculation of electromagnetic fields. It can not be used as a basis for the approximation
of the vector field F. However, it is worth noting that the curl of the vector field Fin the
edge approximation is in fact expressed by the facet shape functions. Thus, the facet
elements are an important complement to the nodal and edge approximation.

1.7. SUMMARY

In this chapter, various vector shape functions used in the 3D finite element method
applied to the technical electrodynamics are presented. At the beginning, the general
boundary value problem (including both static and quasi-static vector fields) is defined.
Then, a normalized brick finite element together with corresponding shape functions
of the first order is introduced. Using the normalized brick finite element as a sim-
ple example, three approximations of vector fields in a finite element are presented
and discussed, namely, nodal, edge and facet approximation. For the nodal and edge
approximation the complete stiffness matrices and load vectors are given. The char-
acteristic features of all approximations are also discussed showing reasons for the
popularity of edge approximation and inability to use of facet approximation in the
calculation of electromagnetic fields.

15






ANALYSIS OF 3D MAGNETOSTATIC FIELDS

2.1. INTRODUCTION

The purpose of this chapter is to compare the essential features of solutions of 3D
linear magnetostatic boundary value problems obtained by the finite element method
using the brick finite element introduced in Chapter 1. In this chapter the following
formulations for the description of the magnetic field are used:

* magnetic scalar potential ¢ or two, reduced and total, magnetic scalar potentials
U
* magnetic vector potential A,

* magnetic field intensity H.

In the next section, a general 3D magnetostatic boundary value problem is formulated.
Additionally, a simple benchmark example which is further used for comparisons of
the above formulations is introduced. For each formulation, boundary conditions and
the implementation of material heterogeneity in the considered region are explained
in details.

The magnetostatic boundary value problem is formulated in such a way that it could
also be applicable in an iterative process of fulfilling continuity conditions on bound-
aries between conducting and non-conducting regions in eddy current problems. In
addition, to explain more completely specific features of 3D magnetostatic problems,
the following issues are also discussed: (1) the formulation ¢-i for a ferromagnetic
block in an external magnetic field, (2) the application of the electric vector potential
T for description of windings leading direct current, (3) calculations of the magnetic
field produced by a sample electromagnet, and (4) the formulation A-M applicable to
the analysis of nonlinear problems.

2.2. GENERAL 3D MAGNETOSTATIC BOUNDARY VALUE PROBLEM

Let Q) be a non-conductive region in 3D space surrounded by the boundary I'. The
static magnetic intensity field H in the region Q) is described by Maxwell’s equations:

VxH=0, (VxH=]J; Js=0) (2.1)
V-B=0, B=uB (2.2)

17
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where J; is a source current density in a certain region (s C (). The assumption J; = 0
does not narrow the analysis because in any case the magnetic field Hs produced by
source currents of known distribution can be calculated using the Biot-Savart law and
then included in boundary conditions. The other method of taking into account the
source field H; is shown in Section 2.3.2.. In Section 2.3.2., the effective method of
modeling the magnetic field produced by 3D current windings using the magnetic
scalar potential ¢ and the electric vector potential T is described.

Additionally, it is assumed that the magnetic permeability y is constant in every
part of the region (). To complete the definition of the boundary value problem, it is
presumed that the boundary T of the region () consists of two parts:

I'y, with the following boundary condition:

H x n = Ky (2.3)
and I'p, where the normal component of the magnetic flux density is defined:
n-B =By (2.4)

To illustrate problems which appear during numerical simulations of the above
boundary value problem, a simple test problem shown in Fig. 2.1 is defined. For the

z

Fig. 2.1: Simple test problem - surface currents K flowing on the walls of air cavity

problem shown in Fig. 2.1 it is necessary to find the distribution of magnetic field H
produced by the surface current Ky flowing on the walls of air cavity 2a x 2b x 2h
(4 = po) located in an ideal ferromagnetic material (x — o0).

Because of symmetry, only one eighth of the cavity region is analyzed. The following
boundary conditions are set on symmetry planes and cavity walls:

x=0, 0<y<b 0<z<h

y=0, 0<x<a 0<z<h (2.5)

n-B=0 for{

H xn=K; elsewhere (2.6)
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Surface currents K are defined as:

Koy, x=a, 0<y<b 0<z<c
0 x=a, 0<y<bh c<z<h
—Kol, y=b 0<x<a 0<z<c
0 y=b 0<x<a c¢<z<h
0 z=0 0<x<a 0<y<b
0 z=h 0<x<a 0<Ly<b

The above problem can be solved analytically using the method of separation of vari-
ables [52]. Applying &« — 0 to the solution given in [52], p. 74, components of the
magnetic field intensity H can be described by the following expressions:

= Z Wyt SIN T2z Z

1)1 sinh Bymnx
)ﬁxmn cosh ,mena

Cos qnYy (2.8)

_4 ¢ (=)™ sinh Byuny
Hy Wy SINT 2 COS Py X 2.
Z mem " Z (21 — 1) Bymn cosh Bymnb P (29)

0717 cos pnx) (2.10)

where

_mm 2n—1)m _(2n-1)m
L A R A i e

,men =V Qn + rmr /3ymn =V pn + ,,2

Ko
o sm(mnh) ,m#0

Kol

7 ,m=0

Results of the analytical solution (further used as the reference in comparisons of var-
ious formulations) are shown in Fig. 2.2. Calculations have been performed for the
following dimensionless parameters:a =b=h =1, c/h = 0.6, and Ky = 0.5.
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Fig. 2.2: Magnetic field intensity H in a cubic hole, (ANA - analytical solution)

The magnetic field intensity H is calculated in a set of points P; located on two lines
I; and I,. Positions of points on the line /i are defined as follows:

x~0/ lleyfl_
Zo+(i—1)A%, i=1...Ne—1
x/a= ‘
JZ0‘~‘I\IJCAJZ 1= ...Ny—l
| %o+ (Nx —1)A%, i=1...Ny—1]
(Jo+(i—1)A§, i=1...N,—1]
- 7o + N, AT, i=1...Ny—1
lk P; y/b: ]{O v y - . * (2.11)
o+ (Ny—i)Ay, i=1...N,—1
_,170/ llex—l_
Zks i=1...Ny—-1
7 *
%, i=1...Ny—1
(Z,  i=1..Ny-1

where Ny, N, are numbers of observation points along x and y axis, respectively; £y =
xo/a, Jo = yo/b, Zx = zx/h; AX = Ax/a, Aj = Ay/b are normalized distances between
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adjacent points. Figure 2.2 shows the results for Z; = 0.1 (line /1) and Z, = 0.7 (line ).
Other settings, namely Ny = N, = 5, A¥ = Aj = 0.2, and %y = o = 0.1 are the same
for both lines.

Results of calculations are presented as 3D arrows located at points P;. The size of
arrows is proportional to the magnetic field H at the hook points P;. Additionally, plots
of magnetic field components H = [Hy, Hy, HZ]T against a normalized distance from
the point Py = [, 7o, %] calculated along the Iy line are presented.

2.3. 3D ANALYSIS OF MAGNETOSTATIC FIELD BY MEANS OF SCALAR POTENTIALS

First, the boundary value problem described in Section 2.2. is solved by means of the
finite element method using the scalar potential formulation ¢. Because the region () is
magnetically homogeneous and does not contain source currents it is enough to apply

only one magnetic scalar potential defined as H = —V ¢. The equation
V- (uVe) =0 (2.12)
results from equations (2.1) and (2.2) after substitution H = —V ¢. (2.12) has a unique

solution if Dirichlet/Neumann boundary conditions are set on the boundary I'. Neu-
mann boundary condition follows directly from (2.4) and has the form:

d 1
% = —;Bno onTp (2.13)

In general, it is difficult to obtain Dirichlet boundary conditions directly from equation
(2.3). In fact, they can be found if the vector function n X Ky can be expressed as a
gradient of a certain scalar function. Fortunately, in the test problem (Section 2.2.),
Dirichlet condition on boundary I'y; is obvious. If ¢ = 0 is assumed on the wall z = 0
then on walls x = 0 and y = b in the interval z € (0,c), the scalar potential ¢ varies
linearly with z and takes the constant value ¢y on the rest part of the boundary I'

(po = —cKp):

— cKpz, 0<z<c¢ ¢ 0 b ( )
= orx=0o0ry = 2.1
¢ — ¢Kp, c<z<h Y 4

The solution of equation (2.12) with Dirichlet and Neumann boundary conditions (2.13)
and (2.14) by means of FEM with classical node finite elements using scalar potential
¢ formulation is shown in Fig. 2.3. Details of a weak formulation of the problem and
an approximation of the scalar potential in a finite element as well as calculations of
element matrices are omitted because they can easily be found in the literature e.g.
[116, 147, 148].

For each component H), of the magnetic intensity H, the normalized local error ei, .

at point P; located on line /i (2.11) is calculated as:

Hi pen — H.
; FEM ANA
€y = P 7 P 100%,  pe {xy,z} (2.15)
ANA
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where H' = /(Hi)? + (Hj)? + (H:)?, and subscripts FEM, ANA denote fields ob-
tained from the finite element method and the reference analytical method (2.8) - (2.10),
respectively.

Normalized root mean square deviation (NRMSD) J; along the line [} is defined as:

_ 2 2 2
O = o /(5er + 5k,y + 5k,z

(2.16)
where
N 2
1 i .
\/N 1';1 (H;"/FEM - H;,ANA)
Op = = _ 100%, p e {xyz} (2.17)
X (Hp ana) = min (H) ana)

and N = 2(Ny + Ny, — 2) is the number of computational points along the line [} (2.11).
Figure 2.3 shows results and the normalized local error Gf{ along lines I for the FEM
analysis using the magnetic scalar potential ¢ formulation. The calculations have been

FEM: z/h = 0.1

0.06 -

FEM: z/h = 0.7
u

(b) Line I: 6, = 2.44%

Fig. 2.3: Test problem - magnetic intensity H and normalized error €} calculated using magnetic
scalar potential ¢ (FEM mesh: 15 x 15 x 15 scalar linear node brick elements)
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performed for a uniform mesh of 15 x 15 x 15 linear node brick finite elements. It can
be observed that the largest local error (eé,z = —5.1%) occurs for H, component on
the line /; in the vicinity of the corner where the wrap-current ends and at the same
time Ko changes direction (I; = 1.6). Increasing the density of the finite element mesh
reduces the global NRMSD of the H field determination according to O(h), where
h is the mesh density. The maximum normalized local error on the line I, decreases
even faster as O(h?). The relatively large local error near the corner where the surface
current changes direction is not related to the formulation used in the FEM, but is
the result of the specificity of the test problem. In summary, it can be concluded that
the FEM formulation using the magnetic scalar potential ¢ is an effective approach to
modeling the magnetic field in homogeneous magnetic non-conductive domains.

2.3.1. 3D ANALYSIS BY MEANS OF TWO SCALAR POTENTIALS

In the previous section, the 3D magnetostatic analysis for magnetically homogeneous
domain has been described. For this case, the source magnetic field Hs was taken into
account by setting appropriate non-homogeneous boundary conditions (2.3) and (2.4).
In this section, the region () restricted by the boundary I, consisting of two parts ),
(empty air space, 4 = pg) and Qr, (ferromagnetic material, 4 = p,) is considered. It is
assumed that the source field H; is known. In the empty air space (), the magnetic
field H; can be expressed as a sum of the source (external) field H; and the induced
field H:

H;=H;+H (2.18)

The induced magnetic field H can be described by the so-called reduced magnetic
scalar potential ¢ (H = —V ¢). Thus, the magnetic field H; in the air region is given as:

H; = H, — Vo (2.19)

The total magnetic field in the ferromagnetic region can be described by the magnetic
scalar potential 1 as

Ht — Vl/) (2.20)

The introduction of two different potentials (¢ and ¢) is motivated by the need to
avoid large computational errors which arise in the case of using decomposition (2.18)
also in the ferromagnetic region [108, 121]. Another reason for applying this approach
is the loss of symmetry of the Jacobi matrix in the FEM in the case when the magnetic
field analysis in the nonlinear ferromagnetic region uses only reduced potential ¢.
The advantage of using two potentials is a possibility to take into account the exter-
nal source magnetic field Hs directly in the equation describing the magnetic field as

V- (1oVe) = V- (uoHs) (2.21)

23



24

ANALYSIS OF 3D MAGNETOSTATIC FIELDS

In addition, the two potential approach allows the use of special techniques for mod-
eling unbounded regions (e.g. infinite elements [53]) which significantly reduces the
global number of finite elements in the analyzed region, and thus also the computa-
tion time.

Because the magnetic field is source free (V - B = 0), the right side of equation
(2.21) is equal to zero in (), except the interface boundary I'r, between the air and
the ferromagnetic region. Thus, the magnetic field in Q,;, and Qp, is described by
equations

V- (FOVCP) =0 in Qg
) (2.22)
V- (e V) =0 in Qp,
Continuity conditions at the interface I'r, have the following form:
] ]
_.UFe% =Ho (Hsn - a:f) (2.23)
and
—nx VY =nx (H; — Vo) (2.24)

where n is a unit normal vector to the interface I'r, directed outside the ferromagnetic
region.

The condition (2.23) can be included in the weak formulation of (2.22) using the
Galerkin’s method for both regions (), and Qr, together:

: d
]/lpngiv¢dﬂ — N ypewia—lpdl"+
+ / uoVw;VedQ) + / How; aqodl" =0, Vw; (2.25)

where w; denotes a scalar test function. The change of the leading sign of the second
boundary integral results from the direction of the unit vector n directed into the air
region. After substitution of (2.23) into (2.25), it takes the form:

/ 1oV W,V pd Q) + / HE Vw0V PdQ = — 1o / Hapw;dl (2.26)
Qair QF[’ rFe

To include this approach in the finite element procedure the following vector has to be
calculated for every boundary element I';, located on interface I'f,:

{BY* = —po [ HeuNJdT (227)
Y " Fe
where [IN] is a matrix of finite element node shape functions. Vector {B}¢ has to be
added to the right side of the global system of algebraic equations (load vector) result-
ing from the finite element method.
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The boundary condition (2.24) can be integrated along any curve C lying on the
interface I'r, and connecting the analyzed point P; with the selected point P( for which
¢(Pg) = p(Pp) is assumed:

pe) = ()~ [ H (2.28)

The equation (2.28) indicates that the nodes lying on the I'r, interface should be as-
signed to two different potential values differing by the following constant:

= Hdl .
0= 0o (229)

In the finite element method, in order to ensure the uniqueness of the potential descrip-
tion it is assumed that the nodes on the boundary I'r, are assigned to the potential ¢.
Fulfillment of the condition (2.28) is ensured by a suitable correction of the global load
vector, i.e., by adding the following vector:

{Fc}* = [Srl{go}* (2:30)

where {IF.}° is the vector calculated for elements belonging to Qf,, and touching the
interface I'r,, [Sgr] is a reduced boundary stiffness matrix, and {¢o}¢ is the vector of
potential differences on I'r, (2.29).

In the presented method, the information about the external magnetic field is moved
from the external boundary I to the interface I'r, between air and the ferromagnetic
region. The conditions (2.3) and (2.4) on boundary I result from the symmetry or/and
from the cuts of the region ().

As an example, the problem shown in Fig. 2.4 is analyzed. The ferromagnetic block
2a x 2b x 2c is placed in a uniform magnetic field Hs = Hy1,. It is assumed that the
magnetic permeability of the block is constant and equal to pr,. Due to symmetry

Il
>\ (1- \A“;
N
H

Fig. 2.4: Ferromagnetic block in external uniform magnetic field

kk
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of the problem, the analysis is sufficient to perform only for 1/ gih part of the whole
region. The appropriate boundary and continuity conditions have the following form:

p=19=0 for y = 0 (symmetry)
o _ 9y _ _ _
3 3, = 0 for x =0 and z = 0 (symmetry)
Hs,, = Hy in equation (2.26) fory = b
@0 = Hoy in equation (2.30) forx =aand z = ¢
infinite elements [53] forx =1y, y=1y,and z = I,.

Calculations have been performed using the finite element mesh consisting of 20 x
20 x 20 8-node linear brick elements. Results for two different values of magnetic per-
meability pp, are shown in Fig. 2.5 in a form of arrows representing magnetic flux
density distribution in the analyzed region.

(a) WFe = 10}[0 (b) HFe = 1000]40

Fig. 2.5: Ferromagnetic block in a uniform magnetic field - distribution of magnetic flux density
B for different values of yr,

2.3.2. MODELING OF 3D AIR COILS

In most systems of practical application, the magnetic field should be analyzed not only
in the non-conductive regions, but also in regions (coils) in which the predetermined
current flows. If the coils can not be removed outside the region analyzed, the methods
described in Sections 2.3. and 2.3.1. can not be used.

Subregion in which electric current flows can always be separated by wrapping it
in a smooth surface. However, in this case, the analyzed domain starts to be multi-
connected, and to ensure the uniqueness of the scalar potential, suitable cuts of the
region have to be performed. This approach has been described in many publications,
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e.g. [22, 57, 71, 72]. These works, however, are purely theoretical and the proposed
algorithms are difficult to implement in the general case.

This section presents the analysis limited to the coil windings lying on mutually
parallel planes. This assumption enables the use of only one component of the electric
vector potential T (J = V X T) to the description of the source currents flowing in the
coil [98]. The application of the potential T to describe more complex coil systems, for
example the end zone windings of electrical machines, it is also possible, but requires
the use of at least two components of the potential T [120]. In such cases, ensuring the
continuity of the magnetic field on the borders between different region (conductive,
non-conductive) is an important point that should be carefully analyzed.

Taking into account the previous comments, the magnetic field of the coil of finite
dimensions is calculated as follows. The density of the electric source current J; flowing
through the coil is described by the electric vector potential T as:

Js=VxT (2.31)

For example, the distribution of the electric vector potential T = T.(x,y)1, for the

(a) Rectangular coil (b) Electric vector potential T

Fig. 2.6: Model of a rectangular coil with current and distribution of electric vector potential (one
eighth part)

coil with electric current density Jo shown in Fig. 2.6a takes the form:

T, 2= Y ins, x[0,1]
2=
Xy — X .
T, = TOZ Yo — X1 m Sy X [0, lz]

TOZ ln SO X [O/ ZZ]

0 outside

where To, = Jox(y2 — ¥1) — Joy(x2 — x1), I; is half the height of the coil, and the con-
dition Jox(y2 —y1) = Joy(x2 — x1) must be satisfied because of the continuity of the
electric current in the coil. Due to the symmetry of the coil, only one eighth of the
entire system is shown.
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Determination of potential T distribution is a task which has to be solved in the
definition of the problem. For typical coil systems, it is usually a relatively easy task.
It is interesting to focus attention on the continuity of the electric vector potential T.
It is appropriate to ensure the continuity of the potential T on the side walls of the
coil. This leads to the assumption of non-zero constant potential inside the coil (see,
for example Sy x [0, I;] region in Fig. 2.6b). Discontinuity of the potential T occurs only
at the end walls of the coil (plane z = I, in Fig. 2.6a), but this kind of discontinuity can
be easily included in the weak integral formulation.

Using the Ampére law:

V xH; =] (2.32)

the total magnetic field H; in the coil region can be described by the electric vector
potential T and the scalar potential ¢ as

H; =T- Ve, inQ (2:33)

where (). denotes the coil region itself together with the interior air area inside the coil.
The magnetic field H; in the air region (). outside (). can be described by the scalar
potential ¢

Hi=-Vy, inQ, (2.34)

The assumptions about the continuity of the electric vector potential T also ensure the
continuity of scalar potentials at the boundary of (),

¢(P) = ¢(P), forPeT, (2.35)

where I'; denotes the boundary of Q).

Only at the end walls of the coil (part of the boundary I'c for z = I,, Fig. 2.6) must
be satisfied in addition the following condition resulting from the continuity of the
normal component of the magnetic flux density:

d d
Ue (Tn - a:f) = *Ve% (2.36)

where p. and y. are magnetic permeabilities in (); and ()., respectively.
The equations describing the magnetic field by means of potentials T, ¢, and ¢ take
the form:

V- (ucVo) =V (uT), inQ (2.37)
V- (u.Vyp) =0, in O, (2.38)

Using Galerkin’s method, equations (2.37) and (2.38) can be transformed to the equiv-
alent integral weak form as

| w0V (1Y) = V- (reT) A0+ [ w0,V (eV9)dQ =0, Voi (239
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After applying the vector identity V - (wv) = wV - v — v - Vw and the Gauss’ theorem
yields the equation

3
/nc 1V WV pdQ) — /r ycwiﬁdl” . /Q 1eT - VwdQ) +

0
+ /Fc pcw; Tpydl + /()e e Vw; VipdQ) + /FC ygwi%dl“ =0 (2.40)

where n is the normal unit vector directed outside region (). (notice the leading sign
changing in the last boundary integral).

Under the condition (2.36), it can be shown that the sum of boundary integrals in
(2.40) equals zero. Thus, the condition (2.36) is automatically satisfied and (2.40) obtains
the form:

/Q Vw0V gdQ) + /Q 1V WV pdQ) = /Q 1T - VwdQ) (2.41)

Application of the finite element method to solve the system of equations (2.37) -
(2.38) with the continuity conditions (2.35) and (2.36) is reduced, therefore, to the deter-
mination of the element stiffness matrix (using the left side of (2.41)) and to calculate
the load vector {F} for elements of the region ():

{Fy = [ peT-VINdO (2.42)

The process of creating the global matrices and taking into account the boundary condi-
tions at the outer boundary of the region (), is similar to that described in the previous
sections.

Modeling coils whose dimensions are small compared to other dimensions of the
analyzed system forces using a large density of the finite element mesh surrounding
the coil and the coil itself. In such cases, replacement of the coil by 3D current wraps
or a single turn with current is often better solution.

Figure 2.7 shows one eighth of an infinitely thin solenoid with rectangular cross-
section. As in the case of thick solenoids, analyzed region is divided into subregion ().
lying inside the coil and an external air subregion (). In the region ()., the magnetic
field is described by the scalar potential ¢ and constant magnetic intensity Hy = Hp1,:

Fig. 2.7: Infinitely thin rectangular solenoid (one eighth part)
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In the external air region ()., the magnetic field is depicted by H = — V. The following
continuity conditions have to be satisfied at the side faces of the solenoid:

nx (=Vy —Hy+Vg) =K (2.44)

where n is the normal unit vector directed outside the region (). and Ky denotes
the surface current density vector. If one assumes n x Hy = —Kjy then the condition
(2.44) is satisfied when the scalar potentials are continuous at the boundary I, i.e.,
¢(P) = ¢(P), P € I'.. It is therefore enough to assume

NI

where N is the number of solenoid turns, I is the current in the coil, and 2c is the
length of the solenoid. Then the vector Hy performs the same function as the electric
vector potential T for thick coils. For elements in (), the load vector {F}* is calculated
according (2.42) where instead of the electric vector potential T the vector Hy is used.

In the case of an infinitely thin current loop located on a plane parallel to the X0Y
plane, the region (), is reduced to the surface S. (Fig. 2.8). The Ampére law indicates

Fig. 2.8: Infinitely thin rectangular current loop (one fourth part)

that the potential ¢ is discontinuous on the surface S; and fulfills the following condi-
tion:

Yy (P) -y (P)=1 PeS (2.45)

In order to distinguish the potentials »* and ¢, the orientation of the surface S, must
be defined. It is assumed that the direction of the normal unit vector of the surface S,
is determined using a right-handed screw rule in relation to the direction of current I.
To satisfy the condition (2.45) in the finite element method, two elements (one on the
negative side, and one on the positive side of surface S;) with a common face belonging
to the surface S are considered. Ascribing the potential ¢ to the nodes on the surface
Sc, the potential ¥, can be eliminated in the following way

S {y } =[] {yp"}* — [s] {1} (2.46)

where [S] ™ is the stiffness matrix of the element located on the negative side of surface
Sc and {I'}° is the vector which is equal to I in positions corresponding to the nodes
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located on the surface S; and zero elsewhere. In fact, this procedure is analogous to
the procedure taking into account the Dirichlet boundary conditions in the FEM. It
is obvious that the calculation of the magnetic field in the finite element lying on the
negative side of the surface S, must take into account the actual value of the potential
¢~ equal to ¢ — I. In the particular case where the infinitely thin current loop is
located in the symmetry plane z = 0 where n x H = 0 the potential ¢~ is equal to
potential ¥yt and ¢ = /2. This case can be treated as classical Dirichlet problem for
the Laplace equation.

In order to illustrate the method, sample results of calculations of the magnetic field
produced by the infinitely thin rectangular current loop and the thick rectangular air
coil are shown in Fig. 2.9a and Fig. 2.9b, respectively.

e L}%‘?
R \\‘\w\ R\\\m

(a) Infinitely thin rectangular current loop (b) Thick air coil

Fig. 2.9: Magnetic flux density produced by rectangular air coils calculated using scalar potentials
(one eighth view)

2.3.3. MODELING OF 3D COILS WITH IRON-CORES

Determination of the magnetic field using an electric vector potential T to describe
the iron-core coil, whose shape satisfies the conditions set out in the previous section
is also possible. This requires the use of an appropriate assembly of the magnetic
field descriptions in the analyzed regions. As a basic rule should be assumed that
the description associated with the coil region (). is dominant. Due to the fact that the
region (), includes also the interior of the winding it usually contains a part of the iron-
core. In other words, the iron-core is divided by the surface I'c in a subregion where the
magnetic field is described by the electric vector potential T and scalar potential ¢, and
the subregion where the scalar potential ¢ is sufficient to use. The consequence of this
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approach is the need to define different material codes for the same iron-core (Fig. 2.10).
An alternative approach, based on the assumption of dominance of the magnetic field
description applicable to the iron-core, makes it necessary to take into account the
condition (2.28) on the surface of the core contained in ().. However, this method of
analysis of the magnetic field is much more complicated in terms of organization of
data input and calculations.

Figure 2.10 shows the magnetic flux density distribution in the iron-core of a sample
rectangular coil calculated using the dominance of the description of the magnetic field
in the region ().

Ferromagnetic

‘1" T core
(a) Calculation setup (b) Magnetic flux density

Fig. 2.10: Magnetic flux density in the iron-core of the rectangular coil (one fourth view)

2.4. 3D MAGNETOSTATIC ANALYSIS USING MAGNETIC VECTOR POTENTIAL

The introduction of magnetic vector potential A defined as B = V x A to the descrip-
tion of the three-dimensional magnetic field creates additional difficulties associated
with the uniqueness of this potential [29, 58, 61, 73, 94]. In addition to equation:

Vx®¥VxA)=0, inQ (2-47)

resulting from (2.1) and (2.2) (v = 1/ is the magnetic reluctivity), the potential A
has to satisfy the gauge condition which in magnetostatics is typically the Coulomb
condition:

V-A=0, inQ (2.48)

There are several ways to fulfill the condition (2.48) in weak formulations used in
the finite element method (see the overview in [61]). In this section, the analysis is
focused on the use of edge finite elements and the case in which A vector components
can be separated, i.e., for each of them can be formulated an independent boundary
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value problem. It should be noted that the inclusion of the source current directly in
the equation (2.47) does not create additional difficulties. Omission of source current
arises only from the chosen way of comparing the presented methods.

2.4.1. EDGE ELEMENTS IN A-FORMULATION

The use of edge finite elements to determine the distribution of the magnetic vector
potential A is the most simple and direct way to satisfy the gauge condition (2.48).
The properties of edge elements described in Section 1.5. show that the condition V -
A = 0 is fulfilled in the whole region () including the boundary I'. The continuity of
the normal component of magnetic flux density B between finite elements is satisfied
automatically. The discontinuity of tangential components of B allows to take into
account the heterogeneity of the environment.
The boundary condition (2.3) on I'y has the form:

(vV x A) xn =Ky (2.49)

It can be easily included in the weak formulation (1.4) as:

/ UV xw) - (Vx A= [ w-Kodl (2.50)
Q Th

On the boundary part I'g, the essential condition for A x n has to be set. This condition,
together with the condition V - A = 0 should be based on (2.4). Unfortunately, it was
not possible to find a general algorithm for determining this condition for any function
Byp. In the simplest but also the most frequent case when B,y = 0 (usually due to the
symmetry of the problem) the following setting can be used:

Axn=0, onlp (2.51)

In the test problem defined in Section 2.2., (2.49) and (2.51) can be fulfilled without
any problems.

Figure 2.11 presents results of magnetic field calculations for the test problem. The
comparison with the analytical results (2.10) and as well with the results received by
means of the scalar potential ¢ (Section 2.3.) shows that the errors eé at points lying on
the line /1 are negligible for both formulations (errors are below 0.15%, see also Fig. 2.3).
The greatest errors appear for the component H; on line I (z/h = 0.7) just above the
line where the condition (2.3) starts to be discontinuous (max relative error 5%). It
should be noted that the values of H, component calculated using the scalar potential
¢ are less than the exact values while those obtained from the vector calculation (A
with edge elements) are greater than the exact solution.
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FEM: 2/h = 0.1
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FEM: z/h = 0.7

(b) Line l: 6, = 2.54%

Fig. 2.11: Test problem - magnetic field H and normalized error e;; calculated using magnetic
vector potential A (FEM mesh: 15 x 15 x 15 linear edge brick elements)

2.4.2. MAGNETIC VECTOR POTENTIAL - SEPARATION OF COMPONENTS

If the nodal vector shape functions (Section 1.4.) are applied to calculations of the
magnetic field in the finite element method, the gauge condition (2.48) has to be directly
inserted into the solved equation. This can be realized by adding to the equation (2.47)
the additional term —V (vV - A) = 0 as it is shown below

Vx(wVxA)—VWV-A)=0 (2.52)

Integral, weak form of this equation takes the form:

/Qv(vxw)-(V><A)d0+/0u(v.w)(v-A)dQ:/er.Adr (2.53)
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In order to obtain a unique solution of (2.52), in addition to the boundary conditions
mentioned in the previous section, the following conditions must also be taken into
account:

n-A=0, only (2.54)
V-A=0, onlp (2.55)

In general, conditions (2.54) and (2.55) can be non-homogeneous. However, taking this
into account in the analyzed problems would be only an unnecessary complication.

Further, a special case of the equation (2.52) with the accompanying boundary con-
ditions is considered. When the magnetic permeability y is constant throughout the
region under consideration, then using the vector identity:

Vx(VxA)=V(V-A)-V3A

equation (2.52) can be replaced by the following system of scalar partial differential
equations:

V2Ay =0, V?A,=0, V?A,=0 (2.56)

Remark: separation of the components of the vector potential A is also possible in
heterogeneous regions, and even for nonlinear problems, as it will be shown in the
next section.

In order to complete the formulation of the problem, it is necessary to define the
Dirichlet or Neumann boundary conditions for each component of the vector A. This
task is relatively simple when considered part of the boundary lies on the plane per-
pendicular to one of the coordinate axes. For the arbitrary oriented plane the suitable
expressions may be found in [66].

As an example, the definition of boundary conditions for the components of poten-
tial A on parts of 'y and I'p lying on the plane z = const with n = 1, is presented.
Boundary conditions on I'y have the form:

A; =0 from (2.54) (2.57)
0A, Ay
Fra uKoxy and 5 1Koy from (2.49) and (2.54) (2.58)

For the boundary of I'p-type, boundary conditions take the form:

Ay=0 and A, =0 from (2.51) (2.59)
aé? =0 from (2.55) and (2.51) (2.60)

As it can be seen, the partial derivatives in (2.58) and (2.60) correspond to normal
derivatives to the respective boundary surfaces. In an analogous way, the boundary
conditions on the planes x = consf and y = const can be defined. Boundary conditions
for the test problem are summarized in Table 2.1.

The solution of the test problem using the finite element mesh consisting of 15 X
15 x 15 linear brick elements is presented in Fig. 2.12.
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Table 2.1: Boundary conditions for test problem (magnetic vector potential A)

A 9AJon Ay, A /an A, 9A./dn

x=0 — 0 0 — 0 —
x=a,z<cC 0 — — —uKp - 0
xX=a,z>c 0 — — 0 — 0
y=0 0 — — 0 0 —
y=bz<c | — —uKp 0 — — 0
y=bz>c — 0 0 — — 0
z= - 0 - -
z=nh — 0 — —

FEM: z/h = 0.1

%)

(b) Line lz: (52 = 2.36%

Fig. 2.12: Test problem - magnetic intensity H and normalized error e;'( calculated using potential
A with separated components (FEM mesh: 15 x 15 x 15 linear brick elements)

The greatest normalized local errors €} are observed for the component H; near the
corner x = a, y = b, regardless of the position of the line Ji. Increasing the density
of the finite element mesh reduces the local error (although not as significant as for
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Fig. 2.13: Test problem - potential A with separated components - normalized error e;( for FEM
mesh consisting of 25 x 25 x 25 linear brick elements

the previous formulations) but the location of its maximum near the corner remains
unchanged (Fig. 2.13).

2.4.3. FORMULATION A-M FOR NONLINEAR MAGNETOSTATIC PROBLEMS

In the previous sections the analysis was limited to linear problems. In this section,
the three-dimensional nonlinear magnetostatics problems are considered. The idea of
applying in the finite element method the formulation of the field equations using the
magnetic vector potential A and the magnetization vector M is presented. Similarly to
the previous section, the components of the magnetic vector potential are analyzed sep-
arately, which significantly reduces the requirements on the size of computer’s memory.
In [66], the authors have proposed the formulation A-M for linear problems. The idea
presented below is therefore a generalization of work [66].

The magnetic state of the environment may be characterized by three vectors: B (mag-
netic flux density), H (magnetic intensity) and M (magnetization density), connected
with each other by the following relation:

H-> M (261)
Ho
where pg is the magnetic permeability of free space. It is enough to use any pair of
the above three vectors for a unique description of the magnetic environment state at
any point of the magnetic field generated by source currents or residual polarization
of the environment. Applying the magnetic vector potential A and having (2.61), the
first Maxwell equation takes the following form:

Vx(iVxA—M):] (2.62)
Ho
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which after applying the Coulomb gauge can be split into three equations correspond-
ing to three components of the magnetic vector potential:

1 (9%2A, %A, 9%A, oM, oM, B

m(axz T a22> (ay - az>”"_0 (263)
1 (9?4, %A, 09%A, oM, M,

Ho ( a2 dy? Tz < oz ox )+]y =0 (2.64)
1 (%A,  9?A,  9%A, oM,  9M, _

yo(ax2 et az2> (ax - ay)ﬂz_o (2.65)

The following set of conditions results from the continuity of the magnetic field and
the gauge (2.48) on the interface I'; between regions of different magnetic properties
(indicated by indices I and II):

I'i: x=const, n =1,
Ay =AY, A=A, AL = Al
0AL oAl
dx  ox
1 94 ;1 dA; i (2.66)
po ox “ po Ox :
1 0A! ; 1Al I
_ = — M
Ho Jx My Ho dx + y
Ii: y=const, n=1,
Ay =AY, A=A, AL= Al
1 945 p_ 1aAY gy
po 9y ° po 9y :
I 11
94, 24 (2.67)
dy Iy
194] ML= 1947 _ M
po 9y T po Oy *
I'': z=const, n=1;
Ay =AY, A=A, AL= Al
109AL . 10AY _pll
Ho 0z Y po oz Y
194, M- L oAy MU (.68)
ooz U T ez T
0AL oAl

dz 0z
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Applying Galerkin’s method to equation (2.63) yields:

—i/ Vw,»VAdeJr}{ w; [1M‘+(leyMy1z).n dr —
Ho Jo T,  Lpo on
o awi E)wl- ]
- /Q <ayMZ aZMy) 0 /Q 0;JdQ) (2.60)

The surface integral in (2.69) can be written for any finite element as:

194
$w, [yoanx + (M1, — My1,) -n} dr =
i

Ny
B 1 0A,
= I;l /;’p w;j [‘uoanp + (le}/ Mylz) . np:| dr (2.70)

where Ny is the number of element faces . Integrands in expression (2.70) for the
respective unit vectors have the form:

wian n,=1
l‘uo ax/ p — X
1 0A, ] (18Ax )
w; | ———+ (M1, — M,1,) -n,| =< w; | — +M;), n,=1 2.71
lﬂoa”p (Zy yZ) P i P‘an z p y (7)

1 an o
wl (yoaz_My>, np—lz

It should be noted the similarity of the above formulas to the conditions of continuity of
the component A, (second equations in (2.66), (2.66), and (2.68)). If the face Ff,p is in the

area under consideration, the omission of the surface integral in a summation process
automatically ensures fulfillment of the continuity conditions of the field component.
This is due to the fact that the surface integrals of the elements adjacent to the face
I p are identical but have opposite signs thereby deleting each other. If Ff,p is a part
of the exterior surface, the omission of the surface integral leads to the homogeneous
Neumann condition on this surface (assuming that the external region is free air space).
Analogous equations can be obtained for components A, and A;.

Since the components of the magnetization M only appear in the element load vec-
tor, this method is particularly well suited to the analysis of nonlinear systems. The
global stiffness matrix has to be calculated only once at the beginning of the calcu-
lation process. In addition, the stiffness matrix is the same for all components of the
magnetic vector potential A which significantly speeds up the calculation. Although
the correction of magnetization vector in a nonlinear iterative process requires at the
same time all three components of the magnetic vector potential, the increase of com-
putational complexity is associated only with the presence of various load vectors for
each component. The iterative calculation algorithm is shown in Fig. 2.14.

It is necessary to explain in more details how to correct the magnetization vector M
in the successive steps of an iterative process. After determination of the components
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Input data: geometry, )
physical parameters, Postprocessing
start vector M(®

(
Compute stiffness matrix
(S]
) !
£

Compute load vector
{FO}

Solve global equation system
[SH{4®}={F®}

e Calculate B®
¢ Calculate H9=u(|B))

e Calculate M@ (i)

Correct magnetization:
MO=MGEDt o MTO-MO-D) J

Fig. 2.14: Flowchart of solving nonlinear problems with A-M formulation

of the magnetic flux density B = V x A inside finite elements, the components of
the magnetic intensity vector (Hy, Hy, H;) have to be found using the magnetization
BH-curve (|B|). The new values of the magnetization vector M* are calculated as:
M*—lB —H M*—iB —-H M*—iB —-H (2.72)
X VO X X7 Y ]/10 v Yy z ]/l() z V4 .

In order to accelerate the convergence of an iterative process, the magnetization vector
M in the subsequent iterative steps is modified according to the following formula:

MO = MED 4 oM — mU-D) (2.73)

where w is a relaxation factor chosen on the basis of numerical experiment, e.g. w = 0.5.
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2.5. 3D MAGNETOSTATIC ANALYSIS - DIRECT H FORMULATION

Direct application of the magnetic intensity H in calculations of the magnetic field in
the finite element method is subject to significant restrictions. The main limitation is the
inability to take into account the heterogeneity of the environment in such a simple way
as in the case of scalar or vector potential formulations. The second limitation is the
difficulty in including regions with source currents. However, the proposed method
may be useful in certain special cases, for example, in the analysis of some Lorentz
force eddy current testing systems (Section 4.4.).

The analysis presented in this section assumes homogeneity of the magnetic envi-
ronment. Under this assumption, (2.2) can be replaced by the equation:

V-H=0 (2.74)
Using parameter A and the following equation
VxVxH-AV(V-H)=0 (2.75)

two formulations of the boundary value problem can be introduced, namely: (1) H
with separated components for A = 1, and (2) H approximated by the edge finite
elements with the condition (2.74) for A = 0.

2.5.1. DIRECT H-FORMULATION WITH SEPARATED COMPONENTS

Similarly to the magnetic vector potential A formulation, equation (2.75) (A = 1) may
be replaced by three scalar Laplace equations associated with the corresponding com-
ponent of magnetic intensity H. Boundary conditions on I'g-type boundary lying in
the plane z = const with n = 1, have the form:

Hy = —Koy, and Hy = Koy from (2.3) (2.76)
aHZ B aKox aKOy
%~ ox + W from (2.74) and (2.3). (2.77)
Boundary conditions on I'g-type boundary take the form:
1
H, = ﬁBZO from (2.4) (2.78)

oHy 109By 0Hy 10By
—— == and ==
0z U oy 0z u ox

from (2.1) and (2.4) (2.79)

It should be noted that the determination of the conditions (2.76) - (2.79) is relatively
simple, in contrast to the potential formulations (scalar or vector, see previous sections)
which may be important when the functions Ky and B, are functions of complex
shapes. All boundary conditions for the test problem (Section 2.2.) are presented in
Table 2.2.

Integration of the Dirac function over the element edge located on the boundary
surface produces an additional term. The term is equal to half the length of the element
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Table 2.2: Boundary conditions for test problem (direct H formulation)

Hy OJHy/on H, O0H,/dn H, JH,/dn

x=0 0 - - 0 - 0
x=a,z<c — Kydc) O - Ky -
xX=a,z>c — 0 0 — 0 —

y=0 - 0 0 - - 0
y=b,z<c 0 - —  Koé(e) Ky —
y=bz>c 0 — — 0 0 —

z=0 0 - 0 - - 0

z=h 0 — 0 — - 0

4(c) is the Dirac function for z = ¢

edge lying on the segmentz = ¢, x =a,y € (0,b) orz =c,y = b, x € (0,a) multiplied
by Ky. This term should be added to the right side vector of the global finite element
algebraic equations system in positions corresponding to the nodes of the edge element.
Results of calculations for the FEM mesh consisting of 15 x 15 x 15 linear brick finite
elements based on the direct H formulation are shown in Fig. 2.15. The components
Hy and H, are calculated with a high accuracy while for the component H; errors are
much greater (e.g. eé,z = —18.6% for I = 1.6).

The refinement of the finite element mesh improves the quality of results (see Fig. 2.16
for the FEM mesh with 25 x 25 x 25 elements). The normalized root mean square devi-
ation as well as the normalized local relative errors decrease for all components of the
magnetic field, e.g. €, . = —11.6% for | = 1.6.

It can be concluded that the poor accuracy of the component H, is a result of the spe-
cific features of the test problem, i.e., discontinuity of the Dirichlet boundary condition
at z = ¢, but not the applied H-formulation.



FEM: z/h = 0.7
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(b) Line I, - NRMSD: 6, = 4.64%

Fig. 2.15: Test problem - magnetic intensity H and normalized error €} calculated using H for-
mulation with separated components (FEM mesh: 15 x 15 x 15 linear brick elements)
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Fig. 2.16: Test problem - H formulation with separated components - normalized error e]i for
FEM mesh of 25 x 25 x 25 linear brick elements
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2.5.2. EDGE ELEMENTS IN DIRECT H-FORMULATION

An attempt was made to use the edge finite elements in H formulation to solve the
boundary value problem for equation (2.75) (A = 0) with the boundary condition (2.3)
on 'y and homogeneous natural boundary conditions on the walls x = 0 and y = 0.

Figure 2.17 shows a comparison between the analytical solution and the solution
received from the direct H formulation using edge elements.

e N I e
AL /f/V/ \ s
20 YRR s
4 ggﬁé,&k%"”/ﬂwn% P
T . “/T'/\H\ Sl
a0
3 JI/AQ% _?!;JF‘Z)EEQ ,,’i ii}jj\”\/
e w‘?::t:;::t:/.»
(a) FEM solution (b) Analytical solution

FEM: z/h = 0.1

T T T 2000
T e 1500
1000

T T 500

ei[%]

(c) Line /1 - NRMSD: 4; = 2396%

Fig. 2.17: Test problem - magnetic intensity H and normalized error 6;; calculated using H for-
mulation with edge elements - spurious solution (FEM mesh: 15 x 15 x 15 linear edge brick
elements)

The solution obtained by the numerical method has a non-physical nature which
in fact confirms earlier reports given in [107] and [134]. The presence of non-physical
solutions in the formally correct formulated boundary value problem is due to the fact
that on I'p-type boundary, instead of the stronger essential boundary condition (2.4)
is set the weaker natural condition resulting from the applied edge approximation
(Section 1.5.). The method discussed in this section should be rejected as not suitable
for the calculation of magnetic fields.
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2.6. SUMMARY

In this chapter the comparison of various formulations used in the analysis of 3D
magnetostatic fields is presented. First, a general 3D magnetostatic boundary value
problem has been formulated. Next, the simple benchmark problem having the analyt-
ical solution has been introduced. The analysis of 3D magnetostatic fields starts with
the approach using two magnetic scalar potentials (total and reduced). Sample results
have been presented. Modeling of 3D windings without and with a ferromagnetic core
by means of the electric vector potential T together with two examples have been de-
scribed in details. An application of edge elements in the magnetic vector potential
formulation has been shown. Further, it has been demonstrated how to separate com-
ponents of the magnetic vector potential in the A formulation. The formulation A — M
has been introduced to solve nonlinear magnetostatic problems. The corresponding
iterative algorithm for such problems is also formulated. At the end, the direct formu-
lation using the magnetic intensity H has been presented. Negative attempt to apply
edge elements in this formulation has also been discussed.
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INTERFACE BETWEEN TWO ELECTRICALLY CONDUCTING
FLUIDS IN CYLINDRICAL CELL

3.1. INTRODUCTION

The work presented in this chapter is based on the research project entitled "Detection of
interface movements with the help of magnetic field tomography: Part 1: Experiment and sensor
systems, Part 2: Numerical treatment of inverse problems," realized at Technical University
of Ilmenau and supported by DFG (Deutsche Forschungsgemeinschaft) in years 2001
- 2007. In the frame of this project, the author was a member of group responsible for
developing algorithms and numerical simulations. The experimental part of the project
has been realized by the other group of researchers.

There is a variety of problems in material processing where it is useful to know
time-dependent distributions of the electrical conductivity of a single fluid or a mul-
tiphase flow. For instance, knowledge of the position of the interface between highly
conducting molten aluminum and poorly conducting liquid cryolite is important to
prevent unwelcome instabilities in aluminum reduction cells [32]. Other examples of
such problems can include the identification of electrical conductivity distributions in
glass melting furnaces, metal-slag interfaces in steel and iron making as well as on-
line detection of various inclusions in molted metals. The liquids involved in material
processing such as molten metals, semiconductors, and glass melts are mostly hot and
highly aggressive. Therefore, conventional measurement techniques employing local
probes face serious difficulties. The purpose of this chapter is to demonstrate that a
concept of magnetic field tomography (MFT) which was previously applied to a vari-
ety of problems in biomagnetism [15], can be successfully used to identify the interface
between two current carrying fluids with different electrical conductivities [31, 40]. Ac-
cording to the idea of the MFT, the magnetic field is measured by a finite number of
sensors placed around the tank with two immiscible electrically conducting fluids to
reconstruct the moving interface between them.

If typical figures of aluminum electrolysis cells are considered it must be noticed
that the cross section has usually a length of a few meters, whereas the interface dis-
placement is very small compared to the lateral extent of the system (Fig. 3.1). The
applied high electrical currents (about 100 kA) result in interface displacements of the
order of several centimeters. From industrial practice it is known that already such
small interface displacements can disturb significantly the operation of the cell. This
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Fig. 3.1: Sample aluminum reduction cell

is the reason why the estimation of such surface deformations as well as contactless
methods for their observation are of particular interest. The basic idea of the proposed
approach is to exploit to the greatest possible extent the magnetic field produced by
electrical currents which are already present in material processing operations such as
aluminum reduction or electrical glass melting rather than the field due to injection
of an additional artificial electrical current. In particular, it is demonstrated that the
external magnetic field generated by the electrical current flowing through a highly
simplified model of an aluminum reduction cell provides sufficient information for the
reconstruction of the unknown interface shape.

3.2. PHYSICAL MODEL AND FORMULATION OF THE PROBLEM

Figure 3.2 shows the simplified model of the electrolytic bath used in the study. The
model consists of a long cylindrical tank of radius R and height / in which two immis-
cible fluids with different constant electrical conductivities oq and o are placed. It is
also assumed that the temperature of the fluids is equal to the ambient temperature.
Although this model is far away from the real aluminum reduction cell, its simplicity
allows to demonstrate important features of methods applied to the identification of
interface shapes between fluids. Another reason for introducing this model is its rela-
tively easy implementation in the laboratory to enable experimental verification of the
identification methods.
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Fig. 3.2: Highly simplified physical model of an aluminum reduction cell

It is assumed that 07 < 0» which corresponds to the real situation in the reduction
cell. The wall of the cylinder is non-conductive. At the top of the cylinder a homoge-
neous direct current of density Jy is imposed. In the case of a flat interface between the
fluids (equilibrium state), the distribution of current density J throughout the cylinder
is homogeneous. As soon as the interface is deformed, e.g. due to gravitational waves
or an external forcing, the current density distribution near the interface becomes inho-
mogeneous (Fig. 3.3). The inhomogeneity of J can be represented by the perturbation
current density j.

Fig. 3.3: Current density distribution for fluids in the equilibrium state (left), near axisymmetric
(middle) and near non-axisymetric oscillating interfaces (right)

The question is now whether the interface shape can be reconstructed from the
magnetic flux density B measured outside the cylindrical cell. Generally, the interface
shapes in the cylindrical cell can be split into two group of shapes: (1) axisymmetric,
and (2) non-axisymmetric. Axisymmetric interfaces lead to axisymmetric current den-
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sity distributions which produce magnetic fields with only one azimuthal component
B,. This means that there is observed no differences between the distributions of the
magnetic fields generated by currents flowing through the various axisymmetric inter-
faces (consequence of the Biot-Savart law). In conclusion, the axisymmetric interface
shapes cannot be identified using magnetic field measurements outside the cylinder.
Such configurations can only be analyzed using electrical potential measurements [81].
However, if the perturbation of the fluid interface is not axisymmetric, it leads to the
non-axisymmetric current density distribution which produces a perturbation of the
magnetic field observed as B, and B, components outside the cylinder. This fact can be
used for the interface reconstructions.

Using the concept of the magnetic field tomography, a general problem of the inter-
face reconstruction (inverse problem) is formulated as follows: having two immiscible
free oscillating conducting fluids in the cylindrical cell supplied with direct current
reconstruct the interface shape using the magnetic flux density distribution measured
by the sensors located around the cell. In the investigated problem, the construction
of the MFT system is restricted in such a way that it measures only two components
of the magnetic field, i.e., the radial component B, and the axial one B,, because they
are directly connected with the interface perturbation and have the similar order of
magnitude. The azimuthal component B,, despite of the part related to the interface
perturbation contains also the main magnetic field produced by the impressed current
Jo. The magnitude of the measured B, is much greater in this case and requires the use
of sensors with different sensitivity range.

In next sections, the interface between two immiscible free oscillating fluids is de-
fined and the methods for calculation of the magnetic field outside the cylindrical cell
(forward problem) are presented.

3.2.1. DESCRIPTION OF THE INTERFACE SHAPE

An exact solution of the flow field of two immiscible fluids with the interface free oscil-
lating along z-axis in the cylindrical container is practically impossible. Therefore, for
simplification, it is assumed that the flow field is frictionless, irrotational, and incom-
pressible [82] and only small interface oscillations are considered to avoid instabilities
due to drops formation. Additionally, the influence of the external magnetic field on
the oscillating fluid is neglected. The configuration of the analyzed problem is shown
in Fig. 3.4.

To determine the shape of the free oscillating interface, the Euler equation describing
motion of fluids is used [83]. The fluid moving in a gravitational field is described by:

where v is the fluid velocity, dv/dt is the local acceleration of the flow, (v- V)v is the
convective acceleration for a fluid particle drifting with the stream at the velocity v in
the flow direction, p is the fluid pressure, p is the fluid density, and g is the gravitational
acceleration. Equation (3.1) is one of the fundamental equations of fluid dynamics.
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Fig. 3.4: Cylindrical container with two immiscible oscillating fluids

Additionally, the equation of continuity [83] for an incompressible ideal fluid has the
following form:

V-v=0 (3-2)

Because of the assumption of irrotational flow, the velocity v of the flow field can be
expressed as gradient of the velocity potential ® = ®(r, t), where r is a position vector.
Hence, the equation (3.2) takes the form

v=-Vd — V&=0 (3.3)
which in the cylindrical coordinate system (7,,z) can be written as:

1o (00y 10 Fo_ oo
ror \' or r2 902 922 34

The boundary condition at ¥ = R is given as:

0P
5 =0 (3:5)

which follows from the request of vanishing of the normal component of the fluid ve-
locity at the container side wall (v, = 0},_g). Additionally, taking into account & >> R
(long cylinder), boundary conditions for ® at bottom and top boundaries of the con-
tainer can be set as:

D -0, |z] > o (3.6)
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Using the separation of variables method and the Fourier cosine expansion, the general
solution of (3.4) with boundary conditions (3.5) and (3.6) for the interface free oscillat-
ing about a state of equilibrium can be written as an infinite double sum of terms
(modes) oscillating with eigen frequencies wy:

D (r,a,2,t) Z Z Ci" cos ma J,,, (Gmnt) €~ 7% cos wynt, z =0 (3.7)
m=0n=

Dy (r,a,z,t) Z Z Cy" cosma ], (qmnt) €% cos wynt, z <0 (3-8)
m=0n=

where J,, () is the Bessel function of the first kind of order m, and gy, is the ny, root of
1w (Gunt) =Ty (Emnr/R) = 0|,—g. Table 3.1 shows the roots &, for the first 25 modes.

Table 3.1: 1y, roots of J},, (Emn) = 0

m
(;{mn
0 1 2 3 4

1| 38317 1.8412  3.0542  4.2012  5.3176

2 | 70156 53314 6.70601  8.0152  9.2824

n 3] 101735 85363 9.9695 11.3459 12.6819
4 | 13.3237 11.7060 13.1704 14.5858 15.9641

5 | 16.4706 14.8636 16.3475 17.7887 19.1960

Using the following vector identity:
V(a-b)=(a-V)b+(b-V)a+ax (Vxb)+bx(Vxa) (3.9)

and substituting a = b = v and V x v = 0 for the irrotational fluid, the second term
in (3.1) takes the form:

(v-V)v= %V(vz) (3.10)
Introducing (3.10) and v = —V® into equation (3.1) gives
00 1, p —
V( 8t+ v—i—p—i—gz)—o (3.11)

After integration of (3.11) one can obtain:

0P 1 p _
FRE AR SR (3.12)

where F(t) is an arbitrary function of time. Equation (3.12) is a general form of the
Bernoulli equation for unsteady incompressible fluid flows. Equation (3.12) can be
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linearized for free interface oscillations and small displacements by neglecting the
squared velocity term. Additionally, because only the spatial derivatives of potential &
have a physical meaning (v = —V®), a constant or even any function of time can be
added to ® whenever it is convenient. This allows inclusion of the integration constant
F(t) (3.12) into the definition of ®. Finally, the linearized form of (3.12) is given by:

od p B

Let 7 = 15(r, a,t) denotes the elevation of the oscillating interface at time ¢ above the
equilibrium state. The elevation # can be determined from the condition for continuity
of pressure (p1 = pp) at the interface z = 7. According to (3.13), the pressure continuity
can be written as

dd, 3D,
P — P81 = P2 — pagl] (3.14)
Finally, the elevation can be expressed as
1 1 D, aq>1)
—— e Pt} 1
1= e —p (Pz 5 Py (3.15)

Before calculation of the interface shape, it is necessary to find the relation between
C" and C3" in (3.7) and (3.8). The normal component of the fluid velocity is continu-
ous at the interface for the equilibrium state

w1 _ o,
oz 0z

(3.16)
z=0

hence
_ancinn = ancgm = _C]fm = CE"" = Cin (3-.17)

The eigen frequencies w,;, in (3.7) - (3.8) are determined as follows. For small inter-
face displacements, the kinematic condition at the interface z = # can be approximately
replaced by a linearized condition at z = 0:

ET R . (3.18)
which comes from the assumption that the normal component of velocity for points

on the interface is simply the time derivative of the elevation #(r, a, t). Substitution of
(3.15) into (3.18) gives:

—g(pr — )8d>l-_ P, Py
e L T A T2

(3-19)

z=0

Inserting (3.7), (3.8), and (3.16) into (3.19) results in the following formula for the eigen
frequency of the mode mn :

P2 — P1
02+ p1

Wmn = [ 8Gmn (3.20)
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Finally, the elevation 7 of the free oscillating interface can be generally expressed as:

n(r,at) =Y Y Apncosma I, (Gunt) OS Wyt (3.21)

m=0n=1

where Apyn = Chunwmn (02 + p1)/[8(02 — p1)]. The equilibrium state described by 1 =
0|m=n=0 as a trivial solution is excluded from (3.21).
Two types of interface shapes can be distinguished from equation (3.21), namely:

1. Axisymmetric interface shapes

n(ra,t) = Z Amn Jo (qont) cos wont = 2 1on COS Won (3.22)
n=1 n=1

2. Non-axisymmetric interface shapes

n(r,a,t) = Z Z Amn Ty (Gmn?) cOS Mt cOS Wiyt = Z Z Hmn COS Wyt (3.23)

m=1n=1 m=1n=1

where #mn = mn(r, &) denotes the single mode amplitude, m and n are called the
azimuthal and the radial mode number, respectively. Sample snapshots of interfaces at
the moment of maximum elevation described by a single stable mode and oscillating
with the corresponding eigen frequency are shown in Fig. 3.5 (simulations).

Although the number of modes in (3.22) and (3.23) is infinite, usually, the higher
modes can be neglected in a practical analysis because their amplitudes are much
smaller than the amplitudes of modes with low radial and azimuthal numbers [35].
Therefore, instead of (3.23), the following approximation of interface shapes is used
further:

n(r,a,t) Z Z A cos ma J,,, (Guunt) COS Wyt = Z Z Nmn COS Wyt (3.24)

m=1n=1 m=1n=

where M and N are the highest available azimuthal and radial mode numbers, respec-
tively. Axisymmetric modes are excluded due to remarks in the previous section.



Dt et

(a) Mode 7. (b) Mode 7p3.

‘

(c) Mode #13. (d) Mode 713.
(e) Mode #72. (f) Mode #23.

Fig. 3.5: Sample normalized interfaces at the moment of maximum elevation - axisymmetric
modes: 77q2, 103, non-axisymmetric modes: 12, 713, §22, 423



56

INTERFACE BETWEEN TWO ELECTRICALLY CONDUCTING FLUIDS

3.2.2. MAGNETIC FIELD OUTSIDE CYLINDRICAL CELL - ANALYTICAL APPROACH

The supply current flowing in the cell is a direct current. Additionally, the frequency of
oscillating interface 7 is relatively small. These two facts allows to neglect eddy currents
effects in conducting fluids (V x E = 0) and in consequence the electrical current in
the cylinder can be described by means of the quasi-static total electric potential V.
Under above assumptions, the procedure for determining the magnetic field around
the cylinder (Fig. 3.2) is obvious. First, the distribution of electric potential V has to be
determined inside the cylinder. Next, using formula J = —c'VV, the current density J is
calculated. At the end, the magnetic field density outside the cylinder can be calculated
according the Biot-Savart law:

Jx1
B= 10 /QJ A0, (3-25)

where () denotes the cylinder region.

Any deformation of the interface changes the internal current density distribution
in the cylinder and thus the external magnetic field. Using the quasi-static electric
potential formulation this effect can be described by means of the electric potential ¢
corresponding to the interface perturbation. The potential ¢ can be found by solving
Laplace equations in the respective fluids:

Vi1 =0, z>7 (3-26)
Vi, =0, z<y (3-27)

where 7 is the interface elevation and

Z
P12 =Jo— + Q12 (3-28)
01,2

’

Jo is the impressed constant current density at the top of cylinder. To simplify the
analysis, the height of the cylinder % is assumed to be much greater than the radius R
(h > R). The following boundary conditions can now be formulated:

P12 _
5 = 0, r=R (3.29)
a(g;,z =0,z de0 (3.30)

which correspond to the facts that the wall of the cylinder is an electrical insulator and
the distribution of current density vector J should be homogeneous at the top and the
base of the cylinder, i.e., the influence of current perturbation is vanishing far away
from the interface. The perturbation potential ¢ in the respective fluids can be found
by means of the separation of variables method as:

p1=Y_ Y CI" J,(qmnr) cos mae™ 1%, z >0 (3:31)
m=1n=1
@2 = Z Z Cy" T (qmnt) cos mae™=,  z < 0 (3:32)

3
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where J,,(-) is the Bessel function of the first kind of order m and g, is the ny, root of
Tou (quunr) = Ty (Gnnr/ R) = O|,_g (see Table 3.1).

In general case, it is not possible to find the analytical solution of (3.26) - (3.27) in
the form of (3.31) because the following continuity conditions cannot be fulfilled at the
interface:

p1=¢2 z=1, (3:33)
n-(Ji=J2) =0, z=7y (334)
However, the approximate analytical solution can be found for infinitesimal perturba-

tions of the interface (7 < R, h) by introducing at z = 0 the following jump condition
[32, 70] instead of the potential continuity at z = #:

1 1
P1—¢2=Jory <—> z=0 (335)
o1
The continuity of the normal component of the current density at z = 0 is defined as:
o1 _ 9p2
o — 3 = ) 5 7 z=0 (3-36)

because n ~ 1;, for small perturbations. Now, using (3.23), the constants C{"3 can be
obtained as:

1 01— 02
mn __ e
Cl mn]OO_l o+ o (337)
1 0y — 01
mn __ L
C2 mn]O(T o+ o (338)

where Aﬁ,m = A cos wput denotes the time dependent amplitude of the oscillating
interface.

Current density components of the current flowing in the cell regions can be found
fromJ = —cVV as:

0 B r) — r B
— :F] 2 EAmn qmn]m 1(‘7"171 ) ]m-‘rl(qmﬂ )cosmrxe Gmn 2| (3.39)
o1 —i—U m=1n=1 2
d T (Gmnr)/ dr
ad m
12 - 05 -l—cT 2 ZA o (Gt sinmae™ T 2| (3-40)
m=1n=
— —] :F] o1 +0’ Z Z A nqmn Im anr) cosmuoe qman‘ (341)
m=1n=

The magnetic field outside the cylinder can be calculated using the Biot-Savart law
(3.25) and (3.39) - (3.41). The integral (3.25) is computed numerically as follows. First,
a mesh of tetrahedral elements inside the cylinder is created. Next, it is assumed that
the current density in every tetrahedral element is constant and is equal to the value
calculated at the center of gravity (COG) of the element using analytical formulas
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(3.39) - (3.41). Further, assuming that elements of created mesh are sufficiently small
comparing a distance where the magnetic field is calculated (magnetic sensor positions)
the integral (3.25) can be replaced by the following sum:

3
i

N,
_ Mo e Jix (ri—10) ,
By = e 2_1 - a— AQY;, (3-42)

where N, is the total number of tetrahedral elements, J; is the current density vector in
i"-element, r; is COG-position of i"-element, 1y is the magnetic sensor position, and
AQ); is the volume of i"-element.

Further, results of calculations of B, and B, component using (3.42) around the cylin-
drical cell are presented as field distributions over the evolved appropriate sensors
array. The construction principle of the evolved arrays is shown in Fig. 3.6.

Virtual B, sensors on evolved
cylindrical surface

25887

S a0

23222

4
g
d

Virtual B, sensors
(original positions)

Fig. 3.6: Construction principle of evolved sensors array together with B, distribution

The following parameters of the cell model are applied: & = 100mm (cylinder
height), R = 25mm (cylinder radius), c; = 100S/m (upper fluid conductivity), oo =
3.46 MS/m (lower fluid conductivity), and Jo = 509.3A/m? = 1A /(7tR?) (impressed
current density at z = h/2). The magnetic field around the cylinder is calculated at the
distance d = 10 mm from the cylinder wall in the range of z € [-30 mm, 30 mm)]. Fig-
ure 3.7 shows distributions of the radial (B,) and axial (B,) components of the magnetic
field for the interface perturbation amplitude equals A = 2.5mm < R. The snapshots
are taken for the instant when the interface perturbation reaches the maximum eleva-
tion. It should also be noticed that the maximums of radial and axial components are
over 30 times smaller than the maximum of the azimuthal component B}'** = 4770nT
calculated for the undisturbed interface at the equilibrium state.
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Fig. 3.7: Analytical solution for interface modes 11 — 12 and 21 — 23 - distributions of B, and
B, around cylinder at ¥ = R+d = 35mm for the moment of maximum interface elevation
(A =25mm)

3.2.3. VERIFICATION OF THE ANALYTICAL APPROACH

An important part of every stage in a solving process of any technical problem is a
verification of the applied method. It is important to find how close are simulation
results to the physical model and to check if there are not any principal errors in the
applied method (method validity) or in its implementation. The verification, in the



60

INTERFACE BETWEEN TWO ELECTRICALLY CONDUCTING FLUIDS

simplest case, can be performed by applying to the same problem a different method
which better describes the real model. Of course, ultimately the best verification is the
comparison between simulations and measurements. However, this type of verification
is beyond the scope of the monograph. The goal of this section is to present a compari-
son of magnetic field calculated by analytical methods described in Section 3.2.2. with
results of simulations performed with the help of the finite element method (FEM).

Application of the finite element method requires, in principle, to replace only one
procedure in the algorithm for calculating the magnetic field around the cylindrical cell.
Namely, the procedure that determines the electric potential and current density distri-
bution in the cell. The rest of the algorithm remains unchanged. The main advantage
of using the finite element method is to eliminate the problem of continuity conditions
fulfillment (3.33) - (3.34) at the interface which could not be accurately resolved in the
analytical approach. The continuity conditions are automatically fulfilled in any FEM
implementation using the electric scalar potential.

Using assumptions from Section 3.2.2., the problem of finding the current density
distribution in the oscillating fluids is reduced to the static analysis of the cylindri-
cal cell with two homogeneous conducting regions at the moment when the interface
between regions reaches the maximum elevation. In principle, such problem can be
solved by any commercial FEM software with an electromagnetic module. In the an-
alyzed problem, an important factor which has to be taken into account during a se-
lection of suitable FEM software is the answer to the question: how easy the interface
geometry given by (3.21) can be modeled. Unfortunately, it was not possible to find
any commercial FEM program which enables the modeling surface patches defined
by Bessel functions directly in a graphical user interface (GUI). Usually, the user has
to prepare the separate external procedure which generates geometry data of the sur-
face patch and then to import it into GUL. How easily this can be accomplished is the
fundamental question. After thorough analysis of all the pros and cons of available
FEM programs, COMSOL Multiphysics® (earlier known as FEMLAB®) was selected
for further use.

COMSOL Multiphysics® is an engineering, design, and finite element analysis soft-
ware environment for the modeling and simulation of any physics-based system [26].
COMSOL® can be integrated with Matlab® which is a high-level technical computing
language and interactive environment for algorithm development, data visualization,
data analysis, and numeric computation [88]. COMSOL® and Matlab® together, create
powerful numerical environment with a seldom flexibility which enables to solve a lot
of technical problem.

As an example of using COMSOL® package, cylindrical cell model described in the
previous section is presented. The model implemented in COMSOL® together with
the applied finite element mesh are shown in Fig. 3.8. Figure 3.9 presents the electric
scalar potential at cross-sections x = 0 and y = 0 together with the current density
distribution calculated in the analyzed cell.

An alternative to commercial software are packages specifically adapted to the ana-
lyzed problem and self-developed by the user. Using such approach, the user, in the
first phase, spends more time for the software preparation but as a result he receives



3.2. PHYSICAL MODEL AND FORMULATION OF THE PROBLEM 61

==
s
RS
SSrtr
Wooaeaad]
RN

i-
K] i)
DIATAR
s

VAVA'%%» ‘%ﬁ i\

==,

b
)
)

v,
AVA
AVAVAVAVAY

AN

Eo AT
SR
ZAV4V4)

1Ya¥

/.

KT

avatly

Wy,
Rk

N

2\

N

Kk
K

A

N

i

[

(f

(

i
A
i

NS
RN

OO
AR
NN
JORRK
VAVAVAYAY)
RAREAS

ERERS

N
NNAN

%)
AVA
VAYA
'A
YAVAVA

Lok
YAVAY
A,
AVAVA
KN
nvFA'

Eola
o
/A
o
VAN
Wy
SAvAAN:

5
AYiVAVAVAVAVAY

AVAVANAVAN

K

(a) Physical model. (b) Sample finite element mesh.

Fig. 3.8: Cylindrical cell with two conducting fluids - mode #,; for the moment of maximum
interface elevation (A = 7.0 mm)
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Fig. 3.9: Results of FEM calculations in a cylindrical cell - current density J (cones) and electric
scalar potential V distributions

potentially more flexibility for implementation specific features of the problem and
has full control over the implemented code. Usually, if the code is properly optimized,
the developed program can also run faster than the commercial one. Using this ap-
proach, the author has developed the TFEM3D routine. The TFEM3D routine based
on the finite element method allows calculations of current density distributions in the
cylindrical cell filled with two conducting fluids. Additionally, procedures for calcula-
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tions of magnetic flux density components outside the cylinder for predefined sensor
configurations are integrated in TFEM3D.

The main structure of the finite element part of TFEM3D is based on SONMAP2D
[51], a general system for numerical analysis of 2D electrodynamic problems. It was
necessary to rewrite completely the pre- and post-processing routines to adopt them
to the cylindrical cell problem. The method of solving large, sparse systems of linear
algebraic equations used in SONMAP2D had also to be changed. In the first version
of TFEM3D, the Yale sparse matrix package containing direct solvers for symmetric
and non-symmetric systems of linear equations [36, 37] has been implemented. An im-
portant problem that must be considered when a new solver is implemented, is the
storage scheme of matrix data structures used by the solver because this directly influ-
ences routines creating and assembling global stiffness and load matrices in the finite
element method. The Yale package uses a special storage scheme for storing sparse
matrices. The Yale scheme has minimal storage requirements and is very convenient
for sparse matrix operations. In this scheme, the values of the nonzero elements of the
sparse matrix [A] are stored by rows, together with their corresponding indexes which
are located in two vector arrays { AN} and {JA}, respectively. The third vector array
{IA} contains pointers to the first element in each row of the matrix [A], e.g.:

m 0 13 14 {AN} = [11 13 14 22 24 31 33 42 44]T
0 22 0 24

[A] = JAay= 1342413247

31 0 33 0 .
o 4 o | {TA}= [146810]

This representation is complete because the entire matrix is represented, and ordered,
and because the elements of each row are stored in the ascending order of their col-
umn indexes. Following [109], it is assigned as RR(C)O, which states for Row-wise
Representation, (C)omplete and Ordered.

Unfortunately, the direct solvers are fast enough for systems up to, roughly saying,
100000 unknowns which is enough for most of 2D problems but it is usually too less for
3D cases. For 3D problems, the iterative solvers have to be considered. For this reason,
in the second version of TFEM3D, it was decided to implement a part of free-available
public domain Common Mathematical Library (SLATEC CML) [130], namely, Sparse
Linear Algebra Package (SLAP) which contains a set of several iterative solvers of
linear algebraic systems. SLATEC is the acronym for the Sandia, Los Alamos, Air Force
Weapons Laboratory Technical Exchange Committee. This organization was formed in
1974 to foster the exchange of technical information. The SLATEC CML is written in
FORTRAN 77 and contains general purpose mathematical and statistical routines. The
sparse linear algebra package uses two storage schemes of sparse matrices: 1) the SLAP
Triad format, and 2) the SLAP Column format. In the SLAP Triad format only the non-
zero elements are stored. They may appear in any order. The user must supply three
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vector arrays: { AN} with non-zero elements of matrix [A] and their locations given
in {IA}, {JA} with the row and column indexes, respectively, e.g.:

1 0 13 14 {AN} = [22 14 31 42 44 13 33 24 11]7
0 2 0 24

[A] = JAay= 2412433317

31. 0 3 0 .
0 o o a4 (IA}= 213441321

The SLAP Triad scheme is very easy to generate and it can directly be obtained from
the Yale scheme but on the other hand it is not very efficient for the iterative solution of
linear systems especially on vector computers. In fact, SLAP changes internally this for-
mat to the SLAP Column format in the iteration solvers which is much more effective.
The SLAP Column format is very similar to the Yale scheme but instead of row-wise
representation it uses column-wise one. Additionally, it is unordered because non-zero
elements of matrix [A] must not be ordered in the column. According to [109], it can
be classified as CR(C)U scheme (Column-wise Representation, (C)omplete, Unordered),

eg.:

m 0 13 14 {AN} = [11 31 42 22 13 33 44 14 24]7
0 22 0 24

[A] = JgAay= 134213412"

3. 0 33 0 -
o o o | {IA}= [135710]

A valuable feature of the SLAP package is that for symmetric problems, the Yale storage
scheme can be directly used in it without applying any additional conversion routines.

Several tests have been carried out to compare COMSOL Multiphysics® 3.5a with
TFEM3D using CPU time of FEM calculations as a test criterion. Tests run on PC com-
puter equipped with Intel Core i7 Extreme 975 processor and 24GB RAM under 64
bit Windows 7 Professional. In all comparisons, the same models were used, i.e., first,
the model of the cylindrical cell was created and calculated in COMSOL® and then,
after conversion, the model was imported and calculated by TFEM3D. In all simula-
tions, the first order tetrahedral finite elements have been applied. It was found that
for COMSOL® as well as for TFEM3D choosing a preconditioned conjugate gradient
method as a solver gave results in the fastest way. The preconditioned conjugate gradi-
ent method (PCGM) is suitable for the symmetric, positive definite linear systems. In
all tests, the diagonal scaling (DS) has been used as the preconditioning routine. This
routine performs left preconditioning using the main diagonal of the stiffness matrix.

Table 3.2 presents CPU times of solving linear systems of algebraic equations with
Np unknowns in COMSOL® and in TFEM3D; N, denotes the number of tetrahedral
elements of the corresponding finite element meshes. It can be observed that TFEM3D
solves the FEM task about 30% faster than COMSOL®.

In the TFEM3D preprocessor, a simple finite element mesh generator of tetrahedral
elements is implemented. It works on a slice principle and depends only on two pa-
rameters: the predefined maximum size of element edge dr, used during generation
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Table 3.2: CPU time of FEM calculations (Solver: PCGM+DS)

COMSOL V3.5a  TFEM3D

N, Ny CPU [s] CPU [s]
1 206779 37623 0.72 0.39
2 819797 153568 437 2.57
3 2631993 488359 18.74 12.01
4 8428313 1535399 81.97 53-27

of a regular 2D triangular mesh of the cylinder base, and the number of slices Ng,
which determines the mesh density in the z-direction. TFEM3D slice generator works
as follows: first, a uniform slice distribution throughout the cylinder is created, then
it is rescaled relative to z = 0 using the exponential scaling function to receive more
dense mesh in the vicinity of the interface (EXP-mesh). At the end, the deformed inter-
face shape is calculated according to (3.23) and applied to modify z-coordinates of all
nodes of the exponential mesh where |z| < h/2 (Fig. 3.10). The slice generator imple-
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Fig. 3.10: Cylindrical cell - four steps of finite element mesh construction

mented in TFEM3D works faster than the general finite element mesh generator based
on 3D Delaunay triangulation used in COMSOL® . It eliminates also not necessary
overloading of elements in regions where the interface touches the cylinder wall (see
Fig. 3.8).

Now, the verification of analytical results presented in the previous section will be
shown using the FEM calculations carried out with the TFEM3D routine. As previ-
ously, the same cell model is used, i.e,, # = 100mm (cylinder height), R = 25mm
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(cylinder radius), 0o = 3.46 MS/m (lower fluid conductivity), oy = 100S/m (upper
fluid conductivity), and Jo = 509.3 A/m? = 1A/(7R?) (impressed current density at
z = h/2). The magnetic field around the cylinder is calculated at a distance 4 = 10 mm
from the wall of the cylinder in the range of z € [-30mm, 30 mm]|. The FEM model
is generated using the maximum 2D edge size equals dr = 1mm and the number of

slices Ng; = 50 which gives the FE mesh with the total number of tetrahedral ele-

//'C/

ments equals N, = 3131100 and the number of nodes equals Np = 681166. Figure 3.11
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Fig. 3.11: FEM solution for interface modes 11 — 12 and 21 — 23 - B, and B, around cylinder at
r = R+ d = 35mm for the moment of maximum interface elevation (A = 2.5mm)
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shows distributions of radial (B,) and axial (B;) components of the magnetic field for
interface perturbations oscillating with the amplitude equals A = 2.5 mm. Results are
presented in a form of equi-level plots over evolved cylindrical surface The snapshots
are taken for the time instant which corresponds to the interface perturbation with
the maximum elevation. After a visual inspection of calculated distributions it can be
found significant differences between the analytical solution and the FEM one, espe-
cially for higher radial modes although the amplitude of the oscillating interface fulfills
A < R condition. It can also be noticed that the magnetic field distribution received
from the analytical solution does not follow the interface distortion as it is in the FEM
case. To verify the analytical results quantitatively, the rectangular array of N; x N,
evenly distributed magnetic sensors is constructed around the cylinder at the distance
d = 10mm in the range of z € [-30mm, 30 mm]| , where N, is the number of sensors
in one azimuthal row and N; is the number of rows in z-direction. The following total
relative error indicators are defined:

Ny N, 2

% Ej:l Y (BANA — BVFEM):‘]’
5 = A a—— 100% (3-43)
\ DI ()]

ij

N, «N, FEM)?2
L, K, (BANA — BEEM)

5= | == 1100% (3.44)
N; N, 2
Ly o (BEEM)?

where indices ANA and FEM stand for the magnetic field calculated with the help of
the analytical and the FEM solution at ij sensor position, respectively.

Table 3.3 shows relative total errors calculated for various amplitudes of the interface
distortion when the sensor array is defined on N; x N; = 72 x 21 rectangular grid of
points. It can be seen that the calculated errors are very large for almost all modeled

Table 3.3: Analytical solution - total relative errors

(5:/0 5;/0
Mode A[mm] A[mm]
1.0 25 7.0 1.0 2.5 7.0
11 1.0 24 67 2.1 4.9 14.0

12 14.1 35.5 99.4 22,5 56.8 165.0
13 43.0 73.7 89.6 68.5 129.0 170.7
21 09 22 68 1.7 4.3  13.5
22 6.6 17.4 69.0 1.1 29.1 111.3

23 188 40.5 658 30.7 683 1198

interfaces (except interfaces defined by modes 711 and #,1). Sample 1D distributions of
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magnetic field components around the distorted interface described by the mode 713
are plotted at one sensor row located at z = 0 and v = 35mm (Fig. 3.12 and 3.13).

B[nT]
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(04

Fig. 3.12: Analytical (AS) versus FEM solution for interface mode #13 - distribution of B, around
cylinder in one row of sensors located at r = R+d =35mm and z =0
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Fig. 3.13: Analytical (AS) versus FEM solution for interface mode 73 - distribution of B, around
cylinder in one row of sensors located at r = R+d =35mm and z =0

The first are analyzed distributions of magnetic field for cases when formulas (3.39)
- (3.41) are applied (analytical solution). It is perceived that 1D distributions of the
magnetic field are sinusoidal with a spacial period 27t/m, where m is the azimuthal
mode number of the oscillating interface. The amplitudes of these distributions linearly
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dependent on the maximum elevation of distorted interfaces, i.e when the maximum
elevation of the analyzed interface is p times greater than the maximum elevation of
the reference distortion then, the corresponding magnetic field values are also p times
greater than the reference one, respectively. The similar effect can be observed for the
relative total error at low order interface modes where the total error almost linearly
rises with the elevation amplitude (see Table 3.3). Another feature of magnetic field dis-
tributions based on the analytical solution is the lack of z component of the magnetic
flux density at the equilibrium plane z = 0. All above features are the consequence of
flattening of the interface distortion to the equilibrium position and applying condi-
tions (3.35) and (3.36) in the analytical approach. On the other hand, in FEM results,
magnetic field distributions follow the outline of the distorted interface on the cylin-
der wall, i.e., positions of magnetic flux density components maximums depend on
the interface elevation amplitude and are located outside z = 0. This is the reason
why no linear relation can be found between magnetic field distributions for the same
interface mode but with a different elevation amplitude. Additionally, it can be ob-
served the non-zero B, component at sensors placed in one row corresponding to the
interface equilibrium position z = 0 (Fig. 3.12). The modified analytical approach has
been proposed in [156] to improve results the quality of the analytical method. In the
modified approach, some additional terms are added to the original analytical solu-
tion corresponding to harmonics found in the spatial Fourier analysis of magnetic flux
density distributions received from the FEM calculations. Although the modified ap-
proach reduces errors of calculated magnetic field distributions, it is still restricted to
small elevation amplitudes A < 2.5 mm.

Finally, it can be concluded that if a large range of elevation amplitudes of distorted
interfaces is considered the only procedure which can be applied for the interface
reconstruction algorithm is the routine based on the finite element method because the
analytical approaches give magnetic field distributions far away from the reality.

3.3. INTERFACE SHAPE RECONSTRUCTION - DOMINANT MODE IDENTIFICATION

In this section, some methods applicable to the solution of the interface reconstruction
problem formulated in Section 3.2. are presented. First, the problem is defined in more
details. It is assumed that the elevation of the interface between two immiscible fluids
located in the cylindrical tank can be fully described by (3.24). Therefore, the general in-
terface reconstruction problem can be reduced in fact to the identification of coefficients
Ay in (3.24). The choice of the highest azimuthal (M) and radial (N) mode numbers
in the expression (3.24) used during the reconstruction process depends strongly on a
configuration of applied magnetic sensor system. If only simulations are considered,
this choice is not critical because any configuration of sensors can be applied as it is
necessary. In consequence, M and N are assigned to relatively high values. However,
in the reality, as the construction of the real measurement system has to be taken into
account it is not possible to use so many sensors as necessary because of the design
constrains and the cost of system implementation. Above limitations restrict signifi-
cantly the possible choice of the highest mode numbers in the expression (3.24). In the
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analyzed implementation, the system consists of 8 X 2 magnetometer sensors evenly
distributed around the cylindrical cell which enables to measure two components of
the magnetic flux density at one measurement point, i.e., the radial, B, and the axial,
B; component.

Figure 3.14 shows the configuration of 2D-magnetometer sensors used in the analysis
with sensors schematically represented by two perpendicular solenoids.

Distorted interface

Radial sensors

Axial sensors

Sensor ring

Fig. 3.14: Configuration of evenly distributed magnetometer sensors mounted on the sensor ring
used during simulations (average distance of sensors COG to z-axis equals r = 40 mm)

In order to simplify the analysis even more, the general problem of the interface
shape reconstruction between two conducting fluids is reduced to the identification of
the interface dominant mode. In other words, the only one coefficient in (3.24) which
corresponds to the dominant mode in the oscillating interface is searched. The algo-
rithm of full interface reconstruction based on genetic algorithms can be found in
[76]. The dominant mode identification approach can be treated as a first shot method
of finding the general shape of the interface and can be further connected with the
method presented in [76]. All methods which are presented here have one common
feature, they are non-gradient methods, i.e., they are not using descent derivatives in
the successive minimization steps. Additionally, they reach the solution much faster
as the general reconstruction algorithm [76]. Three methods will be presented: the first
one based on a simple genetic algorithm [49], the second one using the direct search ap-
proach [157], and the third one applying the correlation between measured/simulated
signal and signals stored in the previously calculated data-base [151].

Before describing the methods, the analysis of magnetic flux density profiles recorded
or simulated by the measuring system shown in Fig. 3.14 is presented to determine the
limitations of the applied system.
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3.3.1. SIGNAL PROFILES AND LIMITS OF MEASUREMENT SYSTEM

Because the oscillating interface at the maximum elevation moment produces the maxi-
mum distorted magnetic field, it is enough to analyze profiles of magnetic flux density
distributions for this moment only. The magnetic sensors are evenly distributed around
the cylinder and fixed on a printed board which has a ring form (Fig. 3.14 and 3.15). The
axial and azimuthal position of the ring are controlled by two parameters: zy—distance
and «p—angle relative to the coordinate system used in the interface modeling.

Figure 3.15 shows a sample distribution of the radial component of magnetic flux
density calculated for the maximum elevation of the oscillating interface described by
mode 713 with the amplitude A = 7 mm. The sensor ring is located in the middle of the
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Fig. 3.15: Sample B, signal simulated at z = 0 for the moment of maximum interface elevation
described by the mode 713 (A = 7mm). Relative angular position of the sensor ring in relation
to the cell coordinate system equals &g = 0

cell (zp = 0) and the coordinate system of the sensor ring coincides with the coordinate
system of the cell (ag = 0).

Determination of characteristic features of By, B, signals based on a direct analysis
of signal profiles is not straightforward especially if you notice significant changes of
the profile with a variation of the azimuthal position of the sensor ring.

Figure 3.16 shows a sample distribution of the radial component of the magnetic flux
density calculated for two azimuthal positions of the sensor ring, « = 0 and & = 20°,
produced in the vicinity of the oscillating interface and corresponding to the maximum
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Fig. 3.16: Signal profiles of radial component B, simulated at zy = 0 for the moment of maximum
interface elevation defined by the mode #,3 (A = 7mm). Ring with 8 sensors at two azimuthal

positions: ag = 0 and 20° (left), ring with 64 virtual sensors at ay = 0 (right)

elevation of mode 73 with the amplitude equals A = 7mm. The distribution of B,
component simulated for the sensor ring with 64 virtual sensors is also shown for

comparison.
formed in a spatial frequency domain. Switching to the spatial frequency domain can

be realized by applying the spatial Fourier transform to simulated /recorded distribu-
tions of magnetic flux densities around the cylindrical cell. Because all signal profiles
are periodic with a spatial period equals Ty = 27t/m, resulting Fourier transforms are
given as series of complex coefficients describing discrete harmonics of the signal that

are an integer multiple of the fundamental frequency fo = 1/Tp.

The features of used signals can be identified much easier if the analysis is per-

In fact, instead of continuous Fourier transform, only a spatial discrete Fourier trans-
form (DFT) can be performed using a sequence of magnetic flux densities calculated
at N; sensor positions located on the sensor ring and treated as discrete samples repre-
senting the original signal. In this sense, the spatial sampling frequency is defined by
the number of sensors Ns and is equal to fs = N;fo. Using the Nyquist-Shannon sam-
pling theorem [100, 118] the upper bound for harmonics of the signal is determined
to allow its perfect reconstruction as f < fs/2. The upper bound of the perfect signal
reconstruction is called the Nyquist frequency and is denoted as fy = fs/2 . In the
analyzed case, the number of sensors and the Nyquist frequency are equal to Ns = 8
and fy = 4fy, respectively. It means that only signals with frequency spectrum limited
to the first three harmonics can be perfectly reconstructed by the system. As an ideal
signal reconstruction it is understood the inverse Fourier transformation which gives
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correct real signals at sensors from calculated discrete Fourier transforms independent
on the used azimuthal position of the sensor ring.

To study frequency contents of signal profiles produced by various interface shapes
defined by single interface modes, the amplitude spectra are calculated for the follow-
ing interface modes: 77;; where i = 1...3, j = 1...3. In calculations of signal spec-
tra, the fftw_plan_dft_r2c_1d procedure (1D DFT for real input and complex output)
from FFTW library is used. The FFTW library is a collection of fast C-routines for com-
puting the discrete Fourier transform [38]. The real-input (r2c) DFT in FFTW of a 1D
real array x of size N computes a forward Fourier transform X according to:

N-1 ,
X[k = Y x[n]e™ N, j= -1 (3-45)
n=0

FFTW computes an unnormalized transform, where is no coefficient in front of the
summation in the DFT. In other words, applying the forward and the backward trans-
form sequentially will multiply the input by N. The output complex array X posses
the Hermitian symmetry:

X[k] = X" [N — k| (3.46)

where X is assumed to be periodic so that X [N] = X [0]. As a result of this symmetry,
half of the output is redundant (being the complex conjugate of the other half), and
therefore the FFTW calculates only output elements 0...N/2 of X (N/2+ 1 complex
numbers), where the division by 2 is rounded down, saving computation time and
used memory. Moreover, the Hermitian symmetry implies that X [0] and, if N is even,
the X [N /2] elements are purely real [38].

First, 64 virtual sensors are used to assure that all significant harmonics of the ana-
lyzed signals are found. Figures 3.17 and 3.18 show calculated amplitude spectra for
radial and axial components of the magnetic flux density using the virtual 64-sensor
ring located at zp = 0. It can be observed that the index of the dominant harmonic
in B, amplitude spectrum corresponds to the azimuthal index i of the analyzed inter-
face mode. However, this is not the case for B, amplitude spectra, where the index of
the dominant harmonic follows a multiple of the azimuthal index i, generally. Using
the Nyquist frequency equals fy = 4fp, it can be stated that for the 8-sensor ring the
perfect reconstruction of signal profiles is only possible for the following modes: 711,
112, 13, Y21, and y31 for B, component and 711, 12, #13 for B, component. Figures 3.19
and 3.20 depict amplitude spectra of the same signals as above but calculated using
the 8-sensor ring. It can be observed that the spectra of signals where the perfect recon-
struction with 8 sensors is possible remain unchanged whereas the spectra of signals
for which the perfect reconstruction is not possible are quite different. Especially, the
spectra of signals for the interface described by modes 7, are quite similar because
for all these modes, frequencies of some significant harmonics are located at or above
the Nyquist frequency and therefore they are eliminated when the analysis is carried
out using only 8 sensors. This also explains why the distinction of some modes in the
process of the dominant mode identification is very difficult.
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Fig. 3.17: Modes 111 - #33: amplitude spectra of radial component of magnetic flux density for
64 virtual sensors evenly distributed around the cylinder at zp = 0 and r = R +d4 = 40mm
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Fig. 3.18
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It can also be noticed an interesting feature of the DFT for modes #3; and #33. The
original spectra of the signals corresponding to these modes contain sixth harmonic
which cannot be detected in the case of using the ring with 8 sensors. Instead of the
sixth harmonic, the second one is observed which in fact does not exist in the original
spectra! The appearance of spurious frequencies as mirror reflections with respect to
the Nyquist frequency is called aliasing or folding back effect, e.g., if fy = 4fp is
the Nyquist frequency, then the sixth harmonic reflects against fy with a frequency
difference Af = f4 — fn = 2fp and is visible in the spectrum as the second harmonic.
Generally, the folding back effect should be eliminated because spurious harmonics
can influence real harmonics for more complex signals. However, if the problem deals
only with signals corresponding to the oscillating interface described by pure modes
one can try to use the folding back effect in the reconstruction process. Nevertheless,
this procedure should be applied with a special care because the risk of wrong signal
reconstruction is relatively high.

3.3.2. SIMPLE GENETIC ALGORITHM

Although a genetic algorithm (GA) is not the fastest method which can be applied
to the identification of the dominant mode in the oscillating interface it is presented
here to show its main idea and important steps of its implementation. A specific termi-
nology associated with genetic algorithms is also clarified , e.g. genome/chromosome,
population, generation, etc.

The genetic algorithm is a method for solving optimization problems that tries to
simulate natural selection, the process that drives biological evolution. The genetic al-
gorithm repeatedly modifies a population of individual solutions. At each step, the
genetic algorithm selects individuals at random way from the current population (par-
ents) and uses them to produce the next generation (children). Over successive gener-
ations, the population evolves toward the best solution defined as the minimum /max-
imum of predefined cost function. The genetic algorithm uses three main operators at
each step to create the next generation from the current population:

® Selection operator, which selects the individuals that contribute to the population
at the next generation,

® Crossover operator, which combines two parents to form children for the next
generation,

* Mutation operator, that applies random changes to individual parents to form
children.

To apply genetic algorithms it is necessary to think first about the genome/chromo-
some representation which corresponds to the problem. Each genome/chromosome
instance represents a single solution of the problem so it is up to the user to define
which parameters should be included in the representation and how they should be
coded. Next, genetic operators listed above have to be defined to determine how the
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evolution should run. At the end, the objective/cost function must be defined to de-
termine how good or bad is the individual solution (genome/chromosome) in the
evolution process. Usually, cost functions are not used in the genetic algorithm di-
rectly. Instead of direct using of cost values delivered by cost functions, GA uses so
called fitness function which scales raw costs to find the fitness of genomes for mating.
There are many types of genetic algorithms. In the analysis, a standard simple genetic
algorithm (SGA) described in [49] is applied. The simple genetic algorithm uses non-
overlapping populations and optional elitism. Elitism ensures the propagation of the
best genome (solution) between generations without disruption by crossover or mu-
tation operator. The default selection operator in SGA is the roulette wheel selection
where the probability of selection is proportional to a fitness score of the individual
genome. In the standard SGA the genome is represented as a string of bits. SGA uses
a single point crossover operator, i.e., a single crossover point on two genome strings
(parents) is selected and all data beyond that point is swapped between them produc-
ing two new genome strings (children). The crossover operator is defined by crossover
probability.p. Typical values of p, are in the range between 0.4 and 0.9. If p. = 0.5 then
half of the new population is formed by selection and crossover and half by selection
only. The mutation operator checks every bit position in the genome, reversing the bit
value depending on the mutation probability p,,. Typical value of the mutation proba-
bility is of the order 0.001, but as all parameters in GA it is problem dependent. Other
typical values of p,, can be estimated as py, ~ 1/L or py ~ 1/N+/L taking into account
the bitwise genome length L and the number of genomes N in the population [25].

In the proposed implementation of SGA, a C++ library of genetic algorithms GAlib
created at the Mechanical Engineering Department of MIT [133] is applied. GAlib in-
cludes tools for using genetic algorithms to do optimization in any C++ program using
any representation and any genetic operators. The GAlib source code is not in the pub-
lic domain, but it is available at no cost for non-profit purposes.

To solve the identification problem of the dominant mode in the oscillating interface
between two conducting fluids using the simple genetic algorithm it is necessary to
define the genome corresponding to a single solution of the forward problem described
in Section 3.2.3.. The genome must contain enough information about the interface
and the sensors so that the forward problem can be solved by means of TFEM3D.
In the considered problem, a simple generic binary genome GABin2DecGenome from
GAlib is applied. The genome implements the traditional method of converting binary
strings to decimal values based on binary-to-decimal mapping. To use this genome, it
is necessary to specify how many bits will be used for the representation of chosen
parameter together with the range of mapped parameter values.

The representation of various dominant interface modes in SGA can be expressed
through their indexes (radial and azimuthal) and corresponding amplitudes. In fact,
it is not necessary to code both mode indexes independently. It is more effective to
substitute the double index of the mode 7;; with the single index k = (i —1)N +j -1,
where N is the number of available interface radial modes, and then use it in SGA.
The index k is mapped on a binary string with a length L of 4 bits. It allows to code
an index for maximum 16 interface modes. In the analysis, according to the previous
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section, the range of interface modes is restricted to the first 3 azimuthal and the first 4
radial numbers, i.e., 77;; : i =1...3,j = 1...4. The range of mapped index k in this case
is set to [0, 11]. The elevation amplitude of the interface is coded in a binary string of the
same binary length as the string used for the index k. The amplitude range is defined
as [Apin, Amax]) = [4.0mm, 16.0 mm)] to cover all expected amplitudes of the oscillating
interface. The amplitude resolution §A is equal to 6A = (Amax — Apin)/ (2L —1) =
(16 —4)/15 = 0.8mm. As it can be seen, the amplitude resolution is not very high.
The reason for choosing so short binary string for the amplitude representation is the
fact that the identification of the dominant mode should be done as quickly as possible
even at the expense of the amplitude estimation accuracy. The precise value of the
amplitude can be estimated later by a different method when the dominant mode of
the interface is already found e.g. by the direct searching method.

To illustrate a structure of applied genomes, the sample genome for the interface
mode 713 oscillating with the amplitude A3 = 7.2 mm is shown. The index k of mode
713 is equal to k = (1 —1)4+3 —1 = 2 and is coded as '0010’ binary string. This is
the first part of the used genome. The binary code of the amplitude is calculated using
formula: int[(A13 — Ayin)/0A] = int[(7.2 —4.0)/0.8] = 4 = 0100, and is stored
as '0100" binary string. This is the second part of the genome. After concatenation
of both strings, the binary genome ‘0010 0100’ representing the mode 713 is ready
to use in SGA. It is obvious how to construct the reverse decoding procedure of the
interface mode indexes ij and the corresponding amplitude from the binary genome
representation.

After construction of the genome, a cost function (objective function) has to be de-
fined to evaluate a goodness of individual solutions, i.e., the function for which smaller
values correspond to better fitting solutions. The following example will show how im-
portant is to select the appropriate definition of the cost function.

Two cost functions Cr; and Cp, with different way to take account of the magnetic
flux density components are defined, namely:

s 042
Z(BCi - Bci)
Cp= | ), = ——100% (3.47)
Y (BY)?
i=1
N
Z Z(BCi Bgz)z
Cr = C—”l:lNS 100% (3-48)
Y, Y (B2
c=r,zi=1

where index c¢ denotes radial (r) or axial (z) component, N;s is the number of used
sensors, and B;, B’ are calculated and reference components of the magnetic flux
density at sensor positions, respectively. B.; values correspond to the actual genome
and are calculated using TFEM3D program described in Section 3.2.3.. The reference
magnetic flux components BY. are simulated or measured and relate to the maximum
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elevation of the oscillating interface which should be identified. In the cost function Cr,
the influence of all components of the magnetic flux density is taken into account with
equal weights regardless of their absolute values. In the cost function Cp, the impact
of individual components is reduced by grouping them together in the numerator and
denominator.

Table 3.4 shows sample signals measured by 8 sensors evenly distributed around
the cylindrical cell (Fig. 3.15) produced by the oscillating interface defined by one
dominant mode and corresponding to its maximal elevation. The reference signal is
calculated for the interface mode #33 and the amplitude A = 7 mm using the fine FEM
cell model (dg = 1 mm). Signals in simulation 1 (mode #3;, A = 5.2mm) and 2 (mode
133, A = 7mm) are calculated applying the fast FEM cell model (dg = 3 mm).

Table 3.4: Signals at sensors positions for sample dominant modes corresponding to the
maximum interface elevation (in nT)

Mode 33 Mode 32 Mode 33
Sensor Reference Simulation 1 | Simulation 2
BI’ BZ Br BZ Br BZ
1 -1.39 -0.09 | -1.55 -0.05 | -1.24 -0.04
2 3.66 0.13 6.92 0.03 | 3.58 -0.16
3 -6.38 0.27 | -10.00 0.15 | -6.33  0.24
4 6.15 -0.43 7.06 -0.24 | 531 -0.19
5 0.41 -0.04 1.04 -0.01 | 0.38 -0.09
6 -738 o041 | -889 023 ]| -6.60 o0.17
7 737 -0.14 | 10.50 -0.08 | 7.19 -0.22
8 -2.43 -0.10 | -5.07 -0.01 | -2.28  0.21
Cnl%l | 658 | 797
Cr2[%] ‘ 46.0 ‘ 9.0

Cost functions for signals obtained in the simulation 1 and 2 are calculated according
(3.47) and (3.48). The received results (Table 3.4) show that the use of the cost function
Cr1 may lead to the elimination of the correct mode in the identification process be-
cause C?_% < C13_-?1’ whereas the use of the cost function Cr, performs a correct validation
of the analyzed modes Clg_% > Cf’_%’ For this reason, in further considerations, the equa-
tion (3.48) will be used as the basic definition of the cost function in the validation
procedures.

Since the cost function Cr has to be calculated many times during the evaluation of
SGA, the execution time of all procedures involved in that process, mainly TFEM3D,
has to be extremely minimized. In the simplest way, this can be achieved by using
appropriate FEM models of the cylindrical cell. If the finite element mesh is too dense,
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the number of unknowns of the global equation system will grow up and this will
result in increasing of the execution time of TFEM3D. On the other hand, if the finite
element mesh is too simple, the results are received fast but with a low accuracy. In
TFEM3D, the generation of finite element mesh is controlled using two parameters (see
Section 3.2.3.): dg, which defines the maximum size of 2D elements used in a generation
of 2D cylindrical base slices and Ng;, the number of slices which determines density
of 3D finite elements in the axial direction. The parameter dr can be estimated if you
notice that in the modeling of interface shapes, the approximation of Bessel functions
in (3.24) is more critical than the approximation of azimuthal trigonometric functions.
Using this fact, first, it is calculated the distance of the first maximum of the highest
radial interface mode used in the SGA to the z-axis, i.e., the r-position of the first
maximum of 7;; for j = 4. Then, under assumption that at least 3 finite elements are
necessary to cover this distance, the limit value of dr can be estimated. The limit value
of dp found for the cylindrical cell of radius R = 25mm and the interface radial mode
of order 4 is equal to dg ~ 2.4 mm. The necessary number of slices Ng; can be estimated
from numerical experiments by observation how the quality of simulated magnetic
signals is changing with decreasing of Ng;. It is found that using a combination of
Ngr = 16 and dp = 3 mm assures good compromise between the quality and the speed
of calculations. For these parameters, the finite element mesh used in SGA consists of
N, = 98560 tetrahedral elements of the first order and Np = 22215 nodes which results
in average calculation time of the cost function for a single genome of around 0.2s.

Before the first start of the SGA, the size of genetic material subjected to the evolution
has to be defined, in other words, the number of genomes included in the population
has to be given. If the population size is too small, the genetic algorithm may not
explore enough of the solution space to find good solutions. Increasing the population
size enables the genetic algorithm to search more variants and thereby obtain better
results. However, the larger the population size, the longer the genetic algorithm takes
to analyze each generation. Following [49], the appropriate population size Npo, for
binary genomes can be estimated as:

l
Npop ~ 0 (m2m) (349)

where [ is a binary length of applied genome string and m denotes an average number
of bits per parameter. In the analyzed problem, [ is equal to 8 (2 x 4 bits)and m = 1/2 =
4 which results in the population size Ny, = 2-2% = 32. Usually, the population size
received from (3.49) is over-estimated and it can be reduced at least by factor 2.
Further, some results of the interface dominant mode identification performed by
means of the simple genetic algorithm are presented. First, the reference data have been
prepared by calculating components of the magnetic field at the sensor positions for the
sensor ring with 8 2D-magnetometers (Fig. 3.14) located at z = 0 using the fine finite
element model (dg = 1mm, Ns; = 50 : N, = 3131100, N, = 681166). The following
parameters of the cell model are used: # = 100mm - cylinder height, R = 25mm -
cylinder radius, 0, = 3.46 MS/m - lower fluid conductivity, oy = 100S/m - upper
fluid conductivity, and Jo = 509.3A/m? = 1A/(7R?) - impressed current density at
z = h/2. The radial and axial sensors are modeled as solenoids with the length of
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15mm and the radius equals 1.5mm. The distance of solenoid centers to the wall of
the cell is equal to 16 mm and 17 mm for radial and axial sensors, respectively. In all
simulations, the azimuthal position of the sensor ring is set to &g = 0.

Reference data have been prepared for a set of distorted interfaces described by vari-
ous single modes (7;; : i = 1...3,j = 1...3) with the same elevation amplitude equals
Ap = 7mm. Additionally, the noisy data were simulated by adding a random white
noise to the calculated magnetic flux density components with the level of 5% and
10% of the respective component maximum. During the SGA identification, cost func-
tion values (3.48) are calculated using TFEM3D and the reduced finite element model
(dg = 3mm, Ng; = 16). After the identification of the dominant mode, to improve
the accuracy of found amplitude, the precise amplitude tuning using a simple direct
search method with a constant step equals dA = 0.1 mm is performed.

Tables 3.5, 3.6, and 3.7 show results of identifications for the following SGA param-
eters: Np,p, = 32/16/8 - population size, p;; = 0.125 - mutation probability, p. = 0.8 -
crossover probability.

In all simulations, two components of the magnetic flux density (B, B;) are used.
Start populations in all simulations are chosen in a random way. To terminate the SGA
process, two criteria are used: the maximum number of generations N, (set to 50)
and the cost function threshold Tj, (set to 10%). If the cost function value is below
the defined threshold or the number of generations reaches the maximum, the SGA
process is terminated.

In all tables, RMode denotes the reference dominant mode in the oscillating interface
simulated by the fine finite element model whereas IMode is the mode identified by
the SGA. A is the amplitude of the identified dominant mode. §A is the relative error
of the estimated amplitude calculated as: A = 100%(A — Ag)/ Ap. Values of the cost
function Cr are calculated for estimated amplitudes after tuning according to (3.48).
In columns CPU,;, total time of SGA calculations including the amplitude tuning for
the population size equals 32, 16 and 8 is presented, respectively.

Table 3.5: SGA dominant mode identifications - Noise = 0%

RMode IMode A[mm] 0J6A[%] Cp[%] CPUs[s] CPUi6[s] CPUgs]

11 11 7.0 0.0 0.36 19.7 16.2 9.2
12 12 7.1 1.4 2.50 56.6 14.6 14.7
13 13 7.2 2.8 2.85 37.8 14.3 58.2
21 21 7.1 1.4 0.37 10.2 19.3 18.7
22 22 7.9 12.9 2.46 14.8 10.1 7.2
23 23 7.8 11.4 5.32 75.6 16.1 52.4
31 31 7.1 1.4 0.48 75.5 84.4 12.3
32 32 7.6 8.6 2.42 20.2 67.4 13.3
33 33 7.6 8.6 6.41 20.3 89.9 36.1
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Table 3.6: SGA dominant mode identifications - Noise = 5%

RMode IMode A[mm] 6A[%] Cp[%] CPUsy[s] CPUg[s] CPUg[s]
11 11 7.0 0.0 2.28 19.7 16.2 9.2
12 12 7.1 1.4 3.24 102.8 14.6 14.7
13 13 7.2 2.8 2.95 65.9 14.3 58.1
21 21 7.1 1.4 1.81 10.2 19.3 18.7
22 22 8.1 15.7 2.80 14.2 9.5 7.8
23 23 7.9 12.9 6.32 94.1 46.6 52.1
31 31 7.2 2.8 2.32 19.2 61.9 57.8
32 32 7.5 7.1 2.98 19.9 43.9 13.6
33 33 7.6 8.6 5.85 20.3 87.3 36.1

Table 3.7: SGA dominant mode identifications - Noise = 10%

RMode IMode A[mm] 6A[%] Cg[%] CPUs[s] CPUig[s] CPUg[s]
11 11 7.1 1.4 4.91 19.6 15.4 14.7
12 12 7.0 0.0 5.09 47.8 16.0 12.8
13 13 7.3 4.3 4.80 38.0 14.8 58.6
21 21 7.2 2.8 3.56 9.9 24.2 32.8
22 22 8.0 14.3 5.15 14.5 10.0 7.5
23 23 7.9 12.9 7.13 130.8 69.0 28.7
31 31 6.8 -2.8 2.54 57.6 35.9 13.2
32 32 7.2 2.8 4.18 19.1 23.8 14.5
33 33 7-5 7-1 595 20.0 80.7 40.3

The results show that all performed SGA simulations were positive with a correct
identified dominant mode. The elevation amplitude is estimated quite good (relative
amplitude error A < 3%) for interfaces described by modes with spatial frequency
spectra lying under Nyquist frequency (Section 3.3.1.), i.e., by modes %11, 713, 7113, 121,
and 731. For interfaces described by remaining modes, found elevation amplitude is
over-estimated which is, in fact, not so critical as the under-estimation. The correlation
can also be observed between cost-functions values and the applied noise level, i.e.,
higher noise level results in higher minimum cost-functions values. Roughly, it can be
said that the minimum values of the cost-function are equal to about 50% of the noise
level for most identified dominant modes. However, this conclusion is only true for

noisy signals in the presence of white noise.
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Several other probability values of mutation and crossover have been tested with the
elitism switched on or off. For the analyzed problem, the most significant was a suit-
able choice of the mutation probability. If the mutation probability is not big enough
the diversity of genomes in successive generations is too small especially concerning
mode indexes and results in a false dominant mode identification. Choosing the mu-
tation probability according criterion: p,, = 1/L, where L is the bit length of used
genomes, was the best choice. The choice of the crossover probability is less critical.
It affects only the calculation time but not the correct identification of the dominant
mode. Switching off the elitism, i.e., switching of the propagation of the best genome
to the next generation has similar effect.

The analysis of the influence of the population size on the calculation time (CPU)
shows that using criterion (3.49) provides over-estimated population size. In the ana-
lyzed problem, the population size can be chosen even 4 times smaller maintaining the
positive identification of the dominant mode and reducing the calculation time. An av-
erage execution time of one identification of the interface dominant mode is calculated
as the average time of all performed simulations (Noise = 0,5,10%) and is equal to
39.0, 34.6, and 28.0s for Ny, = 32,16, and 8, respectively.

Using in the SGA only B, component of the magnetic flux density instead of two
components (B,, B;) does not change significantly the results presented in the above
tables. Only minima of cost-functions reach smaller values which is obvious if you
look at the position of the sensor ring located at z = 0. At this position, B, component
is much greater than B, one (see Fig. 3.11), which means, its contribution to the cost
function (3.48) is dominant. Thus, if the sensor ring is located at z = 0, it is enough to
use only radial component of the magnetic flux density for identifying the dominant
mode in the oscillating interface.

The presented implementation of the identification of the dominant mode in the os-
cillating interface has one restriction: the exact azimuthal position of the sensor ring
in relation to the cylinder cell coordinate system has to be known. In numerical simu-
lations, this is not a problem because the correct position of the sensor ring according
to the simulated signals can always be set. However, in a real experiment it is not so
easy to find the precise azimuthal position of the sensor ring. Genetic algorithm makes
it possible to find the solution to the problem of finding the azimuthal position of the
sensor ring in a quite simple way. Simply, the actually used genome has to be expanded
about one additional parameter with the information about the azimuthal position of
the sensor ring. For this purpose, the binary string of encoded azimuthal angle with a
length of 4 bits is added to the actual genome. The range of azimuthal angles is set to
[0,45°] which covers the angular distance between two successive sensors on the sensor
ring with an angular resolution da equals 3°.

Table 3.8 presents sample results of identifications of dominant modes for simulated
noisy magnetic flux density signals (Noise = 5%) calculated for the azimuthal position
of the sensor ring equals xg = 20°. The modified SGA described above has been applied
with the following parameters: N,y = 8, p = 0.2, pc = 0.8, and Ng.; = 50. In the
column «, the azimuthal positions of the sensor ring found by the modified SGA are
given.
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Table 3.8: SGA identifications - unknown azimuthal position of sensors - Noise = 5%

RMode IMode A[mm] «[°] Cp[%] CPUgls]

11 11 7.0 21.0 177 30.0
12 12 7.1 21.0  4.00 51.6
13 13 7.3 21.0 3.88 120.7
21 21 7.1 21.0 278 31.0
22 22 7.3 21.0  4.30 56.2
23 23 7.7 18.0 9.25 120.5
31 31 7.1 21.0  5.09 118.8
32 32 7.5 21.0  4.88 73.1
33 33 7.3 21.0 8.39 120.8

All found azimuthal angles are close to the reference angle ¢y = 20° within the accu-
racy of the azimuthal angle resolution éa = 3°. The average identification time is equal
to about 80s which is almost 3 times longer than the average time of identifications
with known position of the sensor ring.

So far, after the SGA, the simple direct search method is additionally applied for
the amplitude correction to find the amplitude with the minimum cost function (3.48).
However, this procedure is not effective if the azimuthal position of the sensor ring
is unknown. To improve the identification quality in a better way, the SGA has to be
applied once more. It is enough to modify the structure of the genome, because in the
second SGA run, the dominant mode is already known. Additionally, the resolution of
searching parameters can be improved by narrowing ranges of the searching amplitude
and the azimuthal angle. The genome consists now of two binary strings with the
length of 4 bits each corresponding to the amplitude and the azimuthal angle. The
ranges of parameters can be selected on the basis of identification results and set to
[6.5mm, 8 mm] and [18°,20°] for the amplitude and the azimuthal angle, respectively.
Narrowing SGA search scopes results in better resolution of sought parameters, i.e.,
0A = 0.05mm and da = 0.2°.

Table 3.9 presents results of amplitude and azimuthal position searching for sample
set of oscillating interfaces with added 5% white noise using the above formulated
SGA. It can be observed that all cost functions reach smaller values than in Table 3.8.
For almost all modes, the rule saying that in the presence of white noise minimal
values of the cost function are equal about 50% of the introduced noise can be applied.
It can also be noticed that found amplitudes remain almost unchanged compared to
the previous implementation of SGA whereas the azimuthal angles are closer to the
reference azimuthal position of the sensor ring (xg = 20°).
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Table 3.9: Precise SGA identifications of amplitude and azimuthal angle - Noise = 5%

IMode A[mm] a[°] Cp[%] CPUg]s]

11 7.0 20.8  1.68 7.8
12 7.1 20.2  3.05 119.6
13 7.3 202 278 117.6
21 7.1 20.2  1.04 16.9
22 7.5 19.8 232 117.1
23 7.5 19.8 8.16 115.0
31 7.1 20.2  1.96 16.2
32 7.5 200 1.81 7.4
33 7.3 20.0 5.81 116.6

Parameters of test signals and signals found by the SGA together with the corre-
sponding cost functions are presented in Table 3.10 to explain why the precise SGA
finds other values than the reference parameters Ap and «. Test signals are simulated
for exactly the same parameters as in the case of reference signals using like in the SGA
reduced finite element meshes (dr = 3mm, Ng; = 16). Reference signals are calculated
using fine finite element meshes (dg = 1mm, Ng; = 50). As it can be seen, the values
of the cost function C? are greater than zero for all test signals. This is the result of
using different numerical models for the test and the reference signals. Since SGA is
seeking for the minimum of the cost function, found combination of the interface am-

Table 3.10: FEM models - comparison of cost functions - without noise

Mode Test SGA
Aglmm]  «ap[°] Cg [%] Almm] «a[°] Cp[%]
11 7.0 200  0.37 7.0 200 0.37
12 7.0 200  3.24 7.1 202 2.62
13 7.0 20.0 5.52 7.3 20.2 2.84
21 7.0 20.0 1.14 7.1 20.0 0.26
22 7.0 200  3.57 7.4 19.8 141
23 7.0 20.0 9.85 7.6 19.2  7.36
31 7.0 20.0 1.82 7.1 20.0  0.44
32 7.0 200  3.63 7.6 20.0 2.21
33 7.0 20.0 6.35 7.4 19.8  5.64
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plitude and the azimuthal position of the sensor ring ensures that the corresponding
cost function is lower or at least equal to CIO:. Of course, if the resolution of the searching
process is small enough. However, this does not mean that the found combination must
be exactly the same as the combination applied in simulations of reference signals. In
summary, it can be concluded that both the amplitude of the identified dominant mode
and the azimuthal position of the sensor ring are determined fairly accurately despite
of quite different numerical models used in the SGA and reference simulations.

Finally, the following three step strategy for the identification of the dominant mode
identification in the oscillating interface between two conducting fluids by means of
the simple genetic algorithm can be formulated:

1. Run SGA with the predefined genome and seeking parameters to identify the
dominant mode.

2. Fix the found dominant mode, reduce the genome, and set new seeking parame-
ters using rough results from the previous step.

3. Run SGA once more to find the accurate amplitude and the azimuthal position
of the sensor ring.

At the end, it can be concluded that applied simple genetic algorithm accurately
identifies dominant modes in the oscillating interface but the execution time of a single
identification is relatively long.

3.3.3. DIRECT SEARCH METHOD

In this section, the direct search method (DS) adjusted to the identification of the dom-
inant mode in the oscillating interface is presented [157]. For the known azimuthal
position of the sensor ring relative to the oscillating interface, the idea of the direct
search method is quite simple. First, a pool of interface dominant modes which should
be analyzed has to be defined, e.g. {r;;:i =1...M,j =1...N}, where M and N are
the highest available azimuthal and radial mode indexes, respectively. Next, a range of
possible amplitudes of the oscillating interface has to be determined: A € (A, Amax)-
At the end, for every mode from the pool, the minimum of the cost function defined by
(3.48) is searched in the predefined amplitude range using the golden section search
[6, 68]. The golden section search is a technique which enables to find the extremum
of a unimodal function of one variable by successively narrowing the intervals inside
which the extremum is known to exist. Its name comes from the fact that the algorithm
maintains the function values for triples of points whose distances form a golden ratio.
After evaluation of all modes from the pool, the global minimum of all found cost func-
tion minimums is searched. The found global minimum defines the dominant mode
of the oscillating interface and its amplitude. A straightforward implementation of this
algorithm results unfortunately in longer execution times comparing to the SGA proce-
dure presented in the previous section. The algorithm can be easiely accelerated after
analyzing the typical distribution of the cost function (3.48) for all modes from the pool
versus amplitudes of interface oscillations (Fig. 3.21). Instead of immediate searching
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Fig. 3.21: Distribution of cost function for various interface modes versus amplitude

for the minimum of the cost function for all modes from the pool in the given range
of amplitudes, the values of cost function Cry are calculated for one predefined value
of the amplitude only, e.g. for the lower limit of the amplitude range (see red line in
Fig. 3.21). All calculated Cp( values are stored in a vector V. Then, using the vector V,
modes from the pool are sorted in ascending order by placing at the first position of
the list the mode with the smallest cost function (V; : #un — min Cpp). Having sorted
modes, for every mode from the list, the search for the minimum cost function can be
started in the given range of amplitudes using the golden section approach (Fig. 3.22).
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Additionally, using as a termination criterion the cost function threshold value Cgh
below which the process of scanning over modes should be stopped, a modified di-
rect search algorithm (MDS) is obtained. The MDS performance is in most cases much
faster than the simple DS version. Selection of the appropriate value of Cgh is impor-
tant because if the threshold value is too small the process will not be interrupted and
in consequence the entire list of modes will be searched. In turn, the MDS process of
finding of the dominant mode will not be accelerated. For simulated signals, the choice
of the threshold is quite obvious because as it was stated in the previous section, the
cost function values are correlated with the noise and it is enough to accept the value
of the added noise level as the threshold value C;h. In the case of measurement signals,
the choice is not so obvious and usually requires a few additional simulations in order
to find its proper value.

Tables 3.11, 3.12, and 3.13 show sample test results of dominant mode identifica-
tions in the oscillating interface by means of the MDS algorithm with the cost function
threshold equals Cgh = 10 %. As the reference data, the simulated magnetic flux
density signals are used. The signals are calculated by means of FEM at the sensors
located on the sensor ring using the same model of the cylindrical cell as presented
in the previous section and applying the fine FE mesh (dg = 1mm). For all simula-
tions, the azimuthal position of the sensor ring is set to ap = 0° while the amplitude
of the oscillating interface is set to Ay = 7mm. In all tables RMode gives the reference
dominant mode in the oscillating interface simulated by the fine finite element model
whereas IMode is the identified dominant mode. A is the amplitude of the dominant
mode found by the MDS and éA denotes the relative error of the estimated amplitude
calculated as: A = 100%(A — Ap)/ Ap. Results of all identifications found with the
MDS are the same as the results received by means of the simple genetic algorithm
described in the previous section (see Tables 3.5, 3.6, and 3.7 for comparison). From
average computation time for both methods, it can be noticed that the modified direct
search procedure is about 35% faster than the simple genetic algorithm.

Table 3.11: MDS dominant mode identifications - Noise = 0%

RMode IMode A[mm] 06A[%] Crp[%] CPU[s]

11 11 7.03 0.38 0.09 11.8
12 12 7.06 0.93 2.42 11.9
13 13 7.21 2.95 2.85 21.8
21 21 7.07 1.04 0.08 11.8
22 22 7.93 13.22 2.46 11.8
23 23 7.84 11.96 5.30 24.3
31 31 7.13 1.88 0.19 11.7
32 32 7.62 8.86 2.42 11.7
33 33 7.56 8.02 6.40 15.9
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Table 3.12: MDS dominant mode identifications - Noise = 5%

RMode IMode A[mm] J6A[%] Cp[%] CPU[s]

11 11 6.99 -0.10 2.28 11.8
12 12 7.14 2.00 3.16 12.1
13 13 7.18 2.59 2.93 21.9
21 21 7.05 0.74 1.69 12.0
22 22 8.14 16.27 2.80 11.9
23 23 7.90 12.92 6.32 24.4
31 31 7.20 2.84 2.32 11.8
32 32 7.51 7.24 2.98 11.8
33 33 7-56 795  5.83 16.0

Table 3.13: MDS dominant mode identifications - Noise = 10%

RMode IMode A[mm] J6A[%] Cg[%] CPU[s]

11 11 7.05 0.74 4.87 12.0
12 12 6.98 -0.29 5.08 12.1
13 13 7.27 3.84 4.76 21.9
21 21 7.17 2.48 3.54 11.9
22 22 8.04 14.84 5.15 11.9
23 23 7.88 12.62 7.13 24.6
31 31 6.85 -2.20 2.46 11.8
32 32 7.18 2.52 4.18 11.8
33 33 7-46 6.54 593 16.1

The MDS operates correctly only when the relative azimuthal location of the sensor
ring in a relation to the coordinate system with the oscillating interface is known. If
this location is unknown, the identification of the dominant mode in the oscillating
interface usually fails, often leading to wrong mode recognition and wrong amplitude
estimation. Generally, the elimination of this limitation in a signal domain is compli-
cated and time consuming, so that the MDS method ceases to be competitive in relation
to SGA. However, for a certain class of signals this limit can be relatively easy removed
if the analysis is switched to the spatial frequency domain (see Section 3.3.1.) because
the amplitude spectra of signals are insensitive to the angular shift of signals (shift
theorem of Fourier transform [14]).

Further, the analysis is restricted to the class of signals which can be perfectly re-
constructed from the Fourier spectrum calculated for N; sensors (Section 3.3.1.). Some
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additional signals with Fourier spectra significantly below the Nyquist frequency have
also been added to this class, although the perfect reconstruction is not possible for
them. For the system consisting of 8 sensors (Ns; = 8), this class contains signals cor-
responding to the following modes: ;; € {1711, 12, 713, 122, 731, 1121, 33} (see Fig. 3.19
and 3.20).

To apply effectively the MDS in the spatial frequency domain the cost function (3.48)
has to be redefined by introducing directly the amplitude spectra of signals instead of
the signals themselves. The following spectral cost function Cr is introduced:

o
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where |BL| and |B’,| are amplitudes of i’ harmonics of measured and reference signals,

respectwely.

Tables 3.14, 3.15, and 3.16 show results of the dominant mode identifications by
means of the modified direct search algorithm using amplitude spectra of signals
(MDS-AS) performed for unknown azimuthal positions of the sensor ring. In calcu-
lations of the reference signals, the same FEM model of the cell as described above
is used under assumption that the azimuthal position of the sensor ring is shifted by
an angle ag = 20° relative to the coordinate system of the oscillating interface. Noisy
signals are created by adding to original signals a pseudo-random white noise of the
level No,.

It can be noticed that in all simulations the dominant mode is correctly identified. In
most cases, the amplitude of the oscillating interface is found with the error /A less
than 10% and is usually overestimated. The largest amplitude errors occur for signals
for which it is not possible to determine the correct amplitude spectrum, i.e., for signals
corresponding to modes #3; and 733.

Table 3.14: MDS-AS identifications - unknown azimuthal ring position - Noise = 0%

RMode IMode Almm] 0J6A[%] «f°] Cr[%] CPU[s]

11 11 7.03 0.38  20.0 0.10 8.9
12 12 7.06 0.93 19.9 2.54 8.9
13 13 7.21 2.95 19.9 3.04 14.0
21 21 7.04 0.60 199 2.45 8.9
31 31 7.13 1.86  20.0 0.20 8.7
32 32 7.61 8.75  20.0 2.15 8.8
33 33 7-55 790 200 571 13.0
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Table 3.15: MDS-AS identifications - unknown azimuthal ring position - Noise = 5%

RMode IMode A[mm] 6A[%] «f°] Cp[%] CPU[s]

11 11 7.03 0.49  20.7 0.56 8.9
12 12 7.02 0.33  20.2 1.82 8.9
13 13 7.24 3.48  20.0 2.43 18.8
21 21 7.05 0.67  20.2 2.73 8.8
31 31 7.10 1.38  20.1 1.74 8.7
32 32 7.54 7.65  20.2 1.43 8.8
33 33 7.50 7.20  20.1 5.64 12.9

Table 3.16: MDS-AS identifications - unknown ring position - Noise = 10%

RMode IMode A[mm] 6A[%] «f°] Cp[%] CPU[s]

11 11 7.04 0.60 207 2.64 8.9
12 12 6.95 -0.65  20.6 2.59 8.9
13 13 7.26 3.73 199 4.70 14.0
21 21 6.98 -0.33  20.2 4-44 8.9
31 31 6.92 -1.10  20.6 2.47 8.7
32 32 7.80 11.37  20.2 1.27 8.8
33 33 7-50 713 199  6.36 13.0

The use of MDS-AS allows also to find easily the azimuthal position « of the sen-
sor ring. The azimuthal position of the ring is simply equal to the subtraction of
the phase shifts corresponding to the main Fourier harmonics found for the iden-
tified and the input signals. The phase shift « of the i" harmonic is calculated as:
a = arctan(S(BL)/R(B.)) using imaginary J(B.)) and real R(B.)) part of the har-
monic B! found during the spatial Fourier transform of the signal. It can be observed
that all azimuthal positions of the sensor ring estimated in that way are close to the
reference position equals 20°.

It is also noteworthy that the average identification time using the MDS-AS equal to
10.5s is about 30% shorter than for the MDS (14.8 s).

In summary, it can be concluded that the direct search methods for problems with
relatively small search space are tools that can be a competitive alternative to stochastic
methods in terms of computation time.
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3.3.4. CROSS-CORRELATION APPROACH

In this section, the approach using the cross-correlation of signals (CC approach) dur-
ing the identification of dominant mode in the oscillating interface is presented [151].

The cross-correlation (CC) is a measure of similarity of two waveforms as a func-
tion of a shift applied to one of them. It is also known as a sliding dot product or
sliding inner-product. The cross-correlation is commonly used for searching a long-
duration signal for a shorter, known feature. To characterize a correlation between two
discrete data sets x = {x1,...,xy} and y = {y1,...,yn} usually the linear correla-
tion coefficient 7 (also called the product-moment correlation coefficient, or Pearson’s
r coefficient) is used [111]:

Ly (xi = %) (yi — 7)
\/Zl 1(xl_x \/Zz l (3‘51)

where ¥ and ¥ are the mean values of the x and y respectively.

In the identification of the dominant mode, the cross-correlation applied to signals
defined in a spatial domain around the cylindrical cell is used. The spatial shifting of
signals is realized using their azimuthal periodicity. The cross-correlation is calculated
between the signal produced by the analyzed interface and all reference signals col-
lected in a pre-defined database. The database should contain signals corresponding
to all possible dominant modes which can be expected in the oscillating interface, i.e.,
{nii=1...M,j=1...N}. As before, the signals correspond to the maximum eleva-
tion of the interface. For every mode from the database, the reference signals are cal-
culated using a grid of virtual sensors regularly distributed around the cell (Fig. 3.23).
The number of virtual sensors equals Ny in one grid row is not limited by the possi-
bility of their physical implementation, so its choice should give signals with a high

Virtual sensors 36OX41

y
—

T x B, B. x T
A=7mm X x A=7mm

Fig. 3.23: Distribution of virtual sensors around the cell (360 x 41) and magnetic flux density
components (B;, B;) calculated for the interface mode 7, and amplitude A = 7mm
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spatial resolution to enable precise azimuthal localization of shifted signals. In this case,
the number of virtual sensors is defined as Ny = 360 what provides the resolution of
shifting signal equal to Ax = 1/Ny = 1°.

The grid of virtual sensors should cover the interval of possible z-positions of the
measuring system allowing its exact localization in the z-direction, which determines
the number of grid rows Ng. In the implemented system, the range of z-positions
of the sensor grid is set to z €< 10mm,90mm > and the number of rows is equal
to Ng = 41 which provides the resolution of the identification of the measurement
system z-position equals Az = 2mm.

Having the grid of virtual sensors, signals corresponding to all modes 7;; in the
database are calculated using amplitudes from a predefined range < A, Amax >
and assumed amplitude resolution AA, e.g. Ay = 2mm, Ay = 16 mm, AA = 1mm.
The number of various amplitudes N4 ascribed to every mode in the database is equal
to Ny = (Amax — Apin) / DA+ 1.

Figure 3.24 shows distributions of B, and B, components of the magnetic flux den-
sity around the cell calculated for sample interface modes 717 and %1, and various
amplitudes using the grid of virtual sensors defined above, i.e., Ny x Ng = 360 x 41.
It can be noticed that field distribution patterns vary considerably with the increase of
the oscillation amplitude, especially for modes with higher radial indexes.

In the first step of the cross-correlation approach, the index ng of the row with Ny
sensors is localized in the virtual grid for which the position z, is the closest to the
actual position of the measurement ring (zp):

1o — minV,—1_ N |20 — 20| (3-52)

In the second step, for every mode 7 = {5;; : i = 1...M,j = 1...N} and every
amplitude A = {A; 1k =1...N,} from the database, the virtual signals SV = {SY,i =
1...Ny} located at the row ng are extracted. If z, # zp, the linear interpolation of
signals from adjacent rows is used, i.e., rows ng and ny — 1 for z, > zj, or rows ny and
ng + 1 for z,; < zo.

Next, for every signal found in the second step, the azimuthal shift angle a;, =

(m)

mAw is searched ensuring the maximum value of the linear correlation coefficient r; ik

between the measured signal S = {S;,i = 1...Ns} and the shifted database signal
Sy, = {SV,i=1+m...Ny +m}, where m = 0...Ny (Fig. 3.25). Cross-correlation
(m)

coefficients 7; ik are calculated according to (3.51) using independently radial and axial
l(]’/’;{) = ri(jlj;c) |7’ : ri(jlj;c) |Z‘

All found maximums of cross-correlation coefficients together with the correspond-
ing mode index, the amplitude and the shift angle are stored in a structure C of size
M x N x Nj. At the end, the structure C is sorted in a descending order using CC
coefficients. As a final result, the mode with the highest value of the cross-correlation
coefficient is given at the first position of C. This mode defines the signal from the
database best matching to the measured signal together with its amplitude and the
relative shift angle.

components of magnetic flux density signals as: r
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30 6
[nT] || —(1) Br, mode 12, 360VS P

---(2) Br, mode 12, 360VS, a=20"
-e-(3) Br, mode 12, measured

20 -

S1 eZ

r,,(9=0.83874
r,,¥=1.00000

Fig. 3.25: The principle of matching signals using cross-correlation coefficient: (1) signal corre-
sponding to the mode 71, and amplitude A = 7mm read from the database, (2) best suited
signal - signal (1) shifted by & = 20°, (3) signal measured using 8-sensors system. CC calculated
between signals (1) - (3): r%—s) = 0.83874, and between signals (2) - (3): rg_3) = 1.00000
Unfortunately, the use of cross-correlation coefficient only in the identification of
dominant mode in the oscillating interface with 8 sensors does not always ensure
the correct identification of the dominant mode, especially for interfaces defined by
higher dominant modes. For example, let the signal S = {S;,i = 1...8} be produced
by the interface described by the dominant mode #3 oscillating with the amplitude
A = 7mm and simulated using the fine FEM model (dg = 1mm). The sensor ring is
placed at zg = 50 mm and rotated in the azimuthal direction about angle & = 20°. The
cross-correlation coefficient of this signal and the signal corresponding to the mode
23 (amplitude A = 7mm, shift angle « = 20°) stored in the database is equal to
ro3 = 0.97512. In this case, the cross-correlation coefficient is not equal to 1.0 because
signals in the database are calculated using different FEM models, namely fast FEM
models (dg = 3mm). The CC coefficient of the signal S with the signal from the
database corresponding to the mode 7, oscillating with the amplitude A = 11mm
and shifted by the angle & = 110° is equal to ryp = 0.99857, which is greater than in
the previous case (Fig. 3.26). This means that during the identification process the false
mode %2 must be selected instead of the correct one #,3 because its correlation with the
measured signal is higher! Additionally, it should be noticed that the cross-correlation
coefficient is insensitive to absolute amplitudes of signals (compare signals in Fig. 3.26)
what prevents the accurate identification of the amplitude of oscillating interface.
Problems mentioned above can be eliminated by increasing the number of sensors
on the sensor ring. This results in the more accurate description of signals used during
the identification. However, it is difficult to realize this approach in practice because
of a small radius of the cylindrical cell (R = 25mm) and the actual physical sizes of
sensors. An alternative way consists in adding a second co-axial sensors set parallel to
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30 _ _9(n°
e (1) Br, m23, A=7mm, =20
---(2) Br, m22, A=11mm,@=110°
20 -~ |-e-(3) Br, m23, measured,=20° | /",
0
_10 Bl

-20 -

0
M2

r,s% = 0.99855

(a) By component.
4

(1) Bz, m23, A=7mm,x=20°
---(2) Bz, m22, A=11mm,«=110°| ,.
/' |-8~(3) Bz, m23, measured,@=20°

(r,,)=0.99892
-4

r,st = 0.97653

(b) B, component.

Fig. 3.26: Example of false interface identification using the CC coefficient: (1) signals for the
interface mode 753, A = 7mm, and a = 20°, (2) signals for the interface mode 7, A = 11 mm,
and & = 110°, (3) measured signals for the interface mode 773, A = 7mm, and a = 20°. Signals
(1) and (2) are calculated using FEM models with dg = 3 mm, while signals (3) with dg = 1mm.

Found false mode 5 corresponds to 1y = ng"%z = 0.99857 > ry3 = r(2)3r%3 = 0.97512

the first one and shifted in z direction by distance Az. The choice of Az is significant
because the distance Az cannot be too small due to the construction limits and also not
too big due to the limited sensitivity of applied sensors. Choosing Az
good compromise as it is shown in [151].

10mm is a
Other approach for evaluation of database signals is to use cost functions (3.48) calcu-

lated for all signals stored in the structure C instead of CC coefficients directly. In this
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case, calculation of cost functions is not so time consuming as in the previous methods
because the signals already stored in the database are used and accordingly, there is no
need to use FEM for their estimation. Using evaluated cost function values,the vector
C is searched for the minimum of the cost function. The found minimum determines
the dominant mode in the oscillating interface.

Tables 3.17 and 3.18 show dominant mode identifications results obtained by the
cross-correlation approach using cost functions validation. Noisy test signals (noise
level 10%) for appropriate modes were simulated assuming that the amplitude of oscil-
lating interface is equal to Ag = 7 mm. Azimuthal positions of the sensor ring are set to
a = 0° (Table 3.17) and to & = 20° (Table 3.18). It can be observed that for all cases the

Table 3.17: CC dominant mode identifications - Noise = 10%

RMode IMode A[mm] 06A[%] r Cr[%] CPU[s]
11 11 7.04 0.56 0.998135 4.87 3.7
12 12 7.00 0.00 0.998192 5.09 5.0
13 13 7-19 2.71  0.997657 499 49
21 21 7.12 1.68 0.998793 3.60 4.7
22 22 8.00 14.29 0.996398 5.15 4.7
23 23 8.00 14.29 0.917502  11.72 4.7
31 31 6.90 -1.37 0.998229 2.61 3.9
32 32 7.21 2.96 0.980606 4.00 3.8
33 33 7-33 4.70 0677485  7.07 3.9

Table 3.18: CC identifications - unknown azimuthal ring position - Noise = 10%

RMode IMode A[mm] J6A[%]  «f°] T Cr[%] CPU]Js]
11 11 7.03 0.39 20.0 0.998196 4.48 3.7
12 12 7.00 0.00 20.0 0.998108 5.45 4.5
13 13 7.25 3.55 20.0 0.997227 6.41 44
21 21 7.02 0.25 20.0 0.998939 3.63 3.9
22 22 7.57 8.11 20.0 0.997921 4.58 3.9
23 23 7.61 8.72 18.0 0.979056 8.53 3.9
31 31 6.95 -0.73  20.0 0.997758 4.22 3.9
32 32 7.88 12.62 20.0 0.987221 3.42 3.8
33 33 7-48 6.80 -39.0 0.664594  10.45 3.9
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dominant mode is correctly identified (RMode = IMode). Amplitudes of modes lower
than mode 77, are found with the relative error /A less than 4%. Errors for amplitudes
of other modes (> 772;) are higher but less than 15%. The amplitudes of all modes, with
the exception of the mode 713, are overestimated.

CC coefficients for all but one identified interfaces are high (r > 0.98). Only for the
interface described by the mode 733, the CC coefficient is relatively small and equal to
about 0.7.

Identification of unknown azimuthal sensor ring positions is mostly correct, except
the mode #33. Calculated values of the cost function fluctuate around 5%, excluding
the modes 723 and #33, for whom they are about 50% higher. A similar trend can be
observed in the case of methods already presented, see Table 3.8 for SGA and Table 3.13
for MDS.

Average time to identify the dominant mode using CC approach with cost function
validation is 4.0s, which is the best time of all the previously presented methods. This
leads to the conclusion that although the CC require pre-build database (relatively
time-consuming), in the identification phase, this method is a competitive alternative
to MDS-AS.

3.4. SUMMARY

In this chapter, the problem of the interface identification between two stationary os-
cillating immiscible conducting fluids placed in a cylindrical cell and supplied with
direct current has been presented. A simplified model of the interface based on eigen
#-modes concept has been introduced. Magnetic field around the cylindrical cell with
fluids has been calculated using the Biot-Savart law and approximate analytical method
for a determination of current density distribution flowing in the cell. The found an-
alytical description of current density in the cell has been verified with FEM using
commercial and self-developed software (COMSOL®, TFEM3D). TFEM3D has been
specially optimized to solve the problem fast and reliable. It includes a fast FEM mesh
generator as well as some iterative solvers from SLATEC library.

Based on the magnetic field tomography concept the inverse problem of the inter-
face reconstruction has been formulated. The inverse problem presented here has been
restricted to the interface dominant mode identification only. It can be treated as a first
stage for the full interface reconstruction. Magnetic signal profiles used in the identifica-
tion process have been presented and limits of the implemented measurement system
have been discussed. Three methods for the interface dominant mode identification
have been introduced. The first method applies a simple genetic algorithm (SGA). The
second one uses a modified direct search approach (MDS) and MDS associated with
amplitude spectra analysis (MDS-AS). The third one employs the cross-correlation co-
efficient and the cost function validation together with solutions located in the pre-
build database (CC). All three methods have been described in details and tested on
simulated noisy data. Intentionally, the validation of the methods with measurement
data is not presented here because its correct presentation demands also description
of methods which are not strictly connected with field computation, e.g., signal data
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processing, analysis of measurement system, etc. But this is out of scope of this mono-
graph. In fact, the validation has been performed resulting in the positive evaluation
of the proposed methods.

There are a number of publications written by a group with whom the author
worked associated with the content of this chapter which can be considered as its
supplement. The list (except publications already cited) sorted by date of publication
is as follows: [19] forward simulations (FEM), [155] interface reconstruction (GA), [77]
interface reconstruction (GA, FEM), [21] MFT - test experimental setup, rotating cylin-
der, electrolyte - metal interface, [80] rectangular aluminum cell, stability analysis, [91]
measurements, test rotating distorted electrolyte - metal interface, [20] interface iden-
tification, improved GA, dominant mode, [158] interface reconstruction, modified GA,
[149] experimental setup, feed electrode shape influence, [150] experimental setup,
feed-wire problem, [89] experiment, reconstruction, mode 711, [65] aluminum reduc-
tion cell, magnetic field profile, [78] evolution strategy, realistic post-processing, [115]
MEFT - experiment, mode 17711, [79] regularization technique, experimental data , [90]
MEFT - experiment, [152] MFT - system calibration, simulations, validation with experi-
ment.



SEMI-ANALYTICAL METHODS IN LORENTZ FORCE EDDY
CURRENT TESTING

4.1. INTRODUCTION

Lorentz force eddy current testing (LET) is a nondestructive technique which can be
applied to systems where the source of magnetic field (e.g. permanent magnet) and
the investigated conducting object are in relative movement. In such systems, due to
induced eddy currents, a braking force (Lorentz force) acting on a conducting object
appears. In LET, instead of measuring directly this force, the force having the same
magnitude but opposite direction exerted on a permanent magnet is measured. LET
can be applied to e.g. contactless velocity measurements in metallurgy [123], deter-
mination of conductivity [127], and detection/reconstruction of defects in conducting
materials [105]. Numerical simulations of LET (forward and inverse) require precise
calculations of forces existing in the LET system. In this chapter, some analytical and
semi-analytical techniques applied to LET simulations are presented in details.

4.1.1. MOVING COORDINATE SYSTEMS - TRANSFORMATIONS

The principal postulates of special relativity are as follows [63]:
* postulate of relativity, the laws of physics are the same in all inertial systems,

* postulate of a universal light speed, the same speed of light is measured in all inertial
systems.

Two inertial systems are considered, namely, stationary system O (reference frame)
with coordinates (x,y, z, t) and the moving system o (moving frame) with coordinates
(«,y',2/,1'). The system O’ moves with a constant velocity v relatively to O (Fig. 4.1).
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vi

\/

0’ x’
0] X

Fig. 4.1: The relative motion of two inertial systems

According to the first postulate, for problems when the displacement current (0D /9t =
0) can be omitted, quasi-static magnetic Maxwell’s equations take in both systems the
following forms:

Reference frame O Moving frame O’
VxH=] V' xH =]
V-B=0 V B =0
V:]=0 V-7 =0

0B ;o OB

VxE= 5 V' 'xE = a7

B = uo(H+M) B’ = po(H' + M) (4.1)
where
0 d d , 0 d d
V —_— alx + @1y + glz, V — axllx/ + aylly, + azllzl

From the second postulate, the Lorentz transformation of time and space coordinates
is obtained as:
v-r

V=q(t-%5) (42)

Cc
' =(r—vt) (43)
where
v P 4'4

and c is the speed of light in a vacuum. Taking into account v < ¢, (4.4) can be written
as

p~0, g1 (4:5)
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and, in consequence, the Lorentz transformation reduces to the Galilean transforma-
tion:

t =t (4.6)
¥ =r—vt (4.7)

It is necessary to find transformations between both inertial systems for the field
equations (4.1) corresponding to the Galilean transformation (4.6) - (4.7) [135], [69],
[42]. Considering the scalar function f'(x',y/,z/,t') defined in the system O’, spatial
partial derivatives can be calculated as follows:

af _af' ox’ _ of'
o oroxr  ax 48)

Using (4.8), the following relation between nabla operators is received:

V'f =Vf (4.9)
The time derivative of f’ is calculated using a chain rule as:

off _offof of'ax’ of oy’ of oz _

ot ot ot ox' ot dy ot 9z ot
_of o afaf

“or  Taw T Yoy T Uor T
a !
Y (v-V)f (4.10)

- oot
Applying (4.9), (4.10) can written as

% = %—F(V-V)f’ (4.11)

For vector functions, similar expressions can be derived. Let F(x’,y/,2/,t') be a vector
function in the O’ system. It is easy to show that

V' -F=V.-F (4.12)
and

V' xF =V xF (4.13)
For the time derivative, the following relation is valid:

oF oF
a5 = TV V)F (4.14)

Using (4.12), (4.13), and the vector identity:

Vx(AxB)=(B-V)A— (A-V)B+A(V-B)—B(V-A) (4.15)
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The equation (4.14) can be rewritten as

oF  oF , /
W_W_FV(VF)_VX(VXF) (416)
Finally, introducing (4.12), (4.13), and (4.15) into (4.1) for the moving frame O’, the
following set of equations is received:

VxH =7,
V-B' =0,
V. =0,
B/
Vx(E—-vxB)= faa—t (4.17)

Comparing (4.1) with (4.17), the following field transformations can be found:

H =H,

B’ =B,

E=E+vxB,

) =] (4.18)

The transformation for the magnetization density vector takes the form:

M =M (4-19)
The Ohm law has to be written as

J=0(E4+vxB) (4.20)

It can be concluded that this law applies to any frame of reference that moves across
magnetic flux lines (or in which the body carrying the current ] moves with respect to
the magnetic field source) [69].

4.2. 2D LORENTZ EDDY CURRENT TESTING MODELS
4.2.1. PROBLEM DESCRIPTION

A long permanent magnet (PM) of a rectangular cross-section (w x h x [) is located at
the lift-off distance hy above a conducting plate (L x D X ) of electrical conductivity oy
moving with a constant velocity vy along x-axis v = vgl, (Fig. 4.2).

The PM is magnetized along 0Y-axis with magnetization vector M = M1,,. In the
plate, an artificial, ideal (¢; = 0) defect cx x ¢, x [ is drilled at the depth d. The center
of the defect is located at xg = [xo, yo]T = [x4, —d — ¢, /2]T.

In LET measurement systems, the force exerted on PM Fpy, caused by relative mo-
tion of the PM and the conducting object is measured directly. However, in simulations,
this force is calculated indirectly using the 3" Newton’s axiom which says that the
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y Permanent
Lift force
i AF, magnet
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h >  Drag force
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Xai 1d7
Defect , 6,=0 vy,
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B -F; Conducting plate 6 =g,
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Fig. 4.2: The permanent magnet above the moving conducting plate with a defect

force exerted on the PM has the same magnitude as the Lorentz force acting on the
conductor Fyr but the opposite direction (Fpps = —Frr). The reason for this is the
greater accuracy of the method of Lorentz force calculation than methods which can
be applied for direct estimation of the force exerted on the PM, i.e., methods based on
Maxwell’s tensor or the virtual work principle. In 2D LET systems where [ > L, D, the
force exerted on PM has only two components Fpy = [Fy, 7.

The force exerted on PM can be described in two equivalent coordinate systems (CS):

(1) CS fixed to the PM, in which the conducting object (CO) is moving, and (2) CS fixed
to the CO where the PM is moving (Fig. 4.3).

Moving conductive object Moving permanent magnet
YA
@ A F; @ A F;
Yo . -v FiF,
PM PM
v Ya
5, Col_, o, > co
Ya
@ A F @) 2 Fo
-F, ’ -F, v
< > X < —>
PM PM
-V YA
5, co - \_,x,co

Fig. 4.3: The relative movement - forces exerted on the permanent magnet
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In both CS, the component F, exerted on the PM is always positive, regardless of
the direction of the velocity vector and it is called the lift force (Fy). The sign of the Fy
component depends on the direction of the velocity vector as well as on the used CS.
In the CS fixed to the PM, the sign of F, component follows the direction of the vector
v and, in this case, F; is called the drag force (Fp). In the CS fixed to the CO, the sign of
F; component is opposite to the direction of the vector v and the component is called
the brake force (Fp).

Figure 4.4 shows typical distributions of force components exerted on the PM located
above a moving aluminum block with a defect (see Fig. 4.2).

DEF=12 x 2 x 2 mm, PM(D): R = 2.5 mm, hy = 11 mm
vo =1 em/s, op = 30.61 MS/m

—150 —120 —90 —60 —30 0 30 60 90 120 150
x [mm]

Fig. 4.4: Sample profiles of force components exerted on the permanent magnet hung at a lift-
off distance hy above the moving aluminum block L x D = 250 mm x 50 mm with ¢ X ¢; =
12mm X 2mm defect located at a depth d = 2mm (v = vg1y)

4.2.2. LORENTZ FORCES IN 2D LET SYSTEM

To calculate forces exerted on the PM above the moving conducting object with de-
fect analytically, some simplifications must be introduced. First, it is assumed that the
magnetic field produced by the PM is not affected by induced eddy currents in the
conducting object, i.e., so-called weak reaction approach (WRA)[138, 142] can be ap-
plied. A necessary condition for the applicability of the WRA can be formulated as
Ry, = vouopa < 1, where Ry, is the magnetic Reynolds number, a is the length pa-
rameter (specific for the analyzed problem), and vy, 0y, ¢ are the velocity, the electrical
conductivity, and the magnetic permeability of the conducting object, respectively. The
use of WRA allows to calculate the induced eddy currents J in a conducting object
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directly by Ohm’s law (4.20) for moving conductors. For 2D problems, the equation
(4.20) is reduced to

J=00(E+vxB)=0y(—V¢+vxB)=0pvxB=0cgvyByl, (4.21)

because of V¢ = 0. B denotes the magnetic flux density produced by the PM and oy,
vg are the electrical conductivity and the velocity of the conducting object, respectively.

The force exerted on the 2D PM above the moving conductor can be calculated using
the following formula of the Lorentz force acting on the conductor:

FPM:_FLF:_I/ JXBdS:
So

— 10400 K /S B§d5> 1, — ( /S BxBde> 1y] (4.22)

where J denotes eddy currents density, B describes the magnetic flux density produced
by the PM, Sp = L x D is the cross-section area of the conductor, and [ is the length
of the system in the z-direction. It should be noted that directions of force components
are independent from the direction of the magnetization vector M. They depend only
on the direction of the velocity vector. Due to anti-symmetry of By, the second integral
in (4.22) disappears for L > D and the conductor without defects, i.e., the lift force Fy
calculated by the WRA always equals 0 if the PM is far away from the front/back walls
of the conductor.

Let F(()") and F(") denote profiles of forces exerted on the PM found for the conductor
moving between x; and x, with velocity v = vg1, for the defect-free system and the
system with a defect, respectively. The index n corresponds to the actual position of the

conductor center x, €< x1,x» >. The vector difference AF(") = F(n) — F(()") describes
the influence of the defect on Lorentz force component profiles and is called the defect
response signal (DRS). In 2D LET problems eddy currents induced in the conductor
have only y-component (4.21). For a conductor with an ideal defect (¢; = 0) and the
center located at x,,, induced eddy currents J(*) can be described by the superposition

Jo = ](()") +j g), where ](()") denotes eddy currents induced in the conductor without
(n)

defect located at the same position x,, and j,” are eddy currents in the region covering

the defect equal j gl) = —](()n) s

() - Using above and (4.22), the DRS can be calculated as
D

AF(™ = F) _E — /(H) i Bds = 1/(,1> 30 X BMds =

—laovo{{ / B ds] 1x+[ / B (”)ds} 1y} (4.23)

2D DRS calculations with WRA can be directly applied to conductors with more ideal
defects because induced eddy currents in the plate flow only in the y-direction and
currents in regions covering defects do not affect each other. The resultant DRS for
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conductors containing more ideal defects is a simple superposition of single defect
signals:

K K
Y AR =1y / o I8 % B S (4.24)
k=1 k=1"5p,

where K is the number of defects and Sl(jn) denotes the region covering the k" defect

in the conductor with center located at xnf( The profile of the absolute force exerted on
the PM above the moving conductor with K ideal defects calculated with the help of
the WRA is given by

F0) = +ZAF

_—1/”] « B dS+lZ/ )dS (4.25)

In next sections, it will be shown how to calculate (4.23) - (4.25) using simple 2D
models of the PM.

4.2.3. DIPOLAR MODEL OF 2D PERMANENT MAGNET

As the simplest model of a long PM of a rectangular cross-section w x h magnetized
with the magnetization M = M1,, an equivalent 2D magnetic line dipole (/-dipole)
of the moment m; = m;1, = Mwh1, located at the center of gravity of the magnet is
considered. The physical interpretation of the I-dipole is shown in Fig. 4.5. The I-dipole
can be understood as two infinitely thin line currents flowing in opposite z-directions
located at a distance d from each other. The formula for the magnetic field produced

w
Yy
M V f
I | -I "
h — ¥ > | > 3
t \ j NI
d m~=/1_xd=
=M1/1/’/l1y
Permanent Equivalent 2D magnetic
magnet 2D model I-dipole

Fig. 4.5: Rectangular permanent magnet and the equivalent 2D magnetic line dipole (I-dipole)

by the I-dipole is easy to derive. The magnetic field produced by an infinitely thin line
with current (Fig. 4.6a) can be described in the cylindrical coordinate system as

B=_I 2”0 1, A= I%lnrlz (4.26)
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X I -1 -
i d

(a) One infinitely thin line (b) Two infinitely thin lines

Fig. 4.6: Configurations of line currents used to determine the magnetic flux density of I-dipole

where A is the magnetic vector potential (B = V x A). The magnetic vector potential
A of two infinitely thin lines conducting opposite currents (Fig. 4.6b) is calculated as:

Ho . 1
A=]—In—-1 .
o n 7 z (4.27)

where

r—rl—% +£2 r—rl—b—é +£2
1= rCOS(P 2r )’ 2= rcoscp 2r

For a magnetic [-dipole d < r and the following expressions can substitute r; and ry:

rn=r 1—;cos¢, rp =y 1+;cos¢

Equation (4.27) takes the form:

14
A=1H0 ;7‘3054’12 (4.28)
47 14 %cos¢

Using the Taylor expansion

14 x x3 x2i+l
1 =2 =+t ——+... 1 .
no— <x+3+ +2i+1+ ),x|< (4.29)
equation (4.28) is simplified to
Mo , ,COS¢
A=—-——1] 1 .
ot d . (4.30)

Finally, the magnetic flux density produced by 2D magnetic /-dipole of moment m; =
m1, = I1; x d shown in Fig. 4.7 is described in the cylindrical coordinate system as:

Ho .
B=VxA= 5oy (singl, —cos¢ply), my=1Id (4-31)
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Fig. 4.7: 2D magnetic line dipole (I-dipole)

The following vector identity
m; = (m; - 1,)1, + (m; - 1)1y = m; sin @1, + m; cos Py

allows to rewrite (4.31) as

o Ho m;-r _
- 2mr? (2 2t ml) (4-32)
regardless of the choice of the coordinate system.

The magnetic flux density B(") at any point r = [x,y]T produced by 2D magnetic
I-dipole m; = m;1, located at r, = [x,, y]" is given by

B — g, 10 2(x — %) (Y — Yn)

M2 (= x)2 (g - yn)z]
Ho (y*yn) (x —xn)
27 (= 24 (y — g2

The DRS AF(" of a single defect in a conducting plate moving along the x-axis
below the magnetic /-dipole can be calculated using (4.23). In this case the defect is
moving together with the plate from x; to xo (Fig. 4.2). In order to simplify the DRS
calculations, the CS fixed to the conductor was chosen (Fig. 4.8) in which the position
of the defect stays unchanged and the PM is moving from x; to x;.

Having (4.33) in (4.23), the DRS takes the following form:

AF™ = [ogog (ml%(_)[)z {/5 [(y—yn)* — (x —xn )2}

o (=0 + (v =y
- oy YY) — (2= x)
w2 [ my - yn)]dxdyl} 434)

+my 1, = B"1, + B{"1, (4.33)

2

Taxdyl+
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Fig. 4.8: General setup of the LET system used to calculate defect response signals
Indefinite integral terms in (4.34) can be calculated analytically and expressed by the
following functions:

(x —xn)(y —yn) 1
60—+ -y BE—x) = va)

1 Y —Yn
+ 8(x—xn)2 arctan <xxn> +

X — Xy
arctan (4-35)
<]/ —Yn )

fx(, 9, X0, yn) =

_I_ -
8(y —yn)?

1 (y—yn)*— (x —x)?
fy(5 Y, X, yn) = — (4.36)
B e N A e
Using (4.35) - (4.36), the analytical forms of DRS components for the rectangular defect
{S4 : cx x ¢y} located at the depth d can easily be written as:

AFJE") = loyog (ml&)z X

27
1 (i)~ (S e
—fx (—C?x, —d, xnr]/n) + fx (_%/ —d — Cy, xn/]/n)] (4-37)

(n) _ Mo \?
AFy —lU’oZJO <m1ﬂ) X

R C R

—fy (*%x/ —d, Xn,yn) + fy (f%x, —d —cy, xn,yn)} (4.38)
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If the plate does not contain any defects and L > |y, + D| then, according to (4.25)
and (4.37) - (4.38), Lorentz force exerted on the I-dipole located at y, above the moving
plate calculated by means of the WRA is equal to:

_ poNrmfl 1
Fyo = logog (mzzn) 3 [y% (yn+D)2} (4-39)

Fo=0 (4.40)

The verification of the introduced approach of DRS calculations is performed by com-
paring them with results received from the finite element method (FEM) applied to the
same models. FEM models and possible solution techniques were already described in
details elsewhere, e.g. [154],[138].

Figure 4.9 shows the first test model consisting of an infinitely long cylindrical PM
moving with a constant velocity above a conducting plate. It is easy to show that

Y A

Permanent
V='V()1x magnet (CYL)
R
T | Equivalent
 I-dipole
| hy !
7Y i xm '
Defect g L x
D 6,=0| &
Conductive '
plate o, Cr
L

Fig. 4.9: Infinitely long, cylindrical permanent magnet of radius R, uniformly magnetized with
the magnetization vector M = M1,, moving with the constant velocity v = —uvgly above a
conducting plate with a rectangular defect

the magnetic flux density for r > R produced by a uniformly, diametral magnetized
infinitely long cylindrical PM of radius R is equal to the magnetic field (4.32) produced
by the equivalent I-dipole of magnetic moment m; = 7wR*M localized at the center of
the PM.

Figure 4.10 shows sample results of DRS calculations using dipolar model for the
following LET configuration: (1) the PM: R = 25mm, M = B,/uy = 1.17T/py,
hp = 11 mm moving with the velocity vy = 1cm/s, (2) the conducting plate: L x D =
250 mm x 50 mm, electrical conductivity op = 30.61 MS/m, (3) the rectangular defect:
cx X ¢y = 12mm X 2mm located at the depth d = 2mm. To validate the quality of
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DEF= 12 x 2 x 2 mm, PM(D): R = 2.5 mm, hy = 11 mm, vy = 1 cm/s DEF= 12 x 2 x 2 mm, PM(D): R = 2.5, hg = 11 mm, vy = 1 cm/s

) / i )/
NRMSE(e, , ¢,) = 0.79(0.34,0.71)% / NMDE(C,, () = 1.19(~0.43, ~1.11)% NRMSE (e, ¢,) = 0.23(0.13,0.20)% / NMDE((,.@):057(0304},40)%
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7L 0.2
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— E 02
E 4 —
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Z o3l —o— F, (FEM) £
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20 =
—0.6 -
1t —o— AF, (DIP)
o —a— AF, (DIP)
—08 ¢ —o0— AF, (FEM)
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i i i i i i i i i N —lb oy ; s i ; ; : : i
~150 —120 90 —60 —30 0 30 60 90 120 150 -30 25 —20 —15 10 =5 0 5 10 15 20 25 30
2 [mm] o [mm]
(a) Lorentz force profiles (b) DRS near defect

Fig. 4.10: Cylindrical permanent magnet - comparison of the equivalent dipolar model with the
reference FEM solution

dipolar models quantitatively, a normalized root mean square error (NRMSE) and a
normalized maximum difference error (NMDE) are used. The errors are defined as:

NRMSE = \/e2 +¢2, NMDE = /2 + (2 (4-41)

where
o s~ s]
RN CE TN G
lc= S 100% (4-43)
o [SCPew] = min, [SCPew]
S = max, Sg,nD)lP - SE?EM‘ (4-44)

while index ¢ € {x,y}, N is a number of test points in the force/DRS profile S, and the
subscript FEM denotes a reference solution calculated by FEM. Performed simulations
show an excellent agreement between results received with help of the dipolar model
and the FEM model. NRMS errors are less than 1% and 0.25% for Lorentz force and
DRS profiles, respectively. It can be observed that the NRMSE for y-components is
twice greater than errors for x-components.

The second test model is shown in Fig. 4.8. The equivalent /-dipole is located at
the center of the rectangular PM moving above a conducting plate. The following
LET configuration was used in test simulations: (1) the PM: w x h = 15mm x 25mm,
M = B,/yuy = 1.17T/pp, hp = 1mm, vgp = 1cm/s, (2) the conducting plate: L x D =
250 mm x 50 mm, electrical conductivity oy = 30.61 MS/m, (3) the rectangular defect:
cx X ¢y = 12mm X 2mm located at the depth d = 2mm.
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Results of simulations are presented in Fig. 4.11. In contrast to the first test, the
use of simple, central equivalent /-dipole results in computation errors which are not
acceptable, i.e., over 21% and 15% for Lorentz force and DRS, respectively.

DEF= 12 x 2 x 2 mm, PM(R-1): w x h =15 x 25, hg = 1 mm, vy = 1 cm/s, o = 0.50

DEF= 12 x 2 x 2 mm, PM(R-1): w x h = 15 x 25 mm, hy = 1 mm, vy = 1 em/s, a = 0.50
NRMSE (e, ¢,) = 15.3(13.1,7.8)% / NMDE((s, ) = 37.9(34.3,16.1)%

)i
NRMSE(e,, €,) = 21.5(21.3,2.9)% / NMDE((,. G,) = 26.9(—24.8, —10.3)%

£
Z
£ =200
n
=
a2 —300
[ —o—aF, (D)
—400 : Q /d — & AF, (DIP)
] Pl o AF, (FEM)
—500 Qi 9| —o— AF, (FEM)
NG/
i i i i i i i i i A i R S S S N
—150 =120 —90 —60 —30 0 30 60 90 120 150 —-30 =25 -20 =15 -10 =5 0 5 10 15 20 25 30
2 [mm] 2 [mm]
(b) DRS

(a) Lorentz force
Fig. 4.11: Rectangular permanent magnet - Lorentz force and DRS profiles received from the

central equivalent dipole model together with the reference FEM solution

The errors can be reduced if instead of the central [-dipole the a-model shown in

Fig. 4.12 is used.

Equivalent magnetic I-dipole
i Ty m, = Mwhl, hT y

Rectangular PM Central |-dipole a-model

Fig. 4.12: Rectangular permanent magnet - equivalent /-dipole models

In the a-model, y-position of the equivalent /-dipole depends on the parameter «.
The optimal value of the parameter x €< 0,1 > can be easy found by a minimiza-
tion procedure where the NRMSE of Lorentz force profiles received from the a-model
comparing to the FEM model is minimized. The profiles used in the minimization pro-
cedure are calculated for the plate without any defects which means that the found
value of « is not the best one for the plate with defects but ensures that the a-model
gives better results than the central /-dipole model.

Figure 4.13 presents profiles for &« = 0.433. The corresponding NRMSE is equal to
1.26% and 2.39% for Lorentz force and DRS profiles, respectively.

In the current section, the simplest 2D model of a rectangular, infinitely long PM is
presented, i.e., the [-dipole model. The use of a single /-dipole model together with
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DEF= 12 x 2 x 2 mm, PM(R-1): w x h =15 x 25 mm, hg = 1 mm, vy = 1 cm/s, a = 0.43
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Fig. 4.13: Rectangular permanent magnet - Lorentz force and DRS profiles calculated using the
«-MD model

the WRA in modeling LET system enables to find analytical formulas for Lorentz force
profiles exerted on the PM above moving plate of finite width and depth with/ without
defects (4.37) - (4.38). It was also shown that the use of a-model instead of the central
I-dipole can significantly improve the accuracy of Lorentz force as well as the DRS
calculations. In the next section, it will be shown how to calculate Lorentz force and
DRS using exact magnetic field formulas for a rectangular PM.

4.2.4. 2D RECTANGULAR PERMANENT MAGNET - EXACT FIELD FORMULAS
Let the infinitely long, rectangular PM (w X h) be magnetized with a constant magneti-
zation density M = M1,,. In this case, the magnetic field produced by the rectangular
PM can be calculated using an equivalent 2D current sheet model shown in Fig. 4.14.
The surface sheet current densities Js can be found from the cross product of M and
the normal unit vector n emerging from the side bounds of the PM.

y y y y
J =Mxn=1tM1
h/zT w2 S z (D) pp b, b, W2
X
M ‘./ Ty, b P(x,y)
w2 w2 X w2 w2 X wi2 LA x wi2
r )
n—1, n—1, dy’
b=b +b,
-h2 -h/2 -h/2 -h/2
Permanent Equivalent 2D current Sheet 1 . . M 2
magnet sheet model Magnetic flux density calculations

Fig. 4.14: Rectangular permanent magnet - the equivalent current sheet model
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The magnetic flux density B = [By, B,] at any point P outside the PM is calculated
by a superposition of B; and By, the magnetic flux densities of the left and the right
current bound layers as:

M h/2 1 h/2 1
Xr " X r
B =By +By = ( / oy - / Zzzdy”) (4-45)
7T 1 . ry
—h/2 —h/2

where

n= \/(xﬂ;)zﬂy—y’)z, = \/(x—Z;)zﬂy—y”)z

The integrals in (4.45) can be calculated analytically and expressed using elementary
functions as:

By(x,y) = FOM |G 82+ (v =5 (0= 5)2 + (y +5)° (446
N [ P P R
h h
_ HoM y+3)\ Yy—3
By(x,y) = T arctan (x T Z§> arctan (x T zz”) +
_h h
+ arctan (i_ 5}) — arctan <zji> (4-47)
2 2

In order to calculate DRS and Lorentz forces using the WRA, (4.46) - (4.47) were
substituted into (4.23) - (4.25). Unfortunately, in this case, it was not possible to find
appropriate analytical formulas as for the dipolar model. To overcome this problem,
a concept of voxels grid is introduced (voxel = volume x element). It is assumed that
any conducting region may be replaced by a uniform grid of conducting volumetric
elements (voxels) AVy = IAS = IAxAy of conductivity op (I is the length of the system
in the z-direction, and Ax, Ay are the grid density in x- and y-direction, respectively).
In each voxel flow induced eddy currents of current density Jo. If the surface AS of
voxels is sufficiently small, continuous distribution of eddy currents induced in the
i voxel by the moving PM located at r, can be approximated by a constant current

density vector J(()i’") calculated at r;, the center of the voxel. Taking above into account
and using setup shown in Fig. 4.15, AF() given by (4.23) can be rewritten as:

N ) ~

AF™ = [5 Jo x BdS ~1AS; ¥ J§™ x B = AF™) (4-48)
v o4 i=1

and

= ! in)n(in in)n(in
AF) = 18S10000 ) [~ By By 1.+ BB, | (4.49)

N;
i=1
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Fig. 4.15: LET system setup for DRS calculations - 2D current sheet model of the rectangular PM
and the grid of voxels concept for a defect modeling

where Nj is the total number of voxels in S, region, B,(Ci’") = Bx(Xi — Xn, Yi — Yn), By’n) =

By(xi — Xn,Yi — Yn), Yn = ho +h/2, and Bx(x,y), By(x,y) are defined by (4.46) and
(4.47), respectively. Similarly, the Lorentz force F(") exerted on the rectangular PM
moving above the conducting plate (L x D) with K ideal defects can be calculated as:

~ No ) ) ) .
F) —1aSoame0 ) (B By 1. — BU By, | +
i=1
e R G (i) (1) i)
+100002A5k2[73y ByY"1, + BY" B} 1y} (4.50)
=1 =1

where (Np, ASp) and (Nj, AS) are total voxel numbers and voxel grid densities of the
plate and defects voxel models, respectively.

Figure 4.16 shows results of sample simulations performed for the following LET
configuration: (1) PM: w x h = 15mm x 25mm, M = B,/puy = 1.17T/pg, hp = 1 mm,
(2) conducting plate: L x D = 250 mm x 50 mm, cp = 30.61MS/m, vy = 1cm/s, (3)
rectangular defect: cy X ¢y = 12mm x 2mm, d = 2mm, and voxel grid densities ASy =
AS; = Ax x Ay = 1mm x 1 mm. The results of simulations are in excellent accordance
with the results obtained by the reference FEM, i.e., the NRMSE given by (4.41) is equal
to 0.65% and 0.16% for the Lorentz force and the DRS profiles, respectively.
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DEF= 12 x 2 x 2 mm, PM(R-0): w x h = 15 x 25 mm, ho = 1 mm, vy = 1 cm/s DEF= 12 x 2 x 2 mm, PM(R-0): w x h = 15 x 25, hy = 1 mm, vy = L emfs
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Fig. 4.16: Rectangular PM - Lorentz force and DRS profiles calculated with exact magnetic field
formulas for voxel grid density Ax x Ay = Imm x 1 mm

4.2.5. RESUME

In Section 4.2., two analytical approaches of Lorentz force calculations in 2D LET sys-
tems are described. In both approaches, the weak reaction formulation of the LET
problem is applied, i.e., the corresponding magnetic Reynolds number is much less
than 1. Both approaches are based on the principle of superposition to calculate the
defect response signals. In the first approach, the PM is replaced by a single equivalent
magnetic /-dipole located inside the PM. This enables to find analytical formulas of
DRSs for one or more rectangular defects as well as the global Lorentz force profile
exerted on the PM above the moving plate. The position of the I-dipole can be found
using procedure which minimizes the NRMSE between the Lorentz force profile calcu-
lated from the a#-model and the reference solution. In the second approach, the exact
analytical formulas describing the magnetic field generated by a rectangular PM are
used. In this case, it was not possible to find analytical expressions for DRS. Therefore,
a semi-analytical approach based on regular grids of voxels replacing the conductor as
well as defects is introduced. Sample profiles of DRS and Lorentz forces calculated by
both methods together with reference solutions obtained by FEM are also shown.

4.3. MODELING OF 3D PERMANENT MAGNETS
4.3.1. INTRODUCTION

An approximation of an arbitrary permanent magnet with one magnetic dipole pro-
vides sufficient solution for the magnetic field only at large distances [106]. Analytical
description of the PM magnetic field is of great interest, but possibilities to derive
an analytic solution and its integral are restricted and becomes a challenge for mag-
nets of complex shapes. To overcome above limitations, it is introduced the magnetic
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dipoles model (MDM) of a 3D permanent magnet in which the PM is substituted by
an assembly of magnetic dipoles. The MDM allows to model PM of arbitrary shape by
appropriate placing of magnetic dipoles in the PM volume. Optimal positions of mag-
netic dipoles can be found with help of the optimization procedure which minimizes
the error between the magnetic field obtained from the MDM and the reference solu-
tion. An accuracy of MD models depends on a number of magnetic dipoles applied in
the model. Further, an influence of the number of magnetic dipoles on the MDM accu-
racy is investigated. For simple shapes of 3D permanent magnets (e.g. cube, cylinder,
cylinder rings, cylinder segments), it is possible to find analytical formulas describ-
ing the magnetic field produced by them [7, 27, 33, 41, 43, 44, 54, 112, 113, 117, 128].
Analytical formulas provide accurate modeling of the magnetic field at any point in
space and can serve as reference solutions necessary for evaluation of the optimal MD
models. The charge model enables to find an analytic solution of the magnetic field
at each point outside rectangular PM in a form of elementary functions [2, 137]. For
a cylindrical PM, the surface current model is applied [33, 44]. In the surface current
model an axially magnetized with constant magnetization cylindrical PM is replaced
by an equivalent surface current flowing in azimuthal direction on the lateral cylinder
surface. In this case, the magnetic flux density outside the PM can be described with
help of the generalized complete elliptic integrals [33].

4.3.2. MAGNETIC DIPOLES MODELS (MDM)

The idea of the magnetic dipoles model (MDM) consists in replacing the modeled PM
by a regular grid of volumetric elements of identical volume (voxels). Shape of voxels
depends on the PM shape, e.g. for a rectangular PM, voxels are small cuboids whereas
for a cylindrical PM central voxels are small cylinders and the others are hollow cylin-
der sectors. It is assumed that only one magnetic dipole can be inserted into the voxel.
Because all voxels have the same volume, magnetic moments of inserted magnetic
dipoles are the same and equal m = MV;/Np, where M is the PM magnetization
vector, Vp is the volume of PM, and Np denotes the number of magnetic dipoles used
in the MDM. Positions of magnetic dipoles in voxels can be defined arbitrary, e.g. by
using the center of gravity (COG) of the voxel. However, in the presented approach,
the positions are determined with help of an optimization procedure which minimizes
an error between the magnetic flux density obtained using MDM and the reference
solution. The reference solution can be calculated analytically for simple PM shapes
like cuboids, cylinders, or numerically for complicated forms of the PM.

4.3.3. &-MDM OF RECTANGULAR PERMANENT MAGNET

The permanent magnet in the form of rectangular cuboid with the base edge length
a, the height 1 is located at the point ry = [xo,yo,zo}T corresponding to the COG of
the PM base wall (Fig. 4.17). Edges of the PM are parallel to the axes of the global
Cartesian coordinate system. The PM is magnetized along z-axis, where M = M1,
denotes a magnetization vector. According to the idea of MDM, the rectangular PM
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Fig. 4.17: Magnetic dipoles model ®-MDM of a rectangular permanent magnet

is composed of a set of Np = NgNh voxels, where N, is a number of voxels along
base edges and Nj, is a number of voxels along height edges. Volume of each voxel is
equal to Vyy = Aa’*Ah = (a/N,;)?(h/Ny,) = Vo/Np, where Vy = a’h denotes volume
of the PM and Np is the total number of magnetic dipoles in a-MDM. The moment
of one magnetic dipole is given by m = m1, = MV);. The magnetic flux density
B = [By, By, BT at any point r = [x,y, z]T outside the PM can be calculated as a
superposition of magnetic flux densities of all dipoles in the a-MDM:

Np
B(x,y,z) = )_ bu(x,y,z) (4.51)
m=1

where by, (x,y,z) is the magnetic flux density of the m!" magnetic dipole located at
Iy = [xm,ym,zm]T described by the formula

po [, M- (r—ry) M
by =Vy— [3———=(r — - .
m M47_[ |I'*I'm‘5 (I' rm) |I'*I'm|3 (452)
(4.52) can be written in the Cartesian coordinate system as
'3(x — X ) (2 — 2zm) T
o = varia )
- zZ—z
bu(x,y,2) = | bym | = MVMg 3y Y e (4.53)
m
bzm 3 (z—zm)> 1
A
L m o
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rm =/ (x — xm)% + (y — ym)? + (z — zm)? is the distance between the observation point
r and the position 1y, of the m™ magnetic dipole. Positions r,, of magnetic dipoles in
«-MDM are defined as

1
xm:xo—%—i—(i—i)Aa, i=1,...,N,;
Iy = Yo + qQijk + q1, Ym :yo—%+(f— %)A”f i=1...,Ng (4.54)

Zm:ZO—F(k—l)Ah—l-Z,X, k=1,...,N,

where m = i+ (j — 1)N, + (k — 1)N? is the index of the m'" magnetic dipole, ry =
[x0, Yo, ZO]T is the position of the center of the PM lower base and z, = aAh defines the
local z-position of the magnetic dipole in the corresponding voxel (Fig. 4.17). Selection
of the parameter « as &« €< 0,1 > ensures that all magnetic dipoles are located inside
respective voxels.

4.3.4. (a,)-MDM OF CYLINDRICAL PERMANENT MAGNETS

The axially magnetized cylindrical permanent magnet (M = M1;) of radius R and
height H is placed at ryp = [x, Yo, zO]T (Fig. 4.18). The magnetic field outside a cylin-

Permanent z

Grid of voxels

A
e |
H
[ | ——|
vy |
- ——
r(|: [‘x()ﬁymz(i] !

Fig. 4.18: Magnetic dipoles model («, 8)-MDM of a cylindrical permanent magnet

drical PM can be calculated using formulas (4.51) - (4.53) with different positions of
magnetic dipoles in MDM. Magnetic dipoles of (&, 8)-MDM are localized at a regular
grid of voxels each having the same volume Vj; = Vj/Np, where Vj = 7R2H, and
Np is a total number of magnetic dipoles. The («, 5)-MDM grid consists of Nj, slices.
Each slice contains one central cylindrical voxel (axial voxel) of radius rg and height
Ah = H/Nj, and Ny concentric rings with voxels of the form of a hollow cylinder
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segment of inner radius r;, outer radius r,, segment angle @y, and the height Ah. The
number of voxels (segments) Ng in the i'" ring is determined as follows:

. 1
N;:4E (i_)J>4, i=1,...,Ng (4.55)

where |- | denotes the floor (greatest integer) function. Né is always a multiple of 4 to
ensure the symmetry of the («, §)-MDM. The total number of magnetic dipoles Np can
be found as

N
Np = Ny (1 +) N§> (4.56)
i=1
The radius ry of central voxels is given by
AT (4:57)
0=\ AR 4-57

The inner and outer radii of ring voxels are given by the following recurrence:

| VmNE 4
Tit1 = nAhS —}—r%, i=1,...,NgR =1, ri=rorny =R (4.58)

Magnetic dipoles in ring voxels are located on a symmetry plane of the corresponding
voxel (Fig. 4.18) while dipoles in axial voxels are placed on the cylinder main axis.
Their positions in the slice are determined using the following formula

; 0, i=0 (axial voxel)

Yo =

Pl (A=B)ri+Priyy, i=1,...,Ng (ringovoxels) (4-59)
Zy = IXA]’Z

where parameters (¢, f) €< 0,1 > ensure that dipoles are located inside corresponding
voxels and are the same for voxels. The position r,;, = [X, Y, zm]T of the mt" magnetic
dipole is defined in the global Cartesian coordinate system as

Xm = X0 + r; cos 6]-
Iy =10+ Qijk = | Ym = Yo + rfg sin 6 (4.60)
zm =20+ (k—1)Ah + z,

where 1y = [xg, ¥o,20]” is the position of the PM base center and 0; is equal to

, i=1,...,Ng
9]-:277]]\]—1.2, j=1,...,Ni (4.61)
S k=1,...,Ny

Figure 4.19 shows sample grids of voxels for one slice of («,, B,)-MDM together with
magnetic dipoles obtained for Ng = {1,6} and Ny = {2,18}, respectively. Np; denotes
the number of magnetic dipoles in one slice.
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CYLINDER(EV): Ng =1, Np; =5, § = 0.38922 CYLINDER(EV): Ng =6, Np; = 105, 8 = 0.50785

Fig. 4.19: Sample grids of voxels with magnetic dipoles (dipoles are marked with x)

4.3.5. CUBOID/CYLINDER - ANALYTICAL FORMULAS OF MAGNETIC FLUX DENSITY

The magnetic flux density B at the point r = [x,y,z]T outside a rectangular PM magne-
tized with the constant magnetization vector M = M1, shown in Fig. 4.20 can be found
using the charge model [42] with fictitious magnetic charges of density ¢;;, = yoM - n
placed on the top (z = h +zp,n = 1;) and the bottom (z = zp,n = —1,) wall of PM.

Permanent o T O ML= M

maji/zﬂ j

[~
r

+ +
+ +
+ *

%— r=[ry.z]'
h M Py

2¢
—>

X
;'Y 7 Y,

L B Py 2%
(a) Charge model (b) Calculation setup used in [137]

Fig. 4.20: Charge model of a rectangular permanent magnet
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In this case, the magnetic flux density is described by the following formula

B(r) = if 70"1( =) g

47t Js r r/|
a/2 a/2
_ HoM r—r r—v L
4 / / e e—rf dx'dy (4.62)
—a/2—a/2 r—r 7/ =z r—r 2'=zq+h

where r = [x,y,z]T, v = [¥,y/,2/]T and B = [By, B, B;]"

Magnetic flux density components By, B, and B; at point r = [x,y,z]T produced by
the rectangular PM of dimensions 2a x 2b x 2c with the COG located at the origin of
the coordinate system and all edges parallel to the coordinate axes, magnetized along
z-axis with the constant magnetization M = M1, (Fig. 4.20b) are given according to

[137] by

yoM Pz( x,y,—2z)E(x,y,z)
BX rJr - 6
(x y ) FZ( x y’ )F2<x y, Z) (4 3)
()M Fz( Y, X, —Z)Fz(]/, ,Z)
B]/(x'y/ )_ FZ( X,Z)Pz(y, X, Z) (464)
M
B.(x,y,z) = %[Fl(x,y,z) +F(—x,—y,—2z)+
+ F(x,y,—z)+ F(—x,—y,z)+
+ B (=x,y,2z) + B (x, -y, —2)+
+ A (=x,y,—z) + h(x,—y,z)] (4.65)
where functions F;(-) and F,(-) are defined as:
(x+a)(y+Db)
F(x,y,z) = arctan .66
o) G+ O+t (y b+ (25 0 (469
x+a)+(y—b)2+(z+c)2+b—
Fa(n,y,) = YOO U DR v H o vb oy (467)

Vi+a)2+y+b)2+(z+c)2-b—y

The magnetic field generated by the cylindrical PM of radius R, height H, magne-
tized along main axis 1, with a constant magnetization vector M = M1, can be found
using the surface current model (Fig. 4.21). In this model, the PM is replaced by an
equivalent infinitely thin solenoid of radius R and height H defined by the surface
current density Js = M X n = M x 1, = M1,. Using the Biot-Savart law, the magnetic
flux density of the PM can be calculated as:

=24 JS(r;ii,rF,_ s (4:68)
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Fig. 4.21: Surface current model of a cylindrical permanent magnet

If the cylindrical permanent magnet 2R x H is localized in the cylindrical coordinate
system so that its COG coincides with the origin then the components B,, B, of the
generated magnetic field are given by the following expressions [33]:

B, (r,z) = @[MC(M,L 1,-1) —a_C(k_,1,1,—1)] (4.69)
M R
BZ(r/Z) = IuOTR +r[ﬁ+c(k+r 72/ 1/7) - ﬁ*c(k*/ 72/ 1/ 7)] (470)
where
H R—r z% 4+ (R —r1)?
= :l: -, = , k = -/,
EEEEY YT Ry TN 2 T (R
R z
M= Pr= (4.71)
z% + (R+7)? z4 + (R+7)?

The function C(-) denotes the generalized complete elliptic integral [33] defined as:

/2 2 .2
€Cos” @ + ssin” ¢

Clke,p,c,s) = de (4-72)

0 (cos? g+ psin® @) \/0052 @ +k2sin @

The magnetic field on the cylinder axis (r = 0) is given by the following expression:

z zZ_
B,(0,z) =0, B.(0,z) = M2 - (4.73)

2 \/z%r—i—Rz_\/zz_—i-Rz
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436 MAGNETIC DIPOLES MODELS - OPTIMAL PARAMETERS

Parameters « and B in (4.54) and (4.59) can be found using the following minimization
procedure. First, a test region consisting of a regular grid of points positioned in the
region below the PM is defined (Fig. 4.22).

‘ va/v y

‘ Y2

N s ]

) 3;

Zy

2Nz /Test
Ty o oo oo i region

Fig. 4.22: Test region used in minimization procedures

The test region is composed of N, XY-grid point layers Gy : {x; = (i — 1)Ax, y; =
(j—1)Ay,i=1,...,Ny,j=1,...,Ny} uniformly distributed along the z-axis at {z; =
—dp — (k—1)Az,k = 1,...,N;}. Due to symmetry of analyzed permanent magnets,
the test region is defined only in the first quadrant (x > 0,y > 0). In the test region
G = {Gy,k =1,...,N;}, the average normalized root mean square error (NRMSE) is
defined as follows:

N

NRMSEG = | < . [(eh)2 + (e§)2 + (eh)?] 474)
Z k=1

Ny N, 2
. \/leNy Eiz'1 Ej=y1 [BNDM(xi/ yjfzk) - BgEF(xifyjrzk)]
= 100% .
K (max BREF —min BREF)[ _ ° (4.75)

where ¢ € {x,y,z}, €k is the NRMSE of the k" test layer, BMPM is the c-component
of the magnetic flux density calculated using the a- or (a, 8)-MDM, BREF is the c-
component of the reference magnetic flux density found analytically or numerically.
To find optimal value «, of the a-MDM (for given number of magnetic dipoles), the
minimum of (4.74) is searched using golden section algorithm [111]. To find optimal
values &, and B, in the («, 5)-MDM, the minimum of (4.74) is searched using the
simplex search method [99]. In this case, &y, B, €< 0,1 > and the initial guess is set to

(g = Bo =1/2).
4.3.7. RECTANGULAR PERMANENT MAGNET - RESULTS OF SIMULATIONS

The rectangular permanent magnet under investigation with 4 = 15mm, 1 = 25mm,
the magnetization poM = 1.17T is located at the lift-off distance zyp = hp = 1mm
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above X0Y plane (see benchmark problems in [142]). The evaluated test region G in
the optimization procedure (Section 4.3.6.) consists of N, = 5 layers z = z; with dy =
—1mm and Az = 1mm, i.e., the closest test layer G; is about 2mm from the bottom
base of the cuboid. In each layer, a grid of Ny x N, = 31 x 31 points with grid step
Ax = Ay = 1mm in the first quadrant of X0Y is generated. The accuracy of the a-MD
models is investigated at test planes (z = z;) by calculating the NRMSE of magnetic
flux density produced by the optimal a,-MDM and using the analytic charge model.
Figure 4.23 shows results calculated for various number of magnetic dipoles used
in the a,-MD models. Results are collected in groups using N, (number of voxels

NRMSE, [%] Cuboid: 15 x 15 x 25 mm
10.000

B e B e R S SO SRR VRS
RVREDS ¥
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1 3 5 7 9 11 13 15 17 19 21 23 25

Fig. 4.23: NRMS errors of optimal a,-MD models versus a number of slices Nj,

along a-edges) as a leading constant parameter and N;, (number of slices) as a varying
parameter. Figure 4.23 shows that for each N, group, the optimal number of slices
(i.e. the total number of dipoles) related to the minimum of NRMSE can be found,
e.g., for N, = {2 : 2 : 14}, the optimal numbers of slices equal N, = {2, 5, 9, 13,
16, 20, 23} which correspond to minimum errors NMRSE;p: = {1.52, 0.32, 0.07, 0.02,
0.006, 0.002, 0.001}%, respectively. The following conclusion can be formulated: more
dipoles is defined in one slice the higher is the optimal number of slices in the --MDM
corresponding to the minimum of NRMSE.

Figure 4.24 presents NRMSE calculated for 0.5-MD models with dipoles located at
centers of voxels and the same N, groups as previously. Although shapes of NRMSE
group curves are similar to curves for a,-MD models, minimums of NRMSE for small
N, are located at higher number of slices, i.e., minimum errors NRMSEy5 = {1.91, 0.36,
0.09, 0.02, 0.01, 0.003, 0.002} % correspond to Nj, = {3, 6, 10, 13, 17, 20, 23}, respectively.
For &« = 0.5, positions of the NRMSE minimums correspond to the magnetic dipole
models with voxels Aa x Aa x Ah whose shape is closest to the cube (Aa3), ie., if
N, is given, then the number of slices ensuring the minimum of NRMSE is equal to
Ny, = |h/Aa], where Aa = a/N,, and |-] is the floor function.
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Fig. 4.24: NRMS errors of 0.5-MD models versus a number of slices Nj,

Figure 4.25 shows the dependence of optimal parameter «, on the total number of
magnetic dipoles used in a,-MD models. It can be seen that «, corresponding to the
optimal number of slices is less than &« = 0.5 for each N, group and strives to 0.5 (the
center of voxel) when the number of dipoles increases.

Cuboid: 15 x 15 x 25 mm
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Fig. 4.25: The optimal parameter «, versus the total number of magnetic dipoles in a,-MD
models (blue circles mark a, corresponding to the optimal number of slices for each N, group)
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Figure 4.26 shows sample distributions of magnetic flux densities B, and B, in the
vicinity of the magnet calculated for y = 0 and z = —1mm ( the distance to the
PM equals d = 2mm, and zp = hyp = 1 mm denotes the PM lift-off) for two optimal
&,-MD models: the first with Np = 2 x 2 x 2 = 8 dipoles, and the second one with
Np = 8 x 8 x 13 = 832 dipoles (B, = 0 at y = 0, due to symmetry). The magnetic

LINE: y =0, z = —1 mm, PM(CUB): a? x h = 152 x 25, hg = 1 mm, Np =8 LINE: y = 0, 2 = —1 mm, PM(CUB): a® x h = 15 x 25, hg = 1 mm, Np = 8
e =1.82% [ (= —5.67% €. =3.04% / (. = =7.712%
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200 + [ 1 350 | |
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LINE: y =0, z = —1 mm, PM(CUB): a® x h = 15? x 25, hg = 1 mm, Np = 832 LINE: y =0, z = —1 mm, PM(CUB): a? x h = 15 x 25, hg = 1 mm, Np = 832
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Fig. 4.26: Magnetic flux density distributions - the comparison of optimal a,-MDM with the
analytical model (ANA): (1) Np = 8, ay = 0.43842, NMRSE,p; = 1.52% (up), (2) Np = 832,
ao = 0.4992, NMRSE,p; = 0.02% (down)

field far away from the PM is good approximated by both a,-MD models. However,
under the PM (x €< —7.5mm,7.5mm >), significant discrepancies of the first model
(ND = 8) comparing to the analytical solution can be observed. The maximum of By
is smaller and B, drops to a local minimum. The reason for this is the distance between
dipoles in the a,-MDM (Aa = 7.5mm) which is much greater than the distance of test
points to the PM (d = 2mm). In this case, the closest magnetic dipole has the strongest
influence on the magnetic field calculated at the actual test point. This effect, observed
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as oscillations of magnetic field under the PM, is called a dipolar effect. If the distance
between dipoles is small enough, e.g. for Np = 832, Aa = 1.875mm, the dipolar effect
is negligible. It should also be noted that for all cases, the NRMSE of B, component is
larger than the error of By component.

438 CYLINDRICAL PERMANENT MAGNET - RESULTS OF SIMULATIONS

The cylindrical PM of dimensions 2R x H = 15mm x 25mm, located at the lift-off
distance zp = 1 mm above X0Y plane, and axially magnetized with the magnetization
HoM = 1.17T is investigated. A set of (a, f)-MD models specified by the number of
concentric rings in one slice Ng € {1:1:7} and the number of slices Ny € {1:1: 25}
is studied. Optimal parameters &, and B, in («, §)-MD models are determined using
the same test region G as in the previous section. Results (NRMSE) are collected in
groups using Nr as a leading constant parameter and Ny as a varying parameter.

Figure 4.27 shows NRMSE of (a,, B,)-MD models for optimal parameters «, and f,.
Similar to rectangular permanent magnets, the minimum of NRMSE can be found for
each Ny group. The optimal numbers of slices are equal to Ny = {2, 5, 8, 12, 15, 18,
23} which corresponds to the following errors: NMRSE,y; = {2.19, 0.89, 0.36, 0.12,
0.05, 0.02, 0.01}%.

NRMSE, [%)] Cylinder: 15 x 25 mm
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Fig. 4.27: NRMS errors of the optimal («,, B,)-MD models versus a number of slices Ny
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Figure 4.28 presents distributions of NRMS errors for (0.5,0.5)-MD models with
dipoles located at centers of voxels. The minimums of NRMSE for each Ny group are
found for Ny = {3,6,9,12,14,17,20} as NRMSEy5 = {2.74, 0.97, 0.40, 0.13, 0.06, 0.05,
0.04}%, respectively. The optimal number of slices for (0.5,0.5)-MD models can be
estimated using the following formula: Ny = |H/Ar + 6|, where Ar = R/Ng, and ¢
is an arbitrary constant equals = 0.2. It can be observed that in this case the number
of slices is greater than Ny for the optimal «,, B, only for the first three Ng groups.

NRMSE,, 5 [%] Cylinder: 15 x 25 mm
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Fig. 4.28: NRMS errors of (0.5,0.5)-MD models versus a number of slices Ny

The distribution of parameters &, and B, versus the total number of dipoles Np
is shown in Fig. 4.29. It can be observed that the optimal values of &, as well as S,
strive to 0.5 when the total number of dipoles increases (blue circles). Generally, the
errors of («,, Bo)-MD models are higher than for the models of rectangular permanent
magnets with comparable number of magnetic dipoles, i.e., to achieve similar accuracy,
the MDM with more dipoles has to be applied for a cylindrical permanent magnet.
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Fig. 4.29: The optimal parameters «,, B, versus the total number of magnetic dipoles Np (blue
circles mark &, and B, related to the optimal number of slices Ny for each Nr group)
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Figure 4.30 presents sample distributions of magnetic flux density under the cylindri-
cal PM (2R x H = 15mm X 25mm, lift-off zg = h) = Imm) aty = 0 and z = —1mm
for the following (a,, Bo)-MD models: (1) Np = 10, «, = 0.44007, 8, = 0.38922, (2)
Np = 1890, oy = 0.49802, 8, = 0.50779. The corresponding normalized root mean
square errors (NMRSE,p;) are equal to 2.19% and 0.02%, respectively.

LINE: y = 0, 2 = —1 mm, PM(CYL): 2R x H = 15 x 25, hy = 1 mm, Np = 10 LINE: y = 0, z = —1 mm, PM(CYL): 2R x H = 15 x 25, hy = 1 mm, Np = 10
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Fig. 4.30: Magnetic flux density distributions - the comparison of optimal («,, Bo)-MDM with
the analytical model (ANA): (1) Np = 10 (up), (2) Np = 1890 (down)

4.3.9. RESUME

In Section 4.3., modeling of 3D permanent magnets using magnetic dipoles models
was presented. Two discrete models for modeling permanent magnets are introduced,
namely: (1) a-MDM for the rectangular PM, and (2) («, 3)-MDM for the cylindrical
PM. The procedure of finding optimal parameters &, and f, in the MDM is described
in details. Additionally, analytical formulas for the magnetic flux density of rectan-
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gular and cylindrical PM at any point outside the PM are given (based on [33, 137]).
Simulation results are also presented and discussed.

4.4. CALCULATION OF FORCES IN 3D LET MODELS
4.4.1. PROBLEM DESCRIPTION

A 3D permanent magnet of arbitrary form (e.g. cylinder, cuboid, Halbach cylinder, etc.)
is placed at a lift-off distance zy above a moving conducting plate (L x W x D, electrical
conductivity 0p): The plate contains a defect defined by cy x ¢, X c; located at depth
d. Parameters cy, ¢y, and c; enable to define defects of following shapes: cuboids, if all
parameters are grater than 0, cylinders, if ¢, = 0, and spheres, if ¢, = c; = 0, where cy
denotes a diameter of cylinder / sphere, respectively.

Figure 4.31 shows sample configuration of 3D LET model with a rectangular perma-
nent magnet.

Fig. 4.31: Sample rectangular permanent magnet (2a x 2a X h) above a moving conducting plate
(L x W x D) with a surface rectangular defect (cx X ¢y X ¢z,d = 0)

The principal difference between 3D and 2D LET models lies in the fact that the third
component of the Lorentz force F, (side force) exerts on the PM if the PM is located
outside the symmetry line of the 3D plate-defect configuration.

The conducting plate can be treated as a solid conductor with a constant, homoge-
neous electrical conductivity op or as an assembly of N conducting sheets of thick-
ness Ah = D/N. The second model is especially useful for modeling experimental
LET configurations [125, 138] where preparing LET setups with defects at various
depths is much easier when stacked sheets are used. If thickness Ah of sheets is small
enough and sheets are isolated from each other (e.g. using thin paper sheets) then
an anisotropic model of electrical conductivity can be applied. In this case the electri-
cal conductivity of stacked sheets can be described by a diagonal conductivity tensor
[o] = diag(oxx, 0yy, 022), where 0y = 0y = 09 and 0z, = 0.
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4.4.2. LORENTZ FORCES FOR PLATES WITHOUT DEFECTS

Analytical calculations of Lorentz forces exerted on the PM located above the moving
conducting plate without any defects are only possible if the width W and the length
L of the analyzed plate are much greater than the dimensions of the PM, i.e., the
plate can be treated as infinitely wide. It is also assumed that the permeability and the
conductivity of the plate are constant and equal po and oy, respectively. The velocity
v of the moving plate is also constant and is much less than the light velocity, i.e.,
the term of the displacement current in field equations can be omitted. Additionally,
assuming that the PM is described by a constant magnetization vector M, it can be
substituted by an infinitely thin solenoid of length H,, with a surface current density
Jm, where [y = M.

First, the Lorentz force exerted on the infinitely thin coil with current Iy = [pAz
located at z = zp above the moving conducting plate of thickness D is calculated.
Using approach presented in [114], the problem can be described in the coordinate
system fixed to the coil (rest frame) by the following set of equations:

VZH =0, Region: I, II, IV (4.76)
oH

V2H = ygaovg, Region: III (4-77)

V-H=0, Region: all (4.78)

where regions I-IV are defined in Fig. 4.32.

PM:
Z, Cuboid: w,=2a
W Cylinder: w,=2R
G M
Ky, =0 )y . ® H,
I=J,,Az
f *
- R
“o—0% h Thi t coil
Ly 6 =0 0 in current coi ¥
H LI v
Hos Op
LIV
Hos =0

Fig. 4.32: Calculation setup for the permanent magnet above a moving conducting plate
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For solving (4.76) - (4.78), 2D Fourier transform is applied:

F = F(ky, ky) / F(r)e 10 k) gy (4.79)

8\8

where r = x1y + y1, + z1;, and ky, k, are transform variables. The inverse 2D Fourier
transform is given by:

2 [e9) [e9)

Fr) = (m) / / F(ky, ky)el ) ek, (4.80)

—00 —00

To simplify the notation, F(ky, ky) is further replaced with the symbol F. After applying
(4.79) to (4.76) - (4.78), the following equations are obtained

2 12 d*H .
— (ks +k )H + iz =0, Region: I, II, IV, (4.81)
—(ky+k )H—|— Ve = jkxpooovH, Region: III, (4.82)
jkxHyx + jkyHy + o 0, Region: all. (4.83)
The solution of (4.81) - (4.83) can be written as:

H, =8O + 8 = A 4 g%, Region: I, II (4.84)
H, = be ™ + @™, Region: I1I (4-85)
H; = dek, Region: IV (4.86)
where a2 = jHooovky + K2, k2 = ki + k;, and a, E, c, d are unknown complex con-
stants defined as @ = [ﬁx,ﬁy,ﬁz] b= [/l;x,gy,/gz]T, T = [Ex,ﬁy,EZ]T, d= [dAx, &\y,dAZ]T,

respectively. H [Hx,, Hy l,H ;] denotes the resultant magnetic field in the it

gion (i = 1,2, 3) while H) is the primary (incident) magnetic field produced by the
current coil in absence of the plate and H(®) is the magnetic field produced by eddy
currents induced in the moving conducting plate.

The Fourier transform of the primary magnetic field H) of a thin wire coil located
at z = zgp and carrying a steady current Iy can be found in regions I and II as

Region I : ‘ K ky ~ (4-87)

Region II : Ky o (4.88)
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where ﬁ|(|l)n = P/\I,((f,llx + H Al )ly, n=1,2and ]S is 2D Fourier transform of the coil with

current. To complete formulas (4.87) and (4.88), it is necessary to find the 2D Fourier
transform J.
First, it is analyzed an infinitely thin rectangular coil 2a x 2b with a current given as

I (2%) 5(y +b) —II (%) 5(y — b)

H(zlb)é(x—a)—ﬂ(zyb)é(x—l-a)

Js(x,y) = Io (4.89)

where Iy = MAz, 6(+) is the Dirac function and II(-) is the rectangle function [14]
defined as:

1 x| < 3
I(x) =1 1, x| =1 (4.90)
0 x| > 1
The Fourier transform J; of (4.89) is given by:
- 1
- Jsx o . kx
Js = | | = j4lysin(kya)sin(kyb) 1 (4-91)
sy _
ky

2D Fourier transform of an infinitely thin loop of radius R with a current defined as

—6(r—R)sin¢
, = I .
Js(x,y) = Io [ 5(r — R) cos (P] (4-92)
can be calculated as
~ ky
= Jsx . &
Js = |~ | = j2nRIpJ1 (kR) (4.93)
sy _kj
k

where 12 = x2 4+ y?,sinp = y/r, cos ¢ = x/r, and J;(-) is the first order Bessel function
of the first kind [1]

Vs
]E/e j2¢058 co5 040 (4-94)
0

Unknown constants @, b, ¢, d in (4-84) - (4.86) can be determined from the continuity
conditionsatz=0( =2)and z = —D (i = 3):

-~

ti = Hpit (4.95)
ni — Bn,i+1 (496)

E)
)

=N
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The indexes t and n denote tangential and normal components of vectors H and B,
respectively. Additionally to (4.95) - (4.96), the condition V x B,=0 (z-component of
V x B) in the region III has to be taken into account because the induced eddy cur-
rents in the conducting plate flow only in XY-planes (J, = 0). After a few elementary
transformations, the constant @ can be found as

= 1T(k, B) (1Z xis) e~k

Q)
I
D

<

|
S

<

(4.97)

where T(k, B) is given by the expression

~ (B*—1)tanh pkD
Tk p) = 2B+ (1+ p?) tanh kD

where B = a/k k* = k2 + ki, and a? = jugogvky + k2. The coefficient T(k, B) can be
treated as a "reflection coefficient" of the incident magnetic field "reflected" from the
moving conducting plate [84, 85, 114]. Finally, using (4.88) and (4.97), the magnetic
field H(®) in regions I and II produced by eddy currents in the moving plate can be
written as

H =Tk p) H]),

ALY = 3Tk p) (,;‘Tsye"zo ) e (4100

(4.98)

-0 %T(k ﬁ) (lz X Js) k(z+20) (4.99)

The Lorentz force exerted on a thin coil above a moving conducting plate can be
calculated using the following formula [85]:

[colENe o)

F—po [ [ 1) xHO )

—00 —O0

dxdy (4.101)

Z=2Z0

According Parseval’s theorem [14], (4.99) - (4.100) are rewritten in Fourier domain as

:%//jﬁxﬁ@)

After substitution (4.99) - (4.100) into (4.102), the following expressions are received

dkydky (4.102)

zZ=2z)

Ky -

F= g / / Tk ) ( kyfs*yI”f) e~ 0k, (4.103)

F=0 (4.104)
Ho I > |2 = 12\ 2k

e ] Jren (o)
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The side force F, equals 0 due to the x-symmetry of the coil. Using the symmetry of Ts
in the Fourier domain (see (4.91) and (4.93))

Jux(ke) = Jox(=kx),  Texlky) = —Jox(—ky),
Joy(ke) = =Jsy(=kx),  Taylky) = Toy(~ky)

Equations (4.103) - (4.105) can be simplified to the following form

7 ky ~ ky - ~ ke
" ‘uoz O/ 0/ STk, ﬁ)] ( k |]sy|2 y]syjsx) e Odkxdky (4.106)
Fo= 2 [ [RGB (Teal? + oy ) €20kt (4.107)
2'0 / , sx sy x@Ky

To calculate Lorentz force F*M exerted on the infinitely thin solenoid (Fig. 4.32), and
thereby on the permanent magnet, it is necessary first to sum (integrate) at z = 0 the
incident magnetic field contributions from infinitely thin coils evenly distributed along
the solenoid. The result has the following form:

—khg

5 (1) _1 =\ € __—kHy,

AL =5 (12 x0) = (1) (4.108)
(i Ky i ky

HZ(’% z=0 - _]% Hj((’% z=0 _] k y(% (4‘109)

Next, the magnetic field produced by induced eddy currents in the plate (4.99) - (4.100)
has to be integrated along the solenoid length [84]. Finally, the following expressions
for Lorentz forces exerted on a permanent magnet (possessing x-symmetry) above
moving conducting plate are obtained:

F}:M = HO]O/OO%[T(’( ,8)] (k Usy)| kyj\:yj\sx> X
00

(1 B eika)z ~2kho gk

S E— xdky, 110
prM L (4.111)
FPM = %//%[T(k,ﬁ)] (ITsxl? + Ty 2)

00

2
(1 B eika) 2%
TE* Odkydky. (4.112)

X

Formulas (4.110) and (4.112) are verified using the finite element method applied
to similar configuration setup as for analytical method. Figures 4.33 and 4.34 show
normalized Lorentz forces calculated using (4.110) - (4.112) and the FEM.
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F/FO PM(CUBOID): 2a><2a><11: 15><15><2§ mm, /,= 1 mm, D =100 mm
Fy=65.6 N, v,= 9.48 m/s

0.50

0.45

0.40

0.35 F, (ANA)
0.30 F, (ANA)
025 - F (FEM)
0.20 ~ £ (FEM)
0.15

0.10

0.05

0.00

0.0 0.5 1.0 1.5 2.0 25 3.0 35 4.0 4.5 50

v/ v,

Fig. 4.33: Normalized Lorentz forces exerted on the rectangular PM (2a x 2a x h) located above
a moving conducting plate: (ANA) - (4.110) - (4.112), (FEM) - finite element method
PM(CYLINDER): 2RxH = 15x25 mm, #,= 1 mm, D = 100 mm

F/FO Fy=51L1N, v,=10.37 m/s
0.50

F;(ANA)
0.30 F, (ANA)

025 ~= £ (FEM)
- F (FEM)

00 05 10 15 20 25 30 35 40 45
v/ v,

Fig. 4.34: Normalized Lorentz forces exerted on the cylindrical PM (2R x H) located above a
moving conducting plate: (ANA) - (4.110) - (4.112), (FEM) - finite element method

The forces are plotted versus normalized velocity v/vy for two permanent magnets
defined as: (1) cuboid 24 x 2a X h = 15mm x 15mm X 25mm, and (2) cylinder 2R X
H = 15mm x 25mm. The reference velocity vy corresponds to the condition F, = F.
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In both cases, the lift-off iy of the PM equals 1 mm and the magnetization M is defined
as M = M1,, where M = B, /o and B, is the remanence equals 1.17 T. The electrical
conductivity op and thickness D of the moving plate are equal to 30.61 MS/m and
100 mm, respectively.

As a reference force Fy, an asymptotic limit of (4.112) for oyv — co is chosen:

m o[ 2 2 (1 ¢ ka) —2kh
Fo= % [ [ (1Tl o ) Sy oy, (4.113)
00

It can be observed a very good agreement between forces calculated analytically using
(4.110) - (4.112) and obtained from FEM simulations. The normalized root mean devia-
tion (NRMD) between ANA and FEM (defined similarly as (4.41)) is equal to 0.42% for
both simulated cases.

The presented approach enables also to calculate induced eddy currents in the mov-
ing plate in easy way. Using J] = V x Hp, the 2D Fourier transform of the eddy current
density J takes the form

~ 1 — 1B ,~2pk(D+2) T,
j— []x] —(1-B) 1Jlrﬁ . Pz (1 _e—ka) e~ ko [%xl (4.114)
Ty 1 (%) o—2PkD Jsy

Next, applying symmetry properties of Js in the Fourier domain, eddy current density
in any point r of the plate is determined from the inverse 2D Fourier transform of the
following form:

Jx(r) = %//sin(kyy) {sin(kxx)%[fx] —I—Cos(kxx)%[fx}}dkxdky (4.115)
00

o) = — [ [ cosliyy) {sin(kex)3(7,] — cos(iex) RIT) } kst (4116)
00

where r = x1y +y1, + z1;.

Figures 4.35 and 4.36 show stationary eddy current distributions on the top surface
(z = 0) of the plate moving with velocity v = 10m/s. The distributions are calculated
with help of (4.115) - (4.116) (ANA) using the same models as for force calculations.
For comparison, results of FEM simulations for equivalent models are also presented.
A very good agreement of both solutions can be observed.
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Jand |J| at z =0, v = 10.00 m/s

y [mm]

z [mm]

(a) ANA (b) FEM

Fig. 4.35: Permanent magnet (Cuboid): eddy currents density distribution on the top surface of
the moving conducting plate (z = 0) for v =01y, v = 10m/s

J and |J| at z = 0, v = 10.00 m/s

)

R

v
Y
\l
A\l
A\l
A\l
\l
Y
Y
Y
Y

N v =

—15 —10 =5 0 5 10 15
z [mm]

(a) ANA (b) FEM

Fig. 4.36: Permanent magnet (Cylinder): eddy currents density distribution on the top surface of
the moving conducting plate (z = 0) for v =vly,, v = 10m/s

Figure 4.37 depicts eddy current distributions on the PM y-symmetry plane calcu-
lated with (4.115) - (4.116). In the plots only the distribution of ], component is shown
because [y =0aty = 0.
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Jy at y =0, v =10.00 m/s Jy at y =0, v =10.00 m/s

-10 -10
= —
£ -15 E 15
w w

—920 —20

—25 —25

—30 -30

-15  -10 -5 0 5 10 15 -15  -10 -5 0 5 10 15
2 [mm] 2 [mm]
(a) Rectangular PM (b) Cylindrical PM

Fig. 4.37: Eddy currents in the moving conducting plate on the y-symmetry plane of the perma-
nent magnet (y = 0) for v =0vly, v =10m/s

It should be noted that the distortion of induced eddy currents in the moving plate
follows the direction of the plate velocity.

4.4.3. 3D DEFECT RESPONSE SIGNALS

Analytical calculations of response signals (defined in Section 4.2.2.) produced by 3D
defects located in a moving plate under a fixed permanent magnet are only possible in
an approximate way. The approximate method presented in [105] is a simple extension
of the method described in Section 4.2. using a superposition of eddy currents induced
in the plate without defect and in the virtual region covering the defect region for a
slowly moving conducting plate. It uses a weak reaction approach for a description of
electromagnetic fields and approximates the permanent magnet with a single magnetic
dipole. It is assumed that the width and the length of the plate is much greater than the
size of the PM and the plate itself is represented by a package of thin conducting sheets
isolated from each other. The use of a package of sheets instead of a solid block greatly
facilitates the preparation of the experiment where the same defect at various depths
can be analyzed by a simple exchange of the appropriate sheets. The consequence of
using isolated sheets is the assumption that the electrical conductivity of the plate can
be modeled as an anisotropic one, i.e., it can be described by the diagonal conductivity
tensor (o] = diag(oyx, 0yy, 022) with 0z, = 0, and oyy = 0y = 0p. Additionally, the
defect is treated as an ideal one with the electrical conductivity equals 0. The paper
[105] describes a defect reconstruction procedure in which only normalized defect re-
sponse signals are used. However, if not-normalized absolute defect response signals
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are considered, the significant errors of calculated AF, and AF, DRS profiles can be
observed in comparison to the reference FEM solution.

Figure 4.38 shows sample DRS profiles in the vicinity of the defect calculated at
y = 0 according to [105] for the following setup: the rectangular permanent magnet

PM-N35(1): w? x h = 15.0% x 25.0, kg = 1.0 mm
DEF: 12 x 2 x 2 x 4 mm, NRMSE (e, ¢,) = 35.79(29.03,20.93)%

o. o
'''''

—400 —o— AF, (DIP)
—o— AF, (FEM)
AF, (DIP)

— o AF, (FEM)

—500 -

—600 -

—700 |-

—30 —20 -10 0 10 20 30

Fig. 4.38: Sample DRS profiles calculated using the single magnetic dipole model from [105]

w? x h = 15mm x 15mm x 25 mm of remanence B, = 1.17 T is hanged at a lift-off hy =
1 mm above the plate with a thickness of D = 100 mm and the electrical conductivity
Oxx = Oyy = 0p = 30.61MS/m, 0z, = 0, moving with the velocity v = 1cm/s along
the x-axis. The defect cx X ¢y, X ¢; = 12mm X 2mm X 2mm is located at the depth
d = 4mm under the upper surface of the plate. The permanent magnet is modeled by a
single magnetic dipole located locally at [0.5w, 0.5w, 0.4181k] found with the procedure
described in Section 4.3.6.. Current density voxels in a defect region are defined by
Ax = Ay = 1mm, Az = 2mm, i.e., the defect region is modeled by a regular one layer
grid of rectangular voxels. The normalized root mean square error (NRMSE) defined
by (4.41) - (4.44) is equal to 35.8% in this case. The NRMSE can be reduced when the
PM is modeled by more magnetic dipoles using e.g. a-MDM (Section 4.3.3.).

Figure 4.39 shows DRS profiles calculated for the PM modeled with the optimal a-
MDM consisting of Np = 1331 magnetic dipoles. Although, the NRMSE is reduced
(NRMSE = 29.3%), the calculated DRS profiles are still far away from the reference
FEM profiles. Further NRMSE reduction of DRS profiles calculated with the approach
presented in [105] is not possible even by increasing the number of voxels in the defect
region. In order to clarify this issue, the eddy current density distribution around the
defect is calculated. In the analyzed problem, the eddy currents J induced in a large
conductive metal plate without defect moving under the PM along x-axis flow only in
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PM-N35(1331): w? x h = 15.0% x 25.0, hy = 1.0 mm
DEF: 12 x 2 x 2 x 4 mm, NRMSE (e, €.) = 29.39(22.17,19.29)%

300
200
100
0
—100
Z
=200
wn
[a=t
S 300 |
—400 — o AF, (DIP)
—o— AF, (FEM)
=500 AF, (DIP)
— o AF. (FEM)
—600 |-
—700 | 1
-30 —20 -10 0 10 20 30
xr [IIIIH]

Fig. 4.39: DRS profiles calculated with a-MDM consisting of Np = 1331 magnetic dipoles

XY-planes, i.d. z-component of J equals 0. In addition, the electrical conductivity of
the plate is assumed to be anisotropic with 0, = 0. Therefore, the deformation of eddy
currents caused by the defect is possible only in the XY-layer of thickness ¢, coincident
with the defect.

Figure 4.40 shows eddy current distributions in the defect layer in the vicinity of the
defect found according to the approach presented in [105]. The distributions are plotted

Joatz = —5.0 mm, v =1 cm/s, DEF: 12 x 2 x 2 x 4 mm Jp at == —5.0 mm, v = 1 em/s, DEF: 12 x 2 x 2 x 4 mm Jsatz = —5.0 mm, v =1 cm/s, DEF: 12 x 2 x 2 x 4 mm
PM-N35(1331): w? x h = 15.0° x 25.0, hg = 1.0 mm PM-N35(1331): w? x h = 15.0° x 25.0, ho = 1.0 mm PM-N35(1331): w? x h = 15.0° x 25.0, hy = 1.0 mm
R
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Fig. 4.40: Current density distributions in the layer with a defect for the moment when the PM
is above the defect center (x,,; = 0)
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for the moment when the PM is just above the center of the defect (x;; = 0, x, is the
actual x-position of the PM coordinate system). Jo denotes the induced eddy current
density in a moving plate in the absence of a defect. Jp is an artificial current density
vector describing induced eddy currents in the region of conductivity [¢] introduced in
place of the defect. Eddy currents around the defect are described by the superposition
of Jo and Jp as J = Jo — Jp- As it can be seen in Fig. 4.40c, this operation gives the
eddy currents distribution which is not correct because the continuity V - J = 0 of the
current density near the defect is not fulfilled.

The correct eddy current distribution calculated by FEM is shown in Fig. 4.41. It can

Fig. 4.41: Distribution of eddy currents near a defect calculated by FEM

be concluded that for the proper description of eddy currents in a moving conducting
plate with a defect is not enough to subtract only the artificial eddy currents flowing in
the region covering the defect from the distribution found in a plate without a defect
because this operation does not take into account the impact of the defect on the eddy
currents in the surrounding area. This explains also the relatively large errors of DRS
profiles calculated with [105] approach.

In the following sections a new method based on a concept of an extended area
approach (EAA) will be introduced. This new method enables to calculate DRS profiles
with better accuracy. Before the introduction of the EAA, the analysis of the problem
of finding a flow of electric current around a circular hole in a thin large conducting
sheet is presented.

4.4.4. CIRCLE-SHAPED HOLE IN A THIN CONDUCTING SHEET

The flow of electric current in a thin very large conducting sheet is considered. The
sheet is uniform with electrical conductivity ¢ = o0y except near the origin where a
circle-shaped hole of radius R has been drilled (Fig. 4.42). Far away from the origin, the
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e R R
GO l(p ]1”
L7 P(ry)
R
Y/ X
0 >
2 Cavity

Fig. 4.42: Electric current in a thin conducting sheet with a circular hole

current density is uniform with J = Jo = —Jo1. In the vicinity of the hole, the current is
distorted because it has to flow around the hole. Introducing the electric scalar potential
V as E = —V¢, the current field problem can be described in cylindrical coordinates
(r,1,z) by the following Laplace equation:

Vi%p=—-F+-=t+ =t =0 (4.117)

together with the boundary conditions

_R: - 9 _
r=R: J,=0, 5 = 0 (4.118)
r—oo: J=-—Jol,, V= (%O]Or siny (4.119)

The unique solution which satisfies Laplace equation (4.117) and boundary conditions
(4.118) - (4.119) is given by

_ Jo
‘P—‘PO+(70”

1+ <1:)2] siny (4.120)

where ¢ is an arbitrary constant potential.
In cylindrical coordinates, the current density vector can be calculated as

0 10 d
J=00E=—0oV¢p=—0 (a(fl, + ;£1¢ + £1Z> (4.121)
Having (4.120) in (4.121) is obtained
2 2
J=-1o [1 — (f) ] singl, — Jo [1+ (f) ] cos Py (4.122)
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Fig. 4.43: Current density distribution in the vicinity of a circular hole

Sample current density distribution near the circle-shaped hole of radius R = 5mm is
shown in Fig. 4.43. Equation (4.122) can be divided into two parts, the primary input
current Jy and the distortion current j introduced by the hole, as

J=Jo—i (4.123)
with j given by
R\2

j= (r) (—Josin g1, + Jo cos 1) (4.124)

Using the vector identity

Jo = —Josinyl, — Jycos Y1y = Joriz.rrJr (Jo-1yp)1y

the distortion current density in any point r outside the hole can be rewritten as

2 .
j= (1:) <212,2r1'—]0> (4.125)

A current dipole of the moment p placed in a large thin conducting plate of thickness
0z at the origin of the coordinate system evokes in any point r of the plate a flow of
electric current described by the current density vector j, (see (4.32))

.1 p-r
= sz (2 2" p) (4-126)
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Introducing at the center of the hole an equivalent current dipole of the moment p =
JortR?6z = JoVy, (4.125) can be rewritten as

1 2(]0"2) ¥

)= T2z

1 T .
r— ]OVO} = 202 (ZPr—zr - P) =2jp (4.127)

where V) is the volume of the hole.

Thus, it has been shown that a distortion current caused by a circular hole in a
large thin conducting plate in which flows a uniform electric current can be expressed
through the current density field produced by a single current dipole located at the
center of the hole.

Figure 4.44 shows a sample distribution of a distortion current field in a vicinity of
a circle-shaped hole in a thin metallic plate. The coefficient in front of j, in (4.127) is
named as a dipolar correction factor (DCF) xpcr, i.e., Xpcr = 2. Later, it will be shown
that DCF depends on the shape of the hole drilled in the plate.

j-R=50mm 2j, - R=5.0 mm, Nyp =1, xpcr = 2.0
(Analytical solution) NRMSE(eg, €,) = 0.00(0.00,0.00)%
15 . . . . . . . . . . . . . . . . .

y [mm]
1S
y [mm]
IS

—15 T T T T T T T T T
-15 =12 -9 -6 =3 0 3 6 9 1215

2 [mm)]

—15 T T T T T T T T T
-15 =12 -9 -6 =3 0 3 6 9 1215

2 [mm)]

(a) Analytical solution - j (b) Equivalent dipole - 2j,

Fig. 4.44: Distortion current near a hole in a large thin conducting plate

4.4.5. EXTENDED AREA APPROACH

Based on the results found in the previous section, a new semi-analytical approach for
calculating the distortion current density near the hole in the thin conducting plate is
introduced now. The approach is called the extended area approach (EAA).

It is considered the thin conducting plate of thickness 6z parallel to X0Y plane. First,
the hole is substituted with a regular equidistant grid of Nyp voxels of volume Vp =
AxAydz, where Ax and Ay are grid densities in x- and y-directions. At the center of
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each hole voxel r;, a current dipole of the moment p; = jp;Vp is placed, where jp;
denotes the eddy current density vector at r; induced by the primary magnetic field
in the absence of the hole. The distortion current density at any point r in a large thin
conducting plate outside the hole can be calculated according to

. LD b le" (I' ri) jDi
= 2= (r—r;) — : .128
]E(r) XDCFZTL’(;Z 121 |1‘ 1‘1‘\4 (I‘ rl) |I' 1'i|2 (4.128)

where xpcr is the dipolar correction factor. Having the distortion current density jg
outside the hole and the "defect" current density jp inside the hole, the resulting den-

sity J of currents flowing around the hole can be obtained using the following super-
position

J=Jo—ip—jE (4.129)

where ] is the current density in the plate without the hole.

To estimate a dipolar correction factor for holes of arbitrary shapes, distortion current
distributions are analyzed for a series of elliptic holes defined as ¢y x cy, where ¢y
and ¢, denote the x- and y-axis of the elliptic hole. A distortion current outside an
elliptic hole can be easy obtained in the elliptic-cylinder coordinate system (7,1, z)
[95], where the coordinate iso-surfaces are respectively elliptic cylinders (7 = const),
hyperbolic cylinders (i = const), and planes (z = const). The relation between (1, ¢, z)
and Cartesian coordinates (x,y,z) is given by:

x = acoshrcosy

y = asinh#siny (4.130)

z=1z
where a = % 2 + cﬁ. When a uniform excitation electric current in a thin conducting
sheet flows opposite to the direction of the y-axis, the distortion current density j
around the elliptic hole cy X ¢, located at the center of the coordinate system (see for
comparison Fig 4.42) is described as follows [95]:

B siny
N Y B S cosh 257 — cos 2y
1= Ly] = )0 (6 +1> sinh 27 (4-131)

cosh2y —cos2y

where 179 = artanh(c,/cy) defines the elliptic contour of the hole. Analyzing distor-
tion current distributions for various elliptic holes, it has been found that the dipolar
correction factor xpcr can be approximated by the following expression

Cx

Xpcr =1+ (4.132)

Cy

To illustrate above, Fig 4.45 shows local relations between distortion currents for two
sample elliptic holes calculated analytically using (4.131) and obtained with the EAA.
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DCF vs distance to ellipse: ¢, x ¢, = 20.0 x 10.0 mm DCF vs distance to ellipse: ¢, x ¢, = 10.0 x 20.0 mm
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Fig. 4.45: Distribution of local dipolar correction factors

The relations are calculated along 0X and 0Y lines outside holes as a function of a
distance d to the hole contour. Based on the above analysis, the DCF for an arbitrary
hole with the outline given by cy X ¢, x ¢z is generally defined as

Cx

Xpcr =1+ (4.133)

Cy
In the case of circle-shaped holes, ¢y = cy where ¢y is equal to the diameter 2R of the
circle, and xpcr = 2 as it is shown in the previous section. For other shapes, i.e., elliptic
or rectangular holes, cy and ¢y are the x- and y-axes of the ellipse or the length and
the width of the rectangle, respectively. Although the DCF given by (4.133) is only an
indicative factor it enables to model the distortion field around holes of various shapes
with a sufficient accuracy.

Figure 4.46 shows sample current density distributions around holes of various
shapes calculated with the EAA. In this case, normalized root mean square errors
of the EAA for the circular and elliptic hole are equal to 2.47% and 1.98%, respectively.

In the presented examples, current distributions obtained from corresponding ana-
lytical solutions are used as a reference. In all cases, the density of voxel grids used
in the EAA was the same and equal to Ax = Ay = 1mm. The NRMSE of the EAA is
reducing when the density of voxels in the hole is decreasing (more current dipoles in
the hole area are placed), e.g. for Ax = Ay = 0.25mm, the NRMSE equals 1.22% and
1.62% for the circular and the elliptical hole, respectively.
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Je+Jp - R=50mm, Nvp =69, xper = 2.0 T+ 3 - ex X ¢y = 200 x 10.0 mm, Nyp = 147, xper = 3.0 T+ 3D - ex X ¢y = 10.0 x 20.0 mm, Nyp = 147, xper = 15
NRMSE (s, ¢) = 2.47(1.95,1.52)% NRMSE(ez.¢,) = 198(1.57,1.21)% NRMSE(ez.¢) = 198(1.57,1.21)%

3 3{iieq NS 3
1444 A
= = ciid b =
I ERE Y Y ' R
£ 0 e daa £ 0
= = S ddas =
3 3 vy, veoo 3

- L sl sl
-5 -12 =9 —6 -3 0 3 6 9 12 15 -5 -12 =9 —6 -3 0 3 6 9 12 15 -5 -12 =9 -6 -3 0 3 6 9 12

x [mm] z [mm] z [mm]

mm, Ny p = 69, xpor = 2.0 J - ez X ¢y = 20.0 x 10.0 mm, Nyp . Xpor = 3.0 J - cx X ey = 10.0 x 20.0
€y 47(1.95, 1.52)% NRMSE(ez,¢,) = L5 % NRMSE

SE(crc,

EES

R

A
=
5

B
[

) =2. €€
TV 7T
vy vy
7Yy vy
vy vy
vy vy
vy vy
vy I
vy by
IR ,

y [mm]
¥ [mm]
¥ [mm]

QAT

73 QeaaaETT =5
6 > 6 PP SOVPYEN s 6

’y PR RPN o

vy PER DR RN Y
-9 vy -9 {9999 8N Ty, -9 vy

vy R R R 144
2 vy 5 RRRR R R AN . 44
—12 vy -12 IRREERRRERRRARZ AN -12 vy

vy LRRRRRARRRRRRRRAAAS vy
15 vy _15 ARARARRRRRRERRRZAN/ 15 vy
15 -12 -9 6 -3 0 3 6 9 12 15 -5 -12 -9 6 -3 0 3 6 9 12 15 -5 -12 -9 -6 -3 0 3 6 9 12 15

z [m] « [mm] * [mm]

Fig. 4.46: Eddy current density distributions in a large thin conducting plate: (up) distortion and
"defect” currents, (down) superimposed currents

446 DEFECT RESPONSE SIGNALS FOR DEFECTS IN ANISOTROPIC CONDUCTOR

Further, a conductive plate with a single ideal defect is analyzed. The plate is moving
under the fixed permanent magnet with a constant velocity, sufficiently small that the
secondary field produced by induced eddy currents in the plate does not influence the
primary magnetic field produced by the PM. In that sense, the weak reaction approach
can be applied to calculate 3D DRS profiles. The EAA can be directly used in these
calculations if the plate is large and the electrical conductivity is anisotropic (%, = 0).
Assuming that the top surface of the plate coincides with X0Y plane, the defect can be
modeled by one or more XY layers of voxel grids (Fig. 4.47). Having in mind that the
weak reaction approach is used, the EAA is applied to every voxel layer independently.
The sum of DRSs calculated for each layer gives at the end the total defect response
signal. To calculate DRS profile corresponding to one voxel layer, it is necessary to know
a current density distribution in the moving plate without defect. To calculate this
distributions, MD models of permanent magnets described in Section 4.3. are applied.

Before explaining how to calculate 3D DRS, generalized formulas for the magnetic
field produced by an arbitrary oriented magnetic dipole and for eddy currents induced
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Fig. 4.47: Sample voxel grid covering the defect region

in a slowly moving conducting plate are briefly presented. The formulas enable to
construct multi-dipole models (MDM) of complex PM arrangements such as Halbach
permanent magnets [55] consisting of more than one magnetic part magnetized in
various directions, e.g. cylindrical rods surrounded by segments or rings. The MDM
consists of Np magnetic dipoles located in a regular grid of voxels constructed as it
was already shown in Section 4.3.. The moment m; of the i" magnetic dipole from
the MDM can be determined using the PM magnetization vector M = M1y, as m; =
MVy1py, where Vyy = Vy/Np and Vj is the volume of the PM. The orientation of
m; coincides with the direction of the magnetization vector 1j;. The magnetic flux
density by; = b;(xk, Yk, zk) = [bxi by b,;]T at the point 1y = [xg, Y, 2] produced by
an arbitrary oriented magnetic dipole m; = [m,;, m, ;, m ;)T located at r; = [x;,y;,2]7
can be described in the Cartesian coordinate system according to (4.53) as:

3 LI%Z 1 3 XkiYki o XkiZki
R2. R3 R® R?
ki ki , ki , ki
Ho XkiYki Yi YkiZki T
K=,-| 3075 35553 373 -m; (4.134)
47 R}; Ry Ry Ry; Z
3xki§ki 3yki§ki 3271;1' B %
L Ry, Ry, Ry Ry |

where
Xki = Xk =Xy Y =Yk —VYir  Zki = Zk — Zi
2 2 .2 2 2 2
Rii = 1hi + Ziir - ki = Xii + Vi
In the WRA, induced eddy currents J in a conducting object can be directly cal-
culated using Ohm’s law for moving conductors (4.20) because the influence of the
secondary magnetic field produced by eddy currents on the primary field is neglected.
Equation (4.20) can be written as
%
0x

J = 00(E+v x B) = 0g(~V+v xB) = —0p Z’HBZ (4.135)

0

where ¢ is the electric scalar potential fulfilling the Laplace equation V2¢ = 0, and
V -J = 0. For 3D LET problem, it can be shown that for an arbitrary magnetic dipole
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located above the conducting plate moving along x-axis with constant velocity v =
vly, induced eddy currents in the plate flow only in the planes parallel to the top
surface of the plate [132], i.e., J; = 0. For a large plate, the electric scalar potential
Pri = ¢i(xx, Yx, z) at any point rp = [xt, Y, z¢]” in the plate corresponding to m; can
be directly determined from the condition
]z=0—> a;Za ZUby/i
where b, ; is the y-component of the magnetic flux density produced by the magnetic
dipole m; (see (4.134)). Finally, using the notation from [132], the eddy currents induced
in the plate can be described as

(4.136)

14000 Cig1+GCgz  Cifi—GCafs C282
Ji =" | 3CA-GCfs —Cig1—Csgz Co—Cof -m] (4-137)
0 0 0
where
Vi = Ji(xk v zi) = Ui Jy,io Tl
> 2 2 2
X Xki = Yk i (% — 3Yg;)
1=—, h=—"5", fz=—"3—" (4.138)
f Tki J i f m
> 2
Yki XkiVYki Yii (3% — Vi)
1=, =2—"2—, 3= (4.139)
g Tki 8 5 § T
and
3r2. 1 3rkil zkil 3r%;
Co=—K — —_ (= sign(zy) Ml = _ ’;_’ (4.140)
2Ry, R} 4Ry, 2Ry;
- |zki| [ 3rii | 1 2 <|Zki| )
C3 = sign(z; +—|+5 (5= -1 (4-141)
’ gn (2 Ry \4RY, 7 3 \ Ry

It can be observed that terms C; f1, C141, C3f3, and C3g3 in (4.137) become singular
for ry; = 0, i.e., for observation points r lying just under the magnetic dipole m;. To
calculate eddy currents under the dipole, series expansions of C; and C3 around r¢; = 0
have to be found

Cilv-o = sign(za) o (1- 577 ) + 00 (4142
4|z |* 2|z
Calvmo = —signa) s + O0) 4193
which gives at the end
0 0 0
Jiilr—0 = VZ—(:U _|Zk1i|3 -m] (4.144)

00 0
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It should be noted that the formula (4.137) together with (4.144) is valid both for uni-
formly conductive plates and electrically anisotropic plates (05, = 0).

Generally, 3D defect response signals are defined in the same way as in the case of
2D LET problems

AF =F—Fp (4.145)

where F and F are forces exerted on the PM above moving conducting plate with and
without a defect, respectively. In the further analysis, it is assumed that the electric
conductivity of the moving plate is anisotropic with ¢, = 0. If only one ideal defect
Cx X ¢y X c; is located at the depth d in the large moving conducting plate W x L x D
then the 3D DRS profile for x,, €< x1,x2 > (Fig. 4.48) can be calculated using the EAA

DRS profile
path trace

,,,,,,,,,,,,,,,

=™

D Moving conducting plate
4 6y (0,.=0)

L

Fig. 4.48: LET configuration setup used in calculations of 3D DRS profiles

and is expressed as follows:

o —d
AF"™ = AF(r,) = / / (j(D") +j§5")) x B dxdydz (4.146)

—d—c,

8\8

where 1, = [xn,yo,ho]T describes the relative position between the PM and the plate
coordinate systems, and ng) and ]g) are distortion and "defect"” current density vectors
at r,,, respectively.

To calculate 3D DRS profile numerically, the extended region Ey; X Ey X ¢; around
the defect ¢, x Cy X €z is introduced. The size Ey; of the extended region is defined as

Eyxt = (EXT + 1) max(cx, cy) (4.147)
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where EXT is an arbitrary chosen scaling factor greater or equal 0. If EXT = 0 then the
extended region does not exist and the model is reduced to the approach described in
[105].

The extended region is substituted with N; = c,/Az XY-layers of regular grids of
voxels each of volume Vi = Ax X Ay x Az (Fig. 4.49). Number of voxels outside and
inside a defect is constant for each XY-layer and assigned to Ny and Ny p, respectively.

Conducting plate

,,,,,,,,

Defect ’ E, )
(elliptic cylinder) / /
; ;
i1
1

Extended region

Fig. 4.49: Extended region (EXT = 1) around a sample ideal elliptic-cylindrical defect

The 3D DRS formula (4.146) takes the following discrete form:

Np [Nvp

AF™ = vy Z]D;Z XBI(”)+ Z]l(”)xB ") (4-148)
=1

L(n)

where j E( ") B,/ are the distortion eddy current density and primary magnetic flux

density at the center of the i’ voxel located at the I layer outside the defect, re-

spectively. Vectors jl[’)(;), B;’(") denote the "defect" eddy current density and primary

magnetic flux density at the center of the j* voxel in the I*" layer inside the defect.
The primary magnetic flux density B;’(n) in the I layer at the point ry outside/inside

the defect is calculated using the MDM of the PM as

Np
By = ;bi}(”) (4.149)

where Np is the number of magnetic dipoles in the MDM and bi’i(") is given by (4.134)

in which 1; = 1 — ¥/ — 1, and r} is a local position of the i magnetic dipole in the
MDM.
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The "defect" eddy current density ji’)(z) at the point r; inside the defect is a super-

position of current density contributions ]i’i(n) (4.137) evoked by all magnetic dipoles
from the MDM:

Np
.1, 1,
]D(,’l:) = Z;Jki(n) (4.150)
i=
Having "defect" eddy current densities jlb(,’;), distortion eddy currents )é(;: ) at 1, in
the 1" layer of the extended region outside the defect can be calculated as
.1,(n) .1(n)
il'(n) = XDCF Ve NZV? Itk —x) (tp — 1) — Jbi (4.151)
Ek 21Az = |t —1;[* Yy — 12

where xpcr is the dipolar correction factor defined by (4.133).

The formula (4.148) together with (4.149) - (4.151) gives the complete way how to
calculate 3D DRS coming up when an anisotropic conducting plate with a defect moves
slowly under a fixed, arbitrary magnetized magnet system described by the MDM. The
implementation of the above approach can be directly realized as a script in Matlab®.
The script should be coded using vectorization features of Matlab® instead of classical
loops for the realization of sums in (4.148) - (4.151). This significantly accelerates the
code. However, even in the case of optimized code, its execution time strongly depends
on the number of magnetic dipoles used in the MDM and thus it could be relatively
time consuming for a very accurate MDM with the high number of Np. Therefore, the
possibility of eliminating MDM from DRS calculations has to be analyzed.

First, the MDM can be eliminated from (4.149) which describes the primary mag-
netic field produced by the permanent magnet by applying directly the analytical ex-
pressions presented in Section 4.3.5., i.e., (4.63) - (4.65) or (4.69) - (4.70) for rectangular
or cylindrical permanent magnets, respectively.

The second possibility to accelerate the code is to use analytical expressions for B
and Jp in (4.148). Unfortunately, it was not possible to find analytical formulas for
induced eddy currents in a moving conducting plate produced by a cylindrical per-
manent magnet. Therefore, only the analytical solution for a rectangular PM above a
moving plate is presented hereinafter.

The formulas (4.63) - (4.65) can be rewritten using expressions given in [42]. In this
case, the magnetic flux density B(x,v,z) at any point r = [x,y,z]” outside a rectangular
permanent magnet can be given as

(=1 In [Fu(x,y,2)]

nglS
1~

T
[N
=
i
N

(=1 In [Hy(x,,2)] (4.152)
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where
Fue) = G2 o @)
Gumk (x,Y,2) = Azlﬁzk% (4-154)
s (3:3.2) = R (159
and

Rumk(x,y,2) = \/Ax% + Ay2, + Az%, Axp =X —Xpn, AYym =Y — Ym, Dzp =z — z¢
The parameters x1, x3, y1, Y2, and z1, zp describe the PM as it is shown in Fig. 4.50.

z
Xy

= r= [x,y,z]T
2 L
2

S —-—

XA - 77- i 7

Z

N Y2
Fig. 4.50: Rectangular permanent magnet - setup for analytical calculations [42]

The electric scalar potential ¢ at any point r = [x,y,z]T in the moving plate can be
found using the WRA and (4.135) together with the condition (4.136) as

9(x,y,2) —"OM”2 IPNE 1L Ay In Ry (3,9, 2) — Azl +
=1m=1n=1

AanZk
Aymank(xl Y Z)

+ Ay, arctan — AzgIn [Ry (%, y,2) + Axn]} (4.156)

The eddy current density J in the plate is calculated from:
9%

ox

J(x,y,2z) = —09 3‘5 1+ vB, (4.157)

0
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where B; is given by (4.152) and gradient components are as follows:

_ oMo & { 1)kt Rka(xry/Z) — Az
ax 4r 21 mzl lek(xryrz> - Azk

2 (_1)k+m+n |: AymAZk Ax2

+ 1 — Az } } (4.158)
,1;1 ank(x/yrz) Ax% + A]/% ank(x'yfz) — Az ¢ 5

aib VOMU 2 i i k+m+n {arctan AxpAzy
ay k=1m=1n=1 Aymank(x/y/Z)
n Aym { Axy B Azy B
ank<xrylz) ank(x/]/rz) — Az ank(X,y,Z) + Axy,
AxyAzy (Ax2 +20y2, + Az2
e - 4 (4.159)

(AxZ + AyZ) Ay, + Az2)
In the case where B and Jp in (4.148) are expressed by (4.152) and (4.157), the approach
is called the analytical EAA.
In the next section, some results of 3D DRS calculations performed with the EAA for
various defects are presented.

4.4.7. SIMULATIONS OF 3D DRS WITH EXTENDED AREA APPROACH

Sample 3D defect response signals are calculated using the EAA for defects shown in
Fig. 4.51.

D1 D3
v
¢,=2mm | %
A c=12mm ¢,=6mm
g vl
D2 c=6mm
D4
¢,=12mm
c=2mm c=6mm

Fig. 4.51: Sample defects used in simulations with the electrically anisotropic plate (c; = 2mm)

All sample defects were located at a depth of d = 4mm and possess the same size
¢; = 2mm. The size E,; of the extended region was estimated according to (4.147) with
the varying parameter EXT equals to 0(1)4. The density of a voxel grid replacing an

extended region was constant and equal to Ax X Ay x Az =1mm x Imm x 2mm, i.e.,

there was only one voxel layer covering the defect. Two permanent magnets (1) cuboid:
w? x h = 15mm x 15mm x 25mm, and (2) cylinder: 2R x H = 15mm X 25 mm fixed
at the lift-off hp = 1 mm above the moving conducting plate of thickness D = 100 mm
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are analyzed. Both magnets are Nd-Fe-B (Neodymium-Iron-Boron) magnets of grade
N35 with the remanence (residual induction) B, equals 1.17 T. The grade of Nd-Fe-B
magnets corresponds to the maximum energy product BHy,, expressed in CGS unit
MGOe (Mega Gauss Oersted).

The plate of the anisotropic electrical conductivity [¢] = diag(op, 0p,0) with oy =
30.61 MS/m moves along the x-axis with the speed v = 1 cm/s. Defect response signals
were calculated according to (4.148) using the analytical EAA for the rectangular PM
(1) and the EAA with the optimal («, )-MDM consisting of 1365 magnetic dipoles for
the cylindrical PM (2). The 3D DRS profiles AF(r,) are calculated on a set of points
r,, regularly distributed along x-line defined as: v = yp = 0, z = hp = 1mm, and
x = x, where x,;, €< —30mm,30mm >. The x-density of the profile points is set to
dx = 1mm. Since DRS profile points lie on the XZ-symmetry plane of the considered
defects the y-component of AF() is equal to 0 and the DRS profile is defined only by
x- and z-component corresponding to the drag and the lift force exerted on the PM.

To quantify errors of DRS calculations with EAA, a normalized root mean square
error (NRMSE) and a normalized maximum difference error (NMDE) are used. The
errors are defined as:

NRMSE = /€2 +€2, NMDE = /(2 + 2 (4-160)

where
2
R [aE - ar,, ]
€ = o) : o) 100% (4.161)
max |:APC,FEM:| — min [AFC,FEM:|
AFmﬂx
lc= o — ® 100% (4.162)
max {APC,FEM} — min [AFC’FEM}
AF!™ = max AR — ARG, (4.163)
n=l1... ¢

while index ¢ € {x,z}, N is the number of test points in a DRS profile AF("), and a
subscript FEM denotes a reference solution calculated by FEM.

Table 4.1 shows NRMSE and NMDE of DRS profiles calculated for defects D1-D4
in a conducting plate moving under the rectangular PM (1) using the analytical EAA
with various sizes of the extended region (see (4.147)).

It can be observed that regardless of the shape of the defect both NRMSE and
NMDE decrease when extended area increases. However, errors for the long defect
D1 are much higher than for the other test defects. Increasing the density of voxel
grids in the EAA does not improve DRS profiles in this case.

In order to reduce DRS errors for rectangular defects that are not squares, a modified
DCF estimated from the so-called "equivalent ellipse" of equal area to the original
rectangular defect is applied. The modified DCF x, takes the form

Xpcr= 7 +1 (4.164)
y
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Table 4.1: Normalized errors of 3D DRS - anisotropic plate

CUBOID* EXT

0 1 2 3 4

D1 | 29.28 12.97 1174 1140 11.08

NRMSE [%] D2 | 2476 462 342 342 3.62
D3 | 1195 932 6.89 451 3.21

D4 | 1218 940 7.29 500  4.00

D1 | 74.64 27.25 2672 2646 25.89

NMDE [%] D2 | 63.55 795 567 622 6.86
D3 | 28.23 21.19 1506 9.16  6.00

Dg | 28.04 20.98 1520 9.66 7.99

a PM-N35-CUBOID: w? x h = 15mm x 15mm x 25mm, hy = 1mm, g = 1cm/s,
defect depth d = 4mm

Table 4.2 shows errors of DRS profiles for the defect D1 calculated with the modified
DCF which reach now comparable values to the errors for the other test defects.

Table 4.2: Defect D1: errors after "equivalent ellipse” correction

EXT
1 2 3 4
NRMSE [%] | 8.92 6.38 5.36 4.81
NMDE [%] | 17.49 11.78 10.06 9.22

D1

The DRS profiles AF, and AF, for defects D1-D4 calculated with the EAA are pre-
sented in Fig. 4.52. The profiles for defects D1 and D2 are obtained using the modified
DCEF (4.164) while for defects D3 and D4 the standard DCF (4.133) is applied. For com-
parison, DRS profiles determined using only "defect" currents [105] are also plotted.
DRS profiles for all test defects calculated with the EAA are definitely better than the
profiles obtained using only "defect" currents (NRMSE is less than 5%).
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The computation time T4n4 of DRS profiles simulations performed using the analyt-
ical EAA are also compared with the computation time Tyspps of DRS profiles obtained
using the EAA with a-MDM for the corresponding rectangular PM. The a-MDM con-
sists of 1331 magnetic dipoles with the optimal « equals 0.485071 which provides mod-
eling of the magnetic flux density in the conducting plate of average error NRMSE less
than 0.15%. Computations of DRS profiles with the analytical EAA are over 30 times
faster than calculations using the EAA with a-MDM, independently on the size of the
applied extended region, e.g. for profiles consisting of 61 points and the extended re-
gion defined by EXT = 4, Tyn4 found as average time of calculations performed for
all test dipoles equals 2.54 s while the average Typu is equal to 95.1s.

Additionally, induced eddy currents near analyzed test defects are calculated to illus-
trate the quality of the EAA. Figure 4.53 shows distributions of induced eddy currents
flowing around defects D1-D4 at the moment when the PM is just above the center of
the corresponding defect. The distributions are calculated with the analytical EAA at
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Fig. 4.53: Current density distributions around defects D1-D4 calculated with the EAA for
EXT = 4 (PM is located above the defect center)

the XY-plane which is the mid-plane of the defect (z = —5mm). Due to the symmetry
of the problem, distributions are plotted only for y > 0. Cones represent the resultant
eddy current density in centers of corresponding voxels used in the EAA. The resultant
eddy currents are superposition of the currents in the moving plate without defect, the
"defect” currents, and the currents in the extended region. It can be noticed that the
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calculated current distributions are close to these which are expected (see for example
Fig. 4.41).

Finally, the results of simulations performed with the cylindrical PM (2) located
above the moving conducting plate are summarized in Table 4.3.

Table 4.3: Normalized errors of 3D DRS - anisotropic plate

EXT
0 1 2 3 4

CYLINDER*

D1 | 2845 828 6.08 527 482
NRMSE [%] D2 | 2219 494 457 464 479
D3 | 1173 864 6.04 382 2.68
D4 | 1193 860 628 416  3.31

D1 | 7457 1680 12.02 1050 9.68
NMDE [%)] D2 | 59.14 884 850 9.57 10.13
D3 | 28.00 19.99 1340 770 4.89
Dg | 2831 1972 1340 824 6.73

a PM-N35-CYLINDER: 2R x H = 15mm X 25mm, hy = 1mm, vp = 1lcm/s,
defect depth d = 4mm

In this case, the PM is modeled by («, 8)-MDM consisting of 1365 magnetic dipoles,
and the optimal (a, ) parameters equal (0.508238,0.488512) which results in an ap-
proximation of magnetic flux density in the plate with the average NRMSE below
0.065%. Similarly, as in the case of the rectangular PM,the DRS profiles for defects D1
and D2 are obtained using the modified DCF in the EAA while for defects D3 and D4
the standard DCF is applied. The calculated NRMSE and NMDE errors for all test
defects are similar as for the rectangular PM, i.e., less than 5% and 10%, respectively.

448 DEFECT RESPONSE SIGNALS FOR DEFECTS IN SOLID CONDUCTORS

So far, 3D DRS have been calculated for defects located in a moving large conducting
plate described by an anisotropic electrical conductivity [¢]. The application of the
EAA can be easily expanded on problems where a solid conducting plate is described
by a homogeneous electrical conductivity op. In this case, calculations of induced eddy
currents in the moving conducting plate without defect can be performed in the same
way as it is described in Section 4.4.6. because the distribution of eddy currents in the
plate does not depend on the fact if the electrical conductivity is isotropic or anisotropic,
i.e., in both cases, ]y, = 0. Although "defect" eddy currents ]gl;( remain the same as
in the anisotropic case, the distortion currents in the extended region flow not only in
the XY-planes but around the entire defect. This means that the extended region has
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(n)

to be defined as a 3D surroundings of a defect and for distortion currents j  instead
of (4.151), the following formula has to be used

NVD '(n>. . ( _ ) -(ﬂ)‘
.(n) E Jp,i " Tk — Ti N ID,i
Jek = XDCF g 1; R (1 —17) PRmE

(4.165)

where xpcr is a dipolar correction factor. It can be shown that xpcr = 3/2 for spherical
defects [95].

However, distortion currents calculated with (4.165) do not meet the boundary con-
dition 1 - jp = 0 at the top surface of the plate (z = 0) where the jump of conductivity
is observed. If the thickness of the conducting plate D can be assumed to be much
greater than the depth and the maximum size of the defect, then the above boundary
condition can be fulfilled by mirroring the "defect" currents ]gi against the plane z = 0

(Fig. 4.54) and then taking into account the "mirrored" currents jg\?k in the distortion

calculations.

Mirrored
,defect” currents

Extended
region

Defect —_| ,Defect” currents

o

Conducting plate

\

Fig. 4.54: The solid isotropic conducting plate with mirrored "defect" currents

| I

Finally, the eddy currents at any point r; in the extended region can be obtained as

Nyp [ 3. (1 —1;) . (n)
(n) _ Vg Jpi Ik — L ID,i
JEk = XDCFy - Z; - Ilrk—rTS (rk—ri)—i‘rk_lri|3 +
1=
Nop | G0 (r — ) i
+ 3ML 2 E o (e — ) — (4.166)
i; te — ragil° (i = 1a1) |1 — rari]3 4

where 1) ; is the position of the i mirrored current dipole and jg\z)k =j (Dn;{
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DRS profiles can be calculated using (4.148) with (4.166) instead of (4.151). To test
the quality of DRS profiles calculated for defects in a solid conducting plate of homo-
geneous electrical conductivity oy = 30.61[MS/m] test defects shown in Fig. 4.55 are
analyzed. Test defects are defined by a combination of parameters c, x cy X ¢z as fol-
lows: D1 (sphere) is described by its diameter (cy x 0 x 0), D2 (cylinder) is described
by the diameter and height (cx x 0 X c;), and D3 (cuboid) is given by the length, width,
and height (cx X ¢y X c;). Parameters ¢; for all defects shown in Fig.4.55 are equal to
6 mm while the depth d of defects equals 4 mm. The density of the voxel grid used in
the EAA is defined as Ax X Ay X Az =1mm X 1mm x I mm.

DI D2 D3
N o= 6 mm
g g
g g
) ©
I, I,
< Q
¢ =6 mm ¢, =6 mm
¢,= 6 mm

Fig. 4.55: Sample test defects simulated in the electrically isotropic conducting plate

In the LET system, the rectangular PM made of N35 material (remanence B, = 1.17T)
is applied. The PM of width 15mm and height 25 mm is located at the lift-off iy =
1 mm. The conducting plate W x L x D = 400 mm x 400 mm X 100 mm (important for
FEM calculations) moves along the x-axis with the velocity v = 1cm/s.

Table 4.4 shows normalized errors (NRMSE and NMDE defined by (4.160)) of
DRS profiles for defects D1-D3 calculated along x-line: y = 0, and z = hy, where
x €< —30mm, 30mm >. The analytical EAA with xpcr = 3/2 is applied using se-
quentially increasing extended regions (EXT = 0 : 1 : 5). As for the anisotropic case,

Table 4.4: Normalized errors of 3D DRS for defects in a solid plate

EXT
0 1 2 3 4 5

CUBOID*

D1 | 17.04 11.08 831 536 382 288
NRMSE [%] | D2 | 16.10 11.52 8.95 6.00 4.40 3.29

D3 | 15,54 1124 836 549 4.07 3.26

D1 | 3777 24.84 1783 1119 795 6.02
NMDE [%] | D2 | 35.08 2559 18.91 1227 Q.02 7.00

D3 | 33.90 2531 18.14 11.66 8.55 6.84

a PM-N35-CUBOID: w? xh = 15mm X 15mm x 25mm, hy = 1mm, vy = 1lcm/s,
defect depth d = 4mm
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if the extended region increases the reduction of errors can similarly be observed, i.e.,
NRMSE and NMDE are reduced below 3.5% and 7%, respectively.

Figures 4.56 - 4.57shows DRS profiles of all test defects calculated for EXT = 0
(no extended region) and EXT = 5, for comparison. It can be observed a very good
agreement between the EAA (EXT = 5) and the reference FEM solutions. Additionally,
distributions of eddy currents flowing around defects are plotted in Fig. 4.58.

In all test simulations, the same dipolar correction factor xpcr = 3/2 determined
from the analysis of a spherical cavity in a homogeneous current field is used. As it
can be seen, this DCF works correctly also for other test defect shapes (cylinder, cube)
because due to chosen defect dimensions they are quite close to a spherical defect.
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Fig. 4.56: DRS profiles of defects D1-D2 in the solid plate calculated for EXT = 0/5 (left/right)
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Fig. 4.57: DRS profiles of defect D3 in the solid plate calculated for EXT = 0/5 (left/right)

Fig. 4.58: Current density around defects D1-D3 on the defect symmetry plane for y > 0 calcu-
lated in the solid plate for EXT = 5 (the PM is above the center of defects)
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To find the DCF for an arbitrary defect defined by the outline cx x ¢, X ¢; distortion
currents around the idealized cavity in a form of oblate/prolate spheroid have to be an-
alyzed [95]. The cavity is located in a conductor in which homogeneous flow of electric
current is forced. The distribution of distortion currents can be found analytically using
a separation of variables method in the appropriate coordinate system (oblate/prolate
spheroidal CS) [74]. The local dipolar correction factors for defects of various shapes
along the 0Y line are shown in Fig 4.59.

DCF vs distance to cavity (Line: 0Y)

99T : : : :
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Fig. 4.59: Local dipolar correction factors for spheroidal cavities: (OS) oblate spheroid, (PS) pro-
late spheroid

The analysis of the presented results allows to find the following approximate for-
mula for the dipolar correction factor in the EAA:

Xpcr =1+ % (Z; + Z) (4.167)

Table 4.5 presents normalized root mean square errors of 3D DRS profiles calculated
for rectangular test defects defined by cx x ¢, X ¢, using constant xpcr = 3/2 and
XDcr estimated from (4.167). It can be noted that the application of (4.167) reduces
DRS errors by about 30% for all test defects.

Figure 4.60 presents DRS profiles for defects from the Table 4.5. A very good con-
formity can be observed between profiles received with the analytical EAA and the
reference DRS calculated by FEM. However, it must be noted that the NRMSE of AF,
profiles is always higher than the error of x-DRS component.
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Table 4.5: Various rectangular defects in a solid plate - normalized errors

Defect”

Cx X €y X Cz

XDCEF NRMSE[O/O] XDCF (4.167) NRMSE[(%}

3x6x3 1.5 4.85 1.250 2.47
6x3x%x3 1.5 3.81 1.750 2.69
6x3x%x6 1.5 5.62 2.000 3.42
6X6x3 1.5 2.92 1.375 2.61

a PM-N35-CUBOID: w X w X h = 15mm X 15mm x 25mm, hy = 1mm, vy = 1cm/s, defect

depth d = 4mm
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Fig. 4.60: DRS profiles of various rectangular defects in the solid plate calculated for EXT =5
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Finally, for the rectangular PM, comparing CPU times of the analytical EAA and
the EAA where the a-MDM with 1331 magnetic dipoles is applied, it can be found
that the analytical method is almost 40 faster than the MDM one. This comparison
is independent on the applied extended region size and the used voxel grid density.
For example, for the extended region EXT = 5 and the voxel grid density equals
1mm X 1 mm x 1 mm, the average CPU time of finding 61 point defect response profiles
is equal to 15.9s and 632.1s for the analytical and the MDM EAA implementation,
respectively.

4.4.9. RESUME

In Section 4.4., the drag and lift forces exerted on a rectangular/cylindrical PM above
a large conducting plate moving with a constant velocity along the x-axis have been
calculated using modification of the approach presented in [114]. Formulas for induced
stationary eddy currents in the moving plate are also obtained. It has also been shown
how to calculate defect response signals (DRS) of one defect located in a large conduct-
ing plate slowly moving under a permanent magnet. Using the weak reaction approach
(WRA) and the new developed extended area approach (EAA) it was possible to find
the DRS of the defect ¢y X ¢y X c; for large plates of any thickness D and the anisotropic
electrical conductivity [o], where 0z, = 0 as well as for thick solid plates of homoge-
neous electrical conductivity ¢p. The introduced methods are illustrated by numerical
simulations in which 3D DRS and induced eddy currents near a single defect are calcu-
lated. Simulations show that the proposed methods allow calculation of 3D DRS with
the NRMSE below 5% for all analyzed test defects.

4.5. SUMMARY

In this chapter Lorentz force eddy current testing (LET) method for systems where the
source of magnetic field and the investigated conducting object are in relative move-
ment has been presented. The purpose of this chapter was to present in details the use
of analytical and semi-analytical methods for the calculation of 2D and 3D models of
LET. Numerical Methods (FEM) and analysis of the problems of defects identification
(inverse problems) have been deliberately omitted because they have been described
elsewhere. At the beginning, two coordinate systems connected with the reference and
the moving frame together with the corresponding magnetic field descriptions have
been defined. Next, analytical methods of calculation of Lorentz forces for 2D LET
models without and with defects have been described (starting from the dipole model
and ending with a rectangular model of permanent magnet). Then, the dipole models
of cylindrical and cuboidal 3D permanent magnets have been presented and discussed.
The corresponding analytical formulas for the analyzed magnets enabling a calcula-
tion of the magnetic field at any point around the magnets were also included. Further,
analytical approach to the calculation of the Lorentz forces acting on the 3D model of
the permanent magnet (cylinder/cuboid) moving with a constant velocity above the
conductive infinitely broad plate of given thickness has been described. Formula de-
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scribing eddy currents induced in the conductive plate were also given. At the end, the
semi-analytical method using an extended area approach for calculation of 3D response
Lorentz force signals of defects located in anisotropic or solid conducting plates has
been introduced. Discussion and results of simulations for various defects have also
been included.

At the end of the summary, a list of associated publications (sorted by date) pub-
lished by the team working together in the field of LET is presented: [17] LET idea,
[153] 2D FEM simulations with moving source function, [18] 2D /3D simulations, [154]
fast computation technique (FEM), [126] measurements, validation of numerical results,
[140] FEM, 2D study, [139] modeling with logical expressions (FEM), [127] Lorentz
force sigmometry, [145] Lorentz force sigmometry, [105] defects reconstruction, aniso-
tropic block, [141] moving defect and moving magnet approaches, logical expressions
(FEM), [9] drag force on a magnetic dipole, translating and rotating conducting cylin-
der, [143] defect depth and magnet lift-off studies, [142] weak reaction approach (FEM),
[16] LET overview, [24] LET vs eddy current testing (ECT), [23] measurement, LET vs
ECT, velocity and defect depth studies, [92] forward modeling with various perma-
nent magnet models, [110] ECT probes, reverse engineering, [93] permanent magnet
modeling.

So far, three doctoral dissertations were presented: [124] LET metrological implemen-
tation and verification, [138] LET numerical modeling, [104] Lorentz force evaluation,
and the next three are in preparation.

Two patents directly related to the LET are also notified: [146] sigmometry, electrical
conductivity measurements, and [144] differential sensor, inspection system.



POSTPROCESSING - 3D VISUALIZATION OF FIELDS AND
OBJECTS

5.1. INTRODUCTION

Postprocessing is an important part of any numerical and analytical simulation. From
one side, widely understanding, the term postprocessing in electromagnetic field anal-
ysis incorporates calculations of secondary parameters such as forces, inductances, ca-
pacitances, power losses, etc. based on potentials/fields quantities found in a simula-
tion process. On the other hand, the primary goal of postprocessing is to convert the re-
sulting large amounts of simulated data in an understandable form of presentation, e.g.
in graphics and animations. This goal can be achieved using internal features of simula-
tion programs (usually commercial), e.g. ANSYS Maxwell [4], COMSOL Multiphysics [26],
JMAG [64], MagNet [87], Opera [102], etc., or with a separate program (commercial/free,
e.g. Geomview [45], GiD [46], GMV [47], Gpr [50], ParaView [103], Xd3d [136], etc.) that has
special functions and methods which enable visualization and interpretation of simu-
lation results. Although the availability of postprocessing programs is relatively broad,
they do not always fulfill the specific requirements of the user, such as, for example,
import data in various formats, the implementation of specific functions to interpret
the data, functioning on different platforms of operating systems, etc. This is the main
reason why the program vv written by the author is introduced in this chapter. At the
beginning, the main area of application of the program vv were biomagnetics problems
[60, 159-163]. However, the range of applications of the vv program is not limited to
the biomagnetic problems only but it can easily be extended on other areas of electro-
magnetic field analysis, see, eg. Chapters 2 - 4 where the majority of 3D figures are
created with the vv-program.

5.2. DESCRIPTION OF vV PROGRAM

The vv is a console visualization program which enables to visualize in a graphic
window various 3D objects like boundary/finite element meshes, sensors/electrodes
structures together with scalar/vector fields. It is written in a standard C language and
uses OpenGL [101] as a graphic library. In that sense, the vv is a system independent
program because it can be compiled under MS-Windows as well as under Unix/Linux
systems. The calling command of the vv-program has the following format:
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vv [-optionl [-option2 ...]] filel [file2 ... ]

where filel ... fileN denote input files with a description of objects which should
be visualized and optionl ... optionN are optional controlling parameters from the
following list:

-T<value>] set threshold for displayed dipoles in [%]
-w<dim>] window size in pixels

[-e] do not show electrodes

[-G] global scaling of dipoles

[-h] print usage info

[-m<int>] display FE mesh with material code <int>
[-M] maximum mode for dipoles versus time
[-n] print no name in saved window

[

[

Under MS-Windows, the user can use a helpful graphical user interface vvgui which
makes it easy to use the program vv. Figure 5.1 shows the snapshot of vvgui main
interface window.

8 wgui = =

File Help

Files: [e:ATemphort0.cdr
LA Temphortd.geo

Delete
Clear

View files |
‘window size [pivel] : m v ELC-on W DIP-Cone | | Danot read neighbours
™ DIF-Scale global W sz ™ Show edges
Material code: m [~ DIP - Maximum mode | Box [ Transparent surfaces
[~ GEO aff v Center ™ Smacth surface
Dipale threshold []: m [~ POT off I Print name Exit

Fig. 5.1: Main window of vvgui- program

The vvgui enables to choose visualized files from any folder (ADD button) using the
standard MS-Windows file selector. Because the files describing visualized objects can
be located in different folders, using vvgui significantly simplifies completing visual-
ized objects. The vvgui enables also to set some of vv starting options.

Most of the operations on the objects displayed in the graphical window of the
vv-program is carried out with the mouse. Pressing and holding the left button and
then moving the mouse enables rotation of objects. Pressing additionally ’'Shift’ key
allows the user to control zooming of displayed objects. Clicking the right button opens
a small menu window where the user can control the behavior of visualized objects,
e.g. making some of them inactive, set transparency, show edges of visualized meshes,
etc. (Fig. 5.2).

Clicking the middle button (or the roller) enables to select elements in meshes used
by the boundary element method (BEM). The element selection is necessary for some
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Geometry
Magnetic sensors
Sensors
Electrodes
Dipoles

Ellipsoid
Magnetic field
Electric potential
MRI iso-data

Transparency OFF
Show edges OFF
XVZ origin ON

0

Dipole scale
Nice scaling 2D v
Alpha factor: 0.5 5

Save 30 as BMP
Save 2D-iso PS 3

Fig. 5.2: Menu window used for changing execution parameters of the vv- program (activated
by pressing the right mouse button)

vv operations, e.g. switching edges between selected elements or local refinement of
meshes around chosen element. The selected element is marked with red color. Addi-
tionally, the full description of the selected element is printed at the vv console.

All other functions and features of vv are started by clicking a proper key on the
keyboard. This activates, when necessary, a dialog on the vv console where some addi-
tional parameters can be defined. The complete list of available keys is shown below:

Home - Reset actual position and zoom to start values
Arrows - Rotates objects 90A° around main coordinate axes
PgUp - Zoom objects +10%

PgDn - Zoom objects -10%

Alt+b Show viewing BOX
Alt+e - Show edges on backsides of objects ON/OFF

Alt+g - Global scale of field ON/OFF

Alt+l - Switch between local and global coordinate system
Alt+s - Store actual view parameters of scene

Alt+u - Use stored view parameters of scene

h - Print help ...

Switch ON/OFF spinning

START/END record animation in files vv_xxx.png
- Set rotation angle

Print active window in file (.png)
QUIT/EXIT vv

- ROTATE active files around active axis
SMOOTH mode ON/OFF (Phong shading ON/OFF)
SCALE active files

TRANSPARENCY ON/OFF

TRANSLATE active files

- Set 0X as active axis

- Set 0Y as active axis

- Set 0Z as active axis

N X t40nv un-saooo=zH
'
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6 - Change color of active GEO files

C - Define cut-planes

c - CUT-PLANES ON/OFF

d - Switch diagonals in neighbor elements
E - EDGES ON/OFF

F - Refine locally BE-mesh (use object curvature)
f - Refine locally BE-mesh (flat)

g - Define list of elements (geo)

L - Display list of elements ON/OFF

1 - Reconnect elements using Lindholm test
m - Show elements with bad quality

n - Recalculate normals

o - Compare GEO with ideal sphere

R - Reduce number of BE-mesh nodes

> - Next slice (MRI)
< - Previous slice (MRI)
a - Give actual slice positions (MRI)

Alt+a - Change color of arrows/cones
+ - Next time step
Previous time step
A - Ellipsoid axes ON/OFF
B Equivalent ellipsoids ON/OFF
b - Show equivalent ellipsoids vector ON/OFF
D Generate test distributions for EqE and Dali procedures
e Calculate equivalent ellipsoids
H - Define inside factor of equivalent ellipsoid
i
k
U
u
X

Calculate focus region (Dali object)

- Calculate statistics of CDR

- Generate set of current dipoles (moving, radial/tangential)
- Generate current dipole tangential to the surface

- Calculate difference between axes of EQEs

+ - Next time step

- - Previous time step

3 - Set new color palette (pot/flx)

j - Set step for iso-lines (pot/flx)

K - Subtract offset in scalar field (pot/flx)
v - Change color scale ON/OFF (pot/flx)

5 - Export data in STL-format (stereolithography, ASCII)
W - Export active files in VRML-format
w - Export active files in ASCII-format

Details of listed above available functions will be given in next sections.
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5.3. VISUALIZATION OF 3D OBJECTS

The vv program can visualize various 3D objects, namely: surfaces defined as BEM
meshes, volumes described by FEM meshes, isometric binary data received from a
magnetic resonance imaging (MRI), and sets of sensors used in bioelectromagnetic
measurements (sets of electrodes, magnetometers, gradiometers).

The format of visualized data is identified based on extensions used in data file-
names. The following formats are recognized by vv:

.GEO - 3D surface (ASA format)

.BND - 3D surface (ASA format)

.PNT - set of 3D points (ASA format)

.NPT - set of 3D points (ASA format)

.BDx - 3D surface (Curry format)

.Sxx - 3D surface (Curry format)

.OFF - 3D objects (Object Oriented File Format) (Geomview)
.GTS - 3D surface (GNU Triangulated Surface Library format)
.NODE - volume - 3D FEM mesh (TETGEN format)

.ME3 - volume - 3D FEM mesh (FEM3D format)

.M3D - volume - 3D FEM mesh (FEM3D format)

.GRD - magnetic sensors - gradiometers (ASA format)

.RS3 - sensor geometry file (Curry format)

.ELC - electric sensors (ASA format)

.MRI - magnetic resonance isometric binary data (ASA format)

where x denotes any digit.

ASA™[5] is a highly flexible EEG/ERP/ECG (ElectroEncephaloGraphy/ Event Re-
lated Potentials/ ElectroCardioGraphy) and MEG/MCG (MagnetoEncephaloGraphy/
MagnetoCardioGraphy) analysis package with a variety of source reconstruction, sig-
nal analysis and MRI processing features.

The Curry software [30] is the most advanced and comprehensive tool for multi-
modal neuroimaging. Curry combines functional data such as EEG and MEG with
structural data from MRI and CT (Computer Tomography) to optimize source recon-
struction.

Geomview [45] is an interactive 3D viewing program for Unix using OOGL (Object
Oriented Graphics Library) file formats for description of 3D objects.

TetGen [122] is a program which generates good quality and adaptive tetrahedral
meshes of any 3D polyhedral domains suitable for finite element or finite volume
methods.

FEM3D is a finite element program for calculation of some 3D electrodynamic prob-
lems based on [51].

GNU stands for GNU'’s Not Unix and describes the complete Unix -like software system
[48]. It differs from Unix by being free (not commercial) software and containing no
Unix code.

Figure 5.3 shows sample one compartment BEM models of brain and torso with
activated SMOOTH option (Phong shading with interpolated surface normals, [119]) and
Show EDGES option switched off (brain model) and on (torso model).
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(a) Brain model (grey matter) (b) Torso model

Fig. 5.3: Sample BEM meshes with activated SMOOTH option. Option Show EDGES is switched on
for torso model

The vv program can also visualize complex compartment models. In Fig. 5.4, the com-
plex multi-compartment BEM model of torso consisting of thorax, lungs, heart, and
ventricles is shown. The BEM model is created from MRI scans. Figure 5.4a presents
objects when the TRANSPARENCY option is on while Fig. 5.4b shows the same objects
with CUT PLANES option applied. The user can define up to 6 cut planes perpendicular
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(a) TRANSPARENCY option is on (b) XY-cut plane, z = 30 mm

Fig. 5.4: Multi compartment BE-model of torso created from MRI scans (T - thorax, LL/LR - lung
left/right, H - heart, VL/VR - ventricle left/right)
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to the main coordinate axes. The other possibility of viewing complex compartment

models is so called "onion" approach where the user deactivates some objects (Fig. 5.5).
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Fig. 5.5: Multi compartment BEM model - "onion" approach

The vv program enables to perform some operations on 3D surface triangular meshes,
i.e., a simple reduction of global mesh nodes and local mesh refinements. For creation
new BEM meshes (reduced/refined), the vv uses a simple triangle quality criterion [86]
to find connections between mesh elements. Considering a triangle ABC with edges

of length a,b, c and the semi-perimeter s = (a + b + c)/2, the quality g of the triangle
ABC is defined as:

_3g (s—a) (sa;Cb) (s—c) (5.1)

q

The maximum of g equals 1 and corresponds to an equilateral triangle.
For a pair of triangles sharing a common edge, the optimal connection of triangles

[86] can be defined as a connection with the maximum of a joint quality factor g;»
given as:

) q1492

J12 = PP (5-2)

where g1 and g, are the individual quality factors of analyzed triangles.

Figure 5.6 shows sample reduction of BE mesh of torso model performed by vv
which removes some nodes and elements from the original mesh and creates a new
reduced BE mesh. The reduced model consists of Ng = 1950 triangular elements which
is almost twice less than the number of elements of the original mesh.

However, it must be noted that the average quality Q, of the reduced mesh is worse
than the average quality of the original mesh. Before the reduction process can be
started, the user has to choose the compartment which should be reduced. This can be
done by clicking the middle mouse button/roller over the object to select. The selection
is marked by changing the actual color of the closest element to red color (Fig. 5.6a).

Sometimes, the user would like to perform calculations with higher accuracy in a
certain region. In this case, it becomes helpful to perform a local refinement of the
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(a) Original mesh: Ng = 3654, Q; = 92.7% (b) Reduced mesh: Ng = 1950, Q, = 76.5%

Fig. 5.6: Sample reduction of BE-mesh for thorax model

boundary element mesh. The vv program offers two BE-mesh refinement procedures:
a simple one (key: ' f’), in which positions of additional nodes are calculated as average
positions of nodes belonging to the corresponding elements and more advanced one
(key: 'F’), where the curvature of the object is taken into account for the estimation of
new nodes.

As for the mesh reduction function, at the beginning, the user has to select a com-
partment for which the refinement should be carried out. The selection is realized by
pressing the middle button of the mouse. Using the actual mouse cursor position, the
closest element of the BE-mesh and the compartment are selected. The active selection
is shown by changing the color of the selected element to red. The selected mesh ele-
ment is treated as a center of the refinement region. The refinement procedure refines
all elements from the selected compartment located in the sphere of radius R. The user
defines the radius of the refinement sphere at the vv console. The modified BE-mesh
can be saved using vv-export keys: 'w’, 'W’, and '5’, which enable to export active
objects, i.e., the objects which are actually present in the vv-view window, in ASCII,
VMRL, or STL format, respectively. The VMRL format (Virtual Reality Meta Language) is a
standard file format for representing 3D interactive vector graphics, designed specially
for using in the World Wide Web (WWW) environment. The STL format (STereoLithog-
raphy) is a file format native to the stereolithography software which is supported by
many CAD software packages.

Figure 5.7 presents sample results of local advanced refinement for brain and torso
models. The refinement procedure has been used twice for both models with corre-
sponding refinement radii equal 50 mm and 25 mm for the brain model and 100 mm
and 50 mm for the torso model, respectively. In both cases, the average mesh quality
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(a) Brain model (b) Torso model

Fig. 5.7: Sample refinements of BE-meshes

remains almost unchanged, i.e., Qu|pefore/after = 87-4%/86.8% and 92.6%/92.6% for the
brain and the torso model, respectively.

Figure 5.8a shows MRI scans of a physical thorax phantom visualized on 3 mutu-
ally perpendicular planes [15]. The vv program enables to visualize MRI isometric
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(a) MRI scans

(b) MRI scans combined with BE-model

Fig. 5.8: Visualization of MRI scans of artificial thorax model
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data stored in a binary file containing one byte per voxel of optional items (file ex-
tension: .mri - raw ASA format). Positions of planes along active axis (chosen by key:
'x"/'y'/'z") can be controlled by keys '>'/’<’. Figure 5.8b presents the same MRI
scans combined with the BEM model of thorax. The BEM model is displayed using 2
clipping planes (key: 'C’) defined by the plane normal vector and the distance to the
center of the system:

¢ Plane 1: n = [0,0,1], z; = —100 mm,
e Plane 2: n = [1,0,0], x; = —100 mm.

The vv program can also visualize various systems of magnetic sensors (file exten-
sions: .rs3/ .grd - Curry/ASA format) and electrodes (file extension: .elc). Electrodes
are presented in a form of small grey balls while magnetic sensors (magnetometers/-
gradiometers) are drawn as simplified coil configurations (e.g. thin solid disks, rect-
angular thin coils, etc.). Figure 5.9 presents the Neuromag-122 system and the config-
uration of magnetic sensors around sample BEM model of a test person head. The
Neuromag-122 MEG system was built by the company Neuromag Ltd., Helsinki (Fin-
land) in 1989 (Fig. 5.9a). It was the first developed whole head MEG device (helmet
system) [3]. It consists of 122 planar off-diagonal first-order gradiometers located at 61
measurement points with the average separation of 4 cm [56] (Fig. 5.9b).

Planar off-diagonal
gradiometers

(a) Neuromag-122 (b) 122 Planar gradiometers

Fig. 5.9: Neuromag-122 whole head MEG system (helmet shaped) [3]

Figure 5.10 shows the Philips (the Netherlands) twin dewar (a large thermos-like
container) biomagnetometer system with 2 x 31 symmetrical first order axial gradiome-
ters [34] for operation inside a shielded room [3]. The system can be used for the
MEG/MCG recording. Additionally, up to 62 channels of EEG/ECG signals can be
recorded.
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(a) Twin dewar system (b) 2 x 31 axial gradiometers

Fig. 5.10: Philips twin dewar biomagnetometer system (MCG/ECG session) [3]

5.4. VISUALIZATION OF SCALAR AND VECTOR FIELDS

There are two ways to visualize scalar fields distributions in vv. In both ways, a pair of
files must be read, one file with the field values and the second one with the description
of sensors. In the first way, scalar field values (e.g. the electric potential) are given in the
file with the extension [ .pot] while sensors (electrodes) are defined in the file with the
extension [.elc]. In the second way, field values (e.g., the magnetic flux density com-
ponent/magnitude) are given in the file with the extension [.flx] and sensors have
to be defined in the file with the extension [.grd]. In addition to the positions of the
sensors, the sensors file must also contain a grid of links between them. In both ways,
the file with field values can contain data for one or more time steps. Introduction of
two ways to describe scalar fields in the visualization procedure is due to the specificity
of biomagnetic applications where there is a need to distinguish electric from magnetic
sensor configurations. Figure 5.11 shows sample instantaneous distributions of the elec-
tric potential V and the magnetic flux density B recorded during EEG/MEG session
together with the BEM model of the subject’s head. The electric potential has been
registered using 32 electrodes mounted on the subject’s scalp. The magnetic flux den-
sity has been measured using only one dewar of the Philips system with 31 magnetic
channels. The presented distributions correspond to the moment when the electric po-
tential reaches maximum. The user can choose the moment of the displayed field by
pressing key '+’/’-' which increases/decreases the actual time about one time step.
The maximum/minimum values of actually visualized fields are printed in the console
window. The distance between isolines in field plots can be modified using key "j".
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Fig. 5.11: Instantaneous electric potential V and magnetic flux density B (one dewar
of the Philips system) recorded during EEG/MEG session. Min/max values of V/B:
[—3.74,4.53]uV /[—311.8, 258 4|fT. Distance between contour lines: AV = 0.5uV, AB = 50 fT

Because files with field values and sensors are simple ASCII files with self-explaining
keywords, both ways of scalar field visualization can easily be adapted to other appli-
cations, see eg. Chapter 3 or 4.

Figure 5.12 presents a cylindrical cell leading direct current (DC) with two oscillating
conducting fluids for the moment when the interface between fluids described by the
mode 7713 reaches the maximum elevation. Contour plot of the interface elevation is
created using data stored in a pair of files with [.pot]- and [.elc]- extensions.
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Fig. 5.12: Cylindrical cell with two oscillating conducting fluids - interface mode 713. Interface
elevation (left) and current density near interface projected on X0Y-plane (right)

Figure 5.13 shows distributions of radial and axial magnetic flux density components
around the above cylindrical cell leading DC current for the maximum elevation of the
interface. In this case both approaches are used. The field on the cylindrical surface is
plotted using [.pot] + [.elc] files while the field on the evolved surface (plane) is
displayed using [.flx] + [.grd] files.

Fig. 5.13: Distribution of radial and axial magnetic flux density components around cylindrical
conducting cell for the maximum elevation of the interface (mode 7;3)

Discrete vector fields (eg., current density field, magnetic flux density distribution,
etc.) defined on a set of spatial points can be visualized in the vv with the help of 3D
arrows or cones (Fig. 5.14). The tail of 3D arrow/cone base is located at the correspond-
ing vector field position. Arrows/cones show local direction of the field while their size
is proportional to the magnitude of the field at the location point. The format of the
file, in which vector field is stored, is recognized by the vv using the file extension, i.e.,
[.dip] - ASA format, [.cdr] - Curry format, or [.jd3] - FEM3D format.
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(a) 3D arrows (b) Cones

Fig. 5.14: Vector field visualization - 3D arrows versus cones

The implementation of ASA format is the most general. It allows work with time de-
pendent vector fields, i.e., transient field values stored at several time steps per only one
set of field positions or stored as several compound sets of field values and positions
together, for movement simulations. The other two formats assure vv functionality for
static vector fields only. In the case of time dependent fields, the switching between
time moments is done by pressing '+'/'-’ key.

5.5. ADVANCED TOOLS IN VV

Despite of functions described in the previous sections, some additional advanced tools
are implemented in the vv program. These tools are helpful in the interpretation of
large data sets (equivalent ellipsoid, Dali object), the preparation of animated objects
(movies), or the generation of test vector fields.

To prepare animated objects, the user has to activate a spinning mode in the current
viewing scene by pressing the key ’'I’. When the spinning mode is activated, moving
the mouse with pressed left button results in spinning/rotating objects around the
axis determined from the tracked positions of the mouse. Pressing "I’ once more
deactivates the spinning mode. Move the mouse faster/slower results in faster/slower
spinning of active objects. If the user would like to save the spinning scene, he can
press the key 'N’ which starts recording serial snapshots of the vv graphic window.
The snapshots are stored in files with automatically generated names ’'vv_nnn.png’,
where 'nnn’ are the numbers of successive pictures. Pressing 'N’ once more stops the
recording. Figure 5.15 presents a few snapshots recorded during spinning of a sample
L-object.
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Fig. 5.15: Sequential snapshots of L-object spinning around free axis

Pressing the key 'D’ generates test distributions of vector fields defined on sam-
ple predefined surfaces, like: rectangle (plane), two perpendicular rectangles (L-shape),
three perpendicular rectangles (corner), or in a cuboidal volume (cube). The distribu-
tions can be uniform or can be concentrated around a predefined center. The number
of centers as well as the concentration damping (according to the Gauss distribution)
are defined by the user. Figure 5.16 presents examples of test distributions generated
by vv.

Corner Volumetric data in cube

Plane L-shape
surface

surface

Fig. 5.16: Sample test concentrated vector field distributions on a plane, L-shape and corner
surfaces, and in a cube
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The test objects created by vv can be saved in ASCII files by pressing the key 'w’.
In this case, all actually viewed objects are stored in separate files with appropriate
extensions in the folder from which the vv has been started or in the home vv folder.

The equivalent ellipsoid tool (EqE), introduced in [163] and [161], is a tool which
can be used for the interpretation of large sets of discrete vector fields data, e.g. cur-
rent dipoles distributions, current density distributions received from reconstructions
in biomagnetical or non-destructive testing problems. Usually, a parametrization of
such distributions to facilitate statistical comparisons between data sets (from different
individuals or from one individual in different conditions or times) is desirable. An
equivalent ellipsoid is defined as 3D ellipsoidal object fitted to a vector field distribu-
tion region in which the magnitude of the field is above a certain threshold (in the
following called supraliminal y distribution). The equivalent ellipsoid is defined by
three orthogonal semi-axes (a = aeq, b = bey, ¢ = ce3), where e; denotes the ith unit
vector of the local ellipsoid coordinate system. The user has to define the threshold Tj,
used for the determination of the most important region in the analyzed distribution.
The vv program delivers some statistical information about the analyzed distribution
together with some suggestions about the threshold definition. Sample statistics for a
set of current dipoles is given below:

Maximum 1.200000 [Am]
Minimum 0.000000 [Am]
Mean/Max 14.12 [%]
Variance/ (Max*Max) 2.80 [%]

Standard deviation/Max = 16.73 [%]

Average deviation/Max 12.74 [%]
Skewness 1.60 (x39.83)
Kurtosis 2.75 (leptokurtic)

SD/Max =16.73 %
(Max - SD)/Max = 83.27 %
(Mean + SD)/Max = 30.86 %
(Mean + Max)/2Max = 57.06 %
Power50% = 45.00 %
(Max2 - SD2)/Max2 = 89.90 %
(Mean2 + SD2)/Max2 = 14.90 %
(Mean2 + Max2)/2Max2 = 52.40 %

where the skewness is a measure of the asymmetry of the distribution about its
mean value, and the kurtosis is a measure of the "peakness" of the distribution, and
Power50% denotes the threshold for the supraliminal distribution with 50% of total
power calculated as a sum of squared magnitudes over all points in the distribution.

Depending on the distribution, the user has to decide if the data should be parti-
tioned or not to find some concentration regions (clusters) in the distribution. To find
partitioning clusters, the vv uses Partition Around Medoids (PAM) algorithm described
in [67]. The PAM is based on the search for k representative objects among all objects of
the data sets. The representative objects are called medoids of the clusters (centroids).
The PAM chooses data points as medoids and works with an arbitrary matrix of dis-
tances between data points associating each data point to the closest medoid. Distances
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can be calculated using any valid distance metric (in the vv Euclidean metric is used).
The algorithm works iteratively so long as no changes in the medoids are observed.

Having representative clusters, the center of gravity (COG) p(Ck()DG for each cluster is
calculated as

) 1 2w ® & w
o= gig La's" @¥=14 59
1= 1=

(k)

where N is the number of field points in the k" cluster, and q;
(k)

The equivalent ellipsoid for k*-cluster is calculated using the Principal Component
Analysis (PCA) based on the singular value decomposition (SVD) of the 3 x 3 covari-

ance matrix [C] constructed from the distances between the vector field points and the
COG:

is the current density

magnitude at the point p,

N<k) ® K
[C] = NO 1 T [Pl Pcoc} (5-4)
:l

( )

The eigenvectors received from SVD define unit directions e; of the k' equivalent

(k)

ellipsoid while the eigenvalues A;"’ sorted in descending order are used for the estima-

() ) )T,

tion of the initial values of ellipsoid semi-axes [ao by’

a®) p) ,CO [\/‘ \/‘Agk)

Then, each vector field position is associated with a small volume V;,, around it,
called voxel. Voxel is defined as an elementary cube centered around the field position.
The length of voxel edge dyx is set to the average of minimum distances between the
field position and its neighbors calculated for all N points in the distribution:

T
Aé")\] 55)

vi,je{l.. N}d—rr;n}p Pi|
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N
vox = Z dz (56)

1 1
To assess the quality of the k' equivalent ellipsoid, the goodness factor G(()k) is defined

as follows:
N 2
(k)
UV o o

G = ZL L _Twox it 100% (57)

N&) 47500 pK) (k) N 2
3 [Q(k)}
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where N I<k) is the number of field points inside the ellipsoid and a(¥), b(X), ¢(k) are semi-

axes of the ellipsoid. The low value of G(()k) indicates that more partitioned clusters
might be required. If the length of the smallest semi-axis ¢q is shorter than half the
voxel edge, i.e., the distribution is located on the plane like surface, then ¢ is arbitrary
set to 0.5dyox. In this case, instead of (5.7), the following modified formula is applied:

N§ 2
()
(k) A7) r|Q
() _ Ni~ Nj ' doox izl[ " 100% (5.8)
2

€0 = N® a®@p® N o
(o]

i=1

The size of the equivalent ellipsoid is determined using growing up procedure (bal-

looning technique) with [aék), b(()k), cék)]T as start values. The procedure works until the
ellipsoid covers all field points in the cluster while the ratio of the semi-axes is kept
constant. In every ballooning step, the goodness factor is calculated and at the end the
semi-axes corresponding to the maximum goodness factor are chosen as axes of the
equivalent ellipsoid.

Figure 5.17 shows equivalent ellipsoids constructed for noisy test volumetric vector
data with four dominant concentration centers (Gauss damped) generated in the cube
120mm X 120mm X 120 mm. The distance between field points equals dyox = 5mm.
The partitioning has been calculated for 4 clusters using the threshold T, = 45[%]

which corresponds to the Powerso threshold suggested by vv.

(a) Test noisy data (b) Partitioned clusters (c) Equivalent ellipsoids

Fig. 5.17: Equivalent ellipsoids for noisy test volumetric data with four concentration centers

Table 5.1 presents details of obtained ellipsoids. The parameter Nj is the ellipsoid
inside factor defined as the number of field points located inside the ellipsoid to the
number of all points of the corresponding cluster. The column Gy presents the maxi-
mum of the ellipsoid goodness for which the ellipsoid is constructed. It can be observed
that for all ellipsoids the inside factor is high, i.e., almost all field points are located
inside ellipsoids. The goodness of all equivalent ellipsoids is over 50%. The relative
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Table 5.1: Equivalent ellipsoids for test noisy data

EqE Center Semi-axes N Go P
[mm] [mm] (%] [%]  [%]
1 [25.2, 24.7,24.6] [23.4, 18.4, 14.4] 908 56.9 11.6
2 [25.3, 74.9, 50.6] [21.1, 18.5,14.3] 84.2 535 117
3 [74.8, 25.5, 50.4] [22.9,17.8,13.4] 858 544 11.0
4 [74.9, 74.8, 74.8] [23.4, 18.0,13.6] 84.6 500 11.7

power P is relatively uniformly distributed between ellipsoids. By adding P- power
of all the ellipsoids, an approximately threshold Powerso, the start threshold in the
EqE-reconstruction procedure is obtained.

The second example presents the application of equivalent ellipsoids to interpreta-
tion of current density distributions reconstructed on a cerebral cortex of a patient with
pharmacological induced migraine (nitroglycerin spray). The 31 channels DC MEG has
been measured using the Philips one dewar biomagnetometer system [34]. The system
has recorded one hour of continuous data with a sampling rate of 40Hz (0 — 15Hz
bandwidth). Artifact rejection has been performed on the basis of the magnetic refer-
ence sensors. Large amplitude waves have been identified in the raw data and have
been used for the source reconstruction using the minimum norm estimation with a
one compartment BEM model of the patient head. The source model consists of 17480
current density vectors located on the segmented brain surface. The average closest
mutual distance of current density vectors equals 3.2 mm.

Figure 5.18 shows the interpretation of the reconstructed current density using only
one equivalent ellipsoid obtained for the threshold Tj;, = 57.8%. The threshold T, has

(a) Source model (b) Tj, = 57.8% (c) Equivalent ellipsoid

Fig. 5.18: Current density distribution on a cerebral cortex surface and equivalent ellipsoid con-
structed for threshold T}, = 57.8%
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been chosen using the formula: 100% — 40, where ¢ = 10.55% is the standard devi-
ation calculated for the analyzed distribution. The semi-axes [a,b, c| of the calculated
EqE are equal to [40.1 mm, 20.9 mm, 4.6 mm]. Although the inside ellipsoid factor is
high (N; = 88.4%), the goodness of the EqE is low (Gyp = 8.7%). The reason for this
is the complicated shape of the cortex surface on which the reconstructed current den-
sity distribution is located. In order to improve the data interpretation more partition-
ing clusters have to be used. The partitioning with 3 and 4 centers has been tested
(Fig. 5.19a and Fig. 5.19b). Visual inspection shows that using 4 centers results in better
clusters separation than for 3 centers where one of the clusters contains also points ly-
ing on the adjacent wall of the cortex surface. Equivalent ellipsoids for the partitioning
with 4 clusters are shown in Fig. 5.19¢c.

(a) 3 clusters (b) 4 clusters (c) Equivalent ellipsoids

Fig. 5.19: Current density distribution reconstructed on a cerebral cortex surface and equivalent
ellipsoids for 3 and 4 clusters found for threshold Tj, = 57.8%

Details of found equivalent ellipsoids are given in Table 5.2. The estimated voxel
size obtained as the average closest mutual distance of field points in the analyzed
distribution equals dypy = 2.43mm.

Concluding, it can be said that the interpretation of real data is not straightforward.
Although the equivalent ellipsoid is a robust tool and helps significantly to interpret

Table 5.2: Equivalent ellipsoids for sample neurological data

Semi-axes N Go P
[mm] [%] (%] [%]

EqE

[12.6,9.4,2.7] 907 352 53
[11.5,8.6,1.2] 86.7 382 4.2

[11.6,7.6,25] 756 331 6.9
[9.6,7.0,25] 100.0 412 22

A WO ON R
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large distributions of vector data, it requires intensive user interaction especially for
data spread out on complex curved surfaces.

Let a sample data distribution with one concentration center be given on the L-shape
surface as in Fig. 5.20. Using one cluster partitioning in the EqE-procedure results in

(a) L-shape distribution (b) Go = 17.9% (c) Go = 77.8% / 83.1%

Fig. 5.20: Sample data on the L-shape surface with one concentration center. Equivalent ellipsoids
for partitioning using 1 and 2 clusters and threshold Tj, = 50%

construction of the equivalent ellipsoid with a very low goodness (Go = 17.9%). For the
proper data interpretation, i.e, to fit equivalent ellipsoids better to data on the L-shape
surface, the partitioning with 2 clusters has to be applied.

To overcome problems with the interpretation of data located on complicated sur-
faces, the Dali object introduced in [160] can be applied. The idea of creating the Dali
object was inspired by the well known painting of Salvador Dali "The persistence of
memory" (Fig. 5.21).

Fig. 5.21: "The persistence of memory", Salvador Dali (1931), MoMA, New York

To create Dali object, first, the user has to define the threshold Tj for marking the
most representative region in the analyzed distribution (similarly to the EqE-procedure).
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Next, the partitioning into suitable number of clusters around concentration centers
has to be performed. The Dali tool uses for partitioning the following algorithm: (1)
the position of the maximum field value in the thresholded distribution is searched,
(2) around this position, using surface neighborhood information, a simply connected
mesh of triangles is created, forming the first cluster, (3) all points in the found clus-
ter are marked as active, (4) the procedure checks if all points in the distribution are
active, if not, the procedure starts with (1) to look for the next cluster using only not
marked positions. Dali objects are constructed for each found cluster separately in a

£ Cluster outline o
(CCW sorted) of $ra,
B En

I |

{ ,’,’ Maximum field value {
| {
] | |
| i ]
| |

J i J i

(a) Vector field in cluster (b) Outline points (c) Fourier points (d) Dali object

Fig. 5.22: Construction of the Dali object for a cluster located on the L-shape surface

few steps. Using the surface neighborhood information, the unsorted cluster outline is
created (Fig. 5.22b). Then, the outline points are sorted using counter clockwise (CCW)
direction and are connected to produce a closed polygon. Having the outline polygon,
the parametric Fourier representation is found [96] (Fig. 5.22c). At the end, the Dali
object represented by a surface spanned over the found Fourier points is constructed
(Fig. 5.22d).

The parametric Fourier representation is calculated as follows. Let P(¢), t € [0,1] be
a closed 3D piecewise linear polygon with vertices p; € R%,i=0,..., M and po = pum.
For every point p;, the following symbols are defined

M i>0
Ati=|lpi—pi-1ll, T=) Mi=1, t;=) A, th=0 (5.9)
i= =

The N-harmonic parametric representation (PFRY) of closed 3D polygon is defined as

N
P(t) = ap + Z (ag cos 27Tkt + by sin 27tkt) (5.10)
k=1
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where coefficients ag, ay, by are given by [75]

M
a = ;%(ti_ti—l) (5.11)

=

2 Pi —Pi-1
— 2 .
ap = (27'ck Z P (cos27tkt; — cos 27tkt; 1) (5.12)
Pi-1,_. .

b, = 27'(k Z : —tll ) (sin27tkt; — sin 27tkt; 1) (5.13)

The first example presents Dali objects created for a sample artificial distribution
shown in Fig. 5.20 using the threshold T, = 50%. Figure 5.23 shows Dali objects created
for 1, 2, and 5 spatial harmonics used in the parametric Fourier representation.

(a) PER! (b) PFR? (c) PFR®

Fig. 5.23: Dali objects for the L-shape distribution with one concentration center using n = 1,2,
and 5 spatial harmonics

It can be observed that increasing the number of used spatial harmonics results
in better fitting of the Dali object to the distribution. The relative surface areas of
calculated Dali objects are equal to: Sy /Scpp = 86.0%, 97.2%, and 99.2% for the PRF
with 1, 2, and 5 spatial harmonics, respectively. The parameter Scpp denotes the area
of simply connected triangular mesh spanned over the cluster. In multi subject studies,
semi-axes of the equivalent ellipsis calculated from the first spatial harmonic of the
found PFR can be used as interpretation parameters for evaluation of the quality of
various distributions [159)].

The second example presents results for a realistic data [160]. The measurements
have been taken in a magnetically shielded room ( AK3b, Vacuumschmelze, Hanau,
Germany) at the Biomagnetic Center in Jena, Germany. The magnetic field has been
recorded with the Philips twin dewar biomagnetometer system (2 x 31 channels) [34].
The magnetocardiogram of a patient with non-sustained ventricular tachycardia de-
veloped after anterior left ventricular myocardial infarction has been measured. The
subject has been lying in a supine position and the two dewars have been positioned
above the thorax so that they covered the magnetic field maximums. Signals have been
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recorded for 600s at a sampling rate of 1000 Hz. To stabilize the baseline, an analog
high pass filter (first order with the cutoff frequency f. = 0.036 Hz) has been applied
to the analog signals. A two step averaging procedure as described in [62] in order to
improve the signal-to-noise ratio has also been applied. A noise level of 50 fT has been
estimated for both dewars. The last 40 ms of the bi-directional 30 Hz highpass filtered
depolarization signals (late potentials, LP) have been used for inverse computations

(Fig. 5.24).

Magnetocardiogram

VL - maximum CD moments

) 20 [uAmm]
7R | f Y -8.9
\‘ "
Right ventricle Left ventricle
)

+0.0

Fig. 5.24: Diaphragmal view on the 3D magnetic resonance torso image and magnetic late po-
tentials of heart signals (analyzed time interval is marked with gray). Zoomed color shaded left
ventricle (VL) shows maximum current dipoles moments during the LP interval

3D MRI data set of the chest of the patient has been also registered. The BEM model
consisting of the left and right lungs as well as the outer torso surface has been applied
for the magnetic field computations (forward model). Surfaces of lungs have been
eroded by 3 mm in order to avoid numerical problems arise when the distance between
the left ventricle (lv) and the lungs [59] is too small. The surface of the left ventricle
has been segmented using the MRI data set and is subsequently used as the source
domain. The source space consists of 1022 current dipoles distributed on the [v-surface
with an average spacing of 4.7 mm. The ratio of the electrical conductivity of the torso
and lungs is equal to 5. Moments of the current dipoles have been determined using
the minimum L,-norm least squares algorithm [39] for all time steps.

Figure 5.25 shows the obtained distribution of reconstructed current dipoles on the
lv-surface for a moment of LP-time interval when the maximum of current dipoles
reaches the global maximum.
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(a) Current dipoles (b) T, = 63%
Fig. 5.25: Left ventricle - (a) reconstructed current dipoles, (b) the most representative cluster
Figure 5.26 presents the Dali object constructed for a dominant activity in the lv-

source space using the threshold Tj, = 63% which corresponds to Power50% indicator.
The current dipole with the maximum moment is found at point [27.3 mm, 31.2mm,

(a) PFR! (b) PFR3 (c) PFR®

Fig. 5.26: Left ventricle - Dali objects constructed for Power50% cluster (T;, = 63%) and the PFR
with n = 1,3, and 5 spatial harmonics

22.5mm)] where the coordinates are given in a local coordinate system located at the
center of gravity of the left ventricle. The center of gravity of the outline current dipoles
at [17.3mm, 21.4 mm, 16.5 mm] is determined for the Power50%- cluster and is located
at a distance of 15.2 mm from the maximum current dipole. The Dali object is obtained
using 1, 3, and 5 spatial harmonics in the parametric Fourier representation. The semi-
axes of the equivalent ellipsis are equal to [4,b] = [21.7mm, 23.1 mm]. The semi-axes
can be used as comparative parameters in a statistical analysis of current spread activity
on the left ventricle. The relative surface area of the Dali object for PFR!, PFR3, and
PFR® are equal to 51..3/Scpp = 93.6%, 96.1%, and 96.8%, respectively.
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5.6. SUMMARY

In this chapter, the postprocessing program vv for 3D visualization of various objects
has been presented. Scalar and vector discrete fields, BEM /FEM meshes stored in many
formats, electric and magnetic sensors of various measuring systems, and MRI scans
can be visualized.

Several different objects can be simultaneously displayed in the vv- graphic window.
For the convenience of the user, the vv is equipped with a graphical interface (vvgui)
which allows easy selection of files as well as setting of principle vv options. The vv is
an interactive program which can be controlled by mouse and/or by pressing a proper
key on a keyboard.

Together with 3D objects, the vv can present scalar fields on 3D surfaces associated
with systems of sensors. Vector fields are presented in 3D space as 3D arrows or cones.

Additionally, several simple and advanced functions are implemented in the vv. The
list of most important vv- functions includes: export of viewed objects in several for-
mats, print snapshots of the actual graphic window, spinning viewed scene for record-
ing animations, generation of test data, the equivalent ellipsoid and the Dali object
tools. The last two functions are important for an interpretation of large data and in
statistical comparisons between data sets from different experiments/simulations or
from one experiment under other conditions or time.

The vv is without any restrictions free software with full access to the source C code
which makes the program easy to adopt to any windows system and to extend its
capabilities with new features.
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STRESZCZENIE

NOWOCZESNE METODY W ANALIZIE WYBRANYCH
PROBLEMOW POLA ELEKTROMAGNETYCZNEGO

W monografii przedstawiono wyniki kilkunastu lat badan autora prowadzonych w Ka-
tedrze Elektrotechniki Teoretycznej i Informatyki na Wydziale Elektrycznym Politech-
niki Szczecinskiej (obecnie Zachodniopomorskiego Uniwersytetu Technologicznego w
Szczecinie) oraz w FG Theoretische Elektrotechnik, Technische Universitit Ilmenau
(Niemcy). Monografia sklada sie z pieciu rozdzialéw, w ktérych opisano niektére
metody stosowane w analizie probleméw pola elektromagnetycznego.

Rozdziat 1 jest poswiecony metodzie elementéw skoriczonych (MES). Wychodzac
z zalozenia, ze czytelnik zna podstawy metody elementéw skoriczonych, nie opisano
samej metody, a skupiono si¢ na przedstawieniu pewnej klasy funkgji ksztaltu, ktéra
moze by¢ zastosowana w MES, a mianowicie wektorowych funkgcji ksztattu dla prosto-
padiosciennego elementu skoriczonego. Ich realizacja wezlowa, krawedziowa i $cienna
zostala szczegétowo opisana i przedyskutowana.

W rozdziale 2 przedstawiono analize ogdlnego tréjwymiarowego zagadnienia pola
magnetostatycznego, wykorzystujaca MES z r6znymi sformulowaniami opisujacymi
pole magnetyczne. W pierwszej czeSci oméwiono analize pola magnetycznego z wyko-
rzystaniem potencjaléw skalarnych. Nastepnie opisano modelowanie tréjwymiarowych
uzwojenien z pradem. Przedyskutowano tez wykorzystanie wektorowego potencjatu
magnetycznego A oraz bezposredniego opisu, za pomoca wektora natezenia H, w
analizie p6l magnetostatycznych. W ostatniej czeéci rozdziatu przedstawiono realizacje
sformutowan A /H z rozdzielonymi sktadowymi w metodzie elementéw skoriczonych
wykorzystujacej elementy krawedziowe.

W rozdziale 3 zajeto si¢ problemem rekonstrukeji powierzchni granicznej pomiedzy
dwoma swobodnie oscylujacymi, niemieszalnymi, elektrycznie przewodzacymi pty-
nami, przez ktére przeptywa wymuszony prad staly. Na poczatku opisano system
do identyfikacji powierzchni granicznej, wykorzystujacy pomiary pola magnetycznego
wokot walcowego zbiornika z ptynami (koncepcja tomografii magnetycznej). Nastep-
nie przedstawiono metody obliczania pola magnetycznego wokét zbiornika z oscylu-
jacymi plynami wytwarzanego przez przeplywajacy przez nie prad elektryczny. Sfor-
mulowano i przeanalizowano problem identyfikacji dominujacej harmonicznej w oscy-
lujacej powierzchni granicznej. Podano i przedyskutowano metody identyfikacji wyko-
rzystujace prosty algorytm genetyczny, technike wyszukiwania bezposredniego oraz
wspotczynnik korelacji wzajemne;.

W rozdziale 4 opisano metody analityczne i semianalityczne uzyteczne przy mo-
delowaniu uktadéw wiropradowego badania materialow z wykorzystaniem pomiaru
sity Lorentza (LET). Na poczatku przeanalizowano dwuwymiarowe modele LET. Po-
dano sposoby obliczania sity Lorentza oddziatujacej na magnes trwaly umieszczony
nad przewodzaca plyta przesuwana ze stata predkoscia. Dodatkowo opisano metode
uwzgledniania defektéw oraz skoriczonej dtugosci ptyty w obliczaniu sity Lorentza.
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Nastepnie przedstawiono koncepcje magnetycznych dipoli do optymalnego modelowa-
nia walcowych i prostopadioéciennych magneséw trwatych. Ostatnia czeé¢ rozdziatu
poswiecono tréjwymiarowym ukladom LET. Przedstawiono w niej semianalityczna
metode modelowania pojedynczego defektu w przewodzacej ruchomej plycie (ani-
zotropowej lub izotropowej), wykorzystujacej tzw. obszar rozszerzony defektu.

Rozdziat 5 poswiecono zagadnieniom wizualizacji obiektéw i p6l skalarnych / wek-
torowych w przestrzeni tréjwymiarowej. Na przykladzie programu vv przedstawione
zostaly rézne techniki wizualizacji oraz interaktywnej interpretacji obiektéw i pol.
Omoéwiono szczegétowo technike rownowaznych elipsoid stosowana w analizie niejed-
norodnosci w polach wektorowych. Opisano réwniez nowa klase obiektéw, tzw. obiek-
tow Dalego, ktére moga by¢ wykorzystywane do interpretacji p6l wektorowych zdefi-
niowanych na powierzchniach 3D.
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