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ABSTRACT

In this paper, we present a novel approach to esti-
mate parameters of a queuing model using real call cen-
ter data. Our approach leverages the transient solu-
tion of an inhomogeneous continuous-time Markov chain
(CTMC) queuing model emulating the behavior of the
genuine system.

Specifically, to assess the fidelity of our modeling ap-
proach, we use an example of approximating the real call
center system with an inhomogeneous M,, /M /c/K + M
CTMC model. To do this, we utilize authentic call cen-
ter data for replicating the behavior of the real system
through our model. In particular, the model incorpo-
rates the true time-dependent rates for the arrival pro-
cess, service rates, and the number of available servers.
Our analysis focuses on assessing the accuracy of the
Markovian assumptions made for modeling customer
abandonment during waiting periods.

Furthermore, we investigate the performance of our
model under two distinct scenarios: overloaded systems
and systems operating in a quality-driven mode. By ex-
amining these cases, we ascertain the effectiveness of our
assumptions in accurately representing the behavior of
the call center.

Finally, we demonstrate the practical application of our
findings by showcasing how a simple and computation-
ally efficient M,,/M /c/ K+ M Markovian approximation
of a real call center can be used for accurate personnel
planning while adhering to service-level constraints.

INTRODUCTION

The problem of determining the required number of call
center agents to handle an (time-variable but to some
extent predictable) amount of service-requests (calls) is
the most classic one within queuing theory. It inspired
pioneering work of A.K.Erlang (Erlang 1917) which have
laid foundation to the theory of queues and is still a

subject of numerous academic publications in various
disciplines of operational research.

One of the challenges in designing of appropriate queu-
ing models of such systems is how to model customer
abandonment. Given the inherent challenges associated
with precise modeling of empirical patience distribu-
tions, it is customary to resort to approximations. The
quality of such approximations is measured based on
their ability to estimate performance measures with high
accuracy, compared to the outcome of the real system
operating under the same input data, i.e., the number
of incoming calls, service rate, and number of servers,
which can all vary with time and system state. Addi-
tionally, desirable features of these approximate queuing
models include computational efficiency, as they need to
be repeatedly computed during optimization processes
to estimate agent schedules, and ease of parameter esti-
mation based on historical data.

The earliest proposal by Palm (1957) usually referred
to as (Palm-)Erlang-A model assumed exponential dis-
tribution of patience time. It can be represented as
M/M/S + M in Kendall’s notation. According to dif-
ferent studies of real life call center data the probability
distribution of abandonment times is clearly non expo-
nential, moreover it depends strongly of type of service
and configuration of the system. Consequently we can-
not assume a single patience time distribution. For ex-
ample Mandelbaum and Zeltyn (2013) presents example
of uncensored data caused by a technical problem result-
ing in all customer calls being unanswered for a whole
day and described the resulting shape of patience dis-
tribution as idiosyncratic. In Jouini et al. (2013) the
authors analyze data of four different call centers with
the conclusion that distributions of the patience time
are not exponential and specific for different call cen-
ters and that exponential distribution severely underes-
timates the abandonment. In Feigin (2006), Jouini et al.
(2011) the authors show that information received while
waiting e.g., about projected waiting time or about the
possibility to call later influences the waiting behavior
of customers.

An important property when modeling call centers
for practical purposes is their inherent time-variability.



This includes the volume of incoming calls which is usu-
ally modeled as inhomogeneous Poisson process with ar-
rival rates varying depending on time of the day, day of
the week etc., which can be to some extent predicted
in advance, based on historical data. Based on these
forecasts the required number of agents in function of
time can be estimated using appropriate models in or-
der to guarantee that particular performance measures
(service level) are met. For an overview of common
performance measures used in service level agreements
(SLA) see for example Jouini et al. (2013). The plan-
ning process results finally in an agent schedule i.e.,
which agents are assigned to which shifts on particu-
lar days. An overview of and references for the person-
nel planing process can be found for example in Aksin
et al. (2007), for call arrival forecasting in e.g., recent
Petropoulos and et al. (2022). The agent schedule de-
termines only the maximum number of available agents.
The true instantaneous number of available agents is
usually smaller, as it accounts for other activities re-
quiring the agents to use so called breaks (e.g., data
entry, answering e-mails, outgoing calls etc.) or rest
time which is usually regulated by labor law (private
breaks). This allows to some extent real-time adjust-
ments based on the current situation e.g., allowing more
offline activities when there is no customers waiting or
asking the agents to postpone their meal breaks when
the number of waiting customers or waiting time in the
queue exceeds a certain limit value necessary to main-
tain service level. Often agents are allowed to shorten
the time of the call from the optimal level defined in the
SLA, in order to increase the number of answered calls if
necessary. Despite of the system varying in time, most
proposals regarding more accurate modeling of general
data based distributions of abandonment assume the
system being stationary (e.g.,Jouini et al. (2013) or re-
cent Kanavetas and Balcioglu (2022)). There are dif-
ferent proposals how to approximate time-variable sys-
tems by using stationary models, which are in fact very
popular in the literature as shown for example in Defra-
eye and Nieuwenhuyse (2015). Unfortunately, such sta-
tionary approximations often cannot adequately model
time-varying systems (see e.g., Green et al. (2001) or
Ingolfsson et al. (2010)). Other approaches using in-
herently time-inhomogeneous queuing models with gen-
eral distributions including discrete event simulation or
numerical solution of CTMCs with phase-type distribu-
tions, which can approximate any positive-valued distri-
bution with arbitrary accuracy, can be challenging com-
putationally for bigger models (e.g., Cezik and L'Ecuyer
(2008), Creemers et al. (2014)).

In our previous works Burak and Korytkowski (2020)
and Burak (2018), we introduced a modified uniformiza-
tion algorithm that enables highly efficient calculation of
transient values for time-inhomogeneous systems, which
can be represented using Markovian birth-and-death
queuing models.

In the literature, various proposals exist for birth-and-
death queuing models approximating abandonment be-
havior. A simple example is the previously mentioned
(Palm-)Erlang-A model, which assumes an exponen-
tial distribution for customer patience. Another exten-
sion incorporates balking, where customers immediately
leave the system without waiting for service. This ex-
tension has been described by Deslauriers et al. (2007)
and Jouini et al. (2013), among others. In this study,
we utilize this model to demonstrate the effectiveness of
our parameter fitting method with real data.

Other computationally simple models that have the po-
tential to approximate general distributions are state-
dependent Markovian birth-and-death queuing mod-
els. For instance, Whitt (2005) proposes a method
to derive state-dependent abandonment rates by lever-
aging the original time-to-abandon distribution of an
M/M/S/K 4+ GI queue, enabling the construction of its
M/M/S/K + M (n) approximation. A similar approach
was recently employed in Kanavetas and Balcioglu
(2022). Another state-dependent approximation of gen-
eral distributions is the M (n)/M(n)/S + M(n) queue,
introduced by Brandt and Brandt (2002). Regrettably,
the authors of these models provide parameter fitting
methods that assume stationarity of the system.

The objective of this paper is to develop a methodology
for fitting parameters in a simple queuing model to en-
sure accurate modeling of customer abandonment based
on real call center data. The resulting approximation
should yield precise outcomes for the number of aban-
doned calls, even in the presence of time-inhomogeneous
input data (such as the number of incoming calls, num-
ber of servers, and service rate), without assuming sys-
tem stationarity at any given point in time.

STATISTICAL ANALYSIS OF CALL CENTER
DATA

One of the most important aspects in the area of mod-
eling and quantitative assessment of call centers is mea-
suring the quality of delivered service. Defining the de-
sired level of quality is an important part of business
agreements, often formalized through a ”Service Level
Agreement” (SLA). SLAs are particularly significant in
the outsourcing industry, as they have financial implica-
tions and require ongoing quality assurance inspections
to ensure compliance with the contract.

Among the commonly utilized Key Performance Indica-
tors (KPIs), the Service Level (SL) or Telephone Ser-
vice Factor is by far the most common one. This metric
measures the proportion of calls answered within a spec-
ified waiting time (e.g., 80/20, indicating that 80% of
calls should experience a waiting time of no more than
20 seconds). However, if Service Level were the sole
KPI, some call centers might deviate from the First-
Come-First-Served (FCFS) principle and prioritize calls
with waiting times below the threshold. Unfortunately,



this would inevitably result in prolonged waiting times
for customers who have already exceeded the specified
threshold or may even lead to call abandonment. To
mitigate such issues, SLAs encompass additional KPIs,
with one of the most prevalent being the percentage of
abandoned calls.

In the literature, authors such as Baccelli and Hebuterne
(1981) and Whitt (1999) have made a distinction be-
tween two types of customers abandonment in queu-
ing systems. The first group consists of customers who
quickly decide not to wait for service, commonly referred
to as balking customers. The second group comprises
customers, who initially choose to wait, but eventually
abandon the queue due to a loss of patience.
Regarding Key Performance Indicators (KPIs), some
authors, like Jouini et al. (2013), propose excluding
balking customers from the calculation of KPIs, as their
decision not to wait does not necessarily indicate dis-
satisfaction. Balking customer do also to some extent
improve the Service Level by effectively decreasing the
number of incoming calls versus the service rate of the
system. On the other hand, the percentage of customers
who initially choose to wait but later abandon the queue
(known also as reneging customers) can be seen as an
important indicator of perceived service quality, as their
abandonment suggests dissatisfaction. It is worth not-
ing that reneging customers tend to exhibit quite a high
level of patience, as observed in empirical data analysis
e.g., by Feigin (2006). Therefore, once they exceed a
certain threshold, they no longer significantly influence
the Service Level.

In this paper, our focus will be on estimating the to-
tal number of customers who leave the system without
receiving the service, encompassing both cases of aban-
donment. However, if required by the KPIs specified
in the Service Level Agreement (SLA) of a particular
organization, it is possible to distinguish and separate
balking customers by using an arbitrary time threshold.
In order to demonstrate our method, we utilized real
data obtained from an existing call center operated
by a bank in the United States. The data was made
available in the form of a relational database by the
Technion - Israel Institute of Technology (hitps://see-
center.iem.technion.ac.il/databases/USBank/). Specif-
ically, we focused on a single customer class or skill
known as Summit. For detailed information on the data
extraction process, please refer to Appendix.

Out of the 420,700 calls routed to the Summit skill dur-
ing this timeframe, 399,278 calls were successfully han-
dled by agents (service_time > 1), while 16,616 calls
were abandoned by customers (abandonment rate =
3.95%) and 4,806 calls were prematurely terminated by
agents (service_time < 1 and outcome = 2). Figure 1
illustrates the percentage of served calls based on the
waiting time experienced by customers. Notably, we
observe that 82% of calls were serviced within a wait-
ing time of 20 seconds, indicating that the target service

level for this call center was probably set at 80/20.
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Figure 1: served calls by experienced waiting time
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Figure 2: number of calls by daily abandonment rate

We have chosen the day as the fundamental planning
period for our analysis. This choice is based on the
assumption that the schedule has been planned appro-
priately, taking into account the expected traffic inten-
sity. Consequently, potential slight deviations in ex-
pected traffic intensity during the day, can still be to
some extent managed through real-time adjustments of
available agents. Further, we assume that the possible
real-time adjustments are consistent and known to the
agents i.e., in a particular situation like higher than ex-
pected call volume, which can negatively impact the ser-
vice levels, we can expect same reaction e.g., decisions
about reducing offline activities (breaks) or regarding
the recommended call duration. In Figure 2, we present
the distribution of days categorized by their correspond-
ing abandonment rates. We can see that, during the
analyzed period, 50% of the calls were handled on days
with abandonment rates lower than 3.3%.

DATA BASED PARAMETER FITTING FOR
CTMC CALL CENTER MODEL

In order to show our proposal for parameter fitting
based on real data, we propose the following approxi-
mate model of a call center similar to the proposal in
Burak and Korytkowski (2020): the analyzed period is
finite (e.g. one working day) with the system starting
empty. Customers arrive according to an inhomoge-
neous Poisson process with rate A(t), the service time
is i.i.d. exponentially distributed with time-dependent
rate u(t). If there are free servers, the customer is
served immediately, otherwise customers being put in



the queue can either leave the system (hang up or balk)
immediately with probability 1-v, reducing the arrival
rate or, after joining the queue, they abandon (renege)
after reaching their patience time. Queued requests are
served FCFS (first-come-first-served). Served requests
rejoin the queue when a server leaves. The state vari-
able X (t) represents the total number of service requests
(served /waiting calls) in the system at time ¢. The size
K of the system is finite and equal to s(¢) = number of
identical servers plus ¢(t) = the capacity of the queue.

The CTMC model we will apply is an
Mi(n)/My/S;/K + M queue with state dependent
arrival rate equivalent to patience distribution only
with discrete probability mass at zero representing
customer who experience waiting in the queue enabling
them to disconnect before the call is picked up by the
agent (balk). If the customer decides to wait, then he
either will be served or will abandon with exponentially
distributed rate similarly to the Palm/Erlang-A model.
Because X (t) = k is a birth-and-death process, it can
be described by the following state-dependent birth
@k, k+1(t) = Ak (t) and death gg p—1(t) = pi(t) rates:

), o<k <s(t) -1
Ae(t) = {7)\ t), ifst)<k<K-1
)

(
[ ku), if 1<k <s(t)~
i) = {S(t)u(t) +(k=s(t)n, ifs(t) <k < K,(Q])

(1)

resulting in a tridiagonal time-dependent generator ma-
trix Q(t). The transient distribution at time t 7 (t) =
[mo(t), ..., Tk (t)] representing the probabilities of the
system being in any of the states at time ¢, can be
described by the modified Chapmann-Kolmogorow for-
ward equations 3.

2 — mne() 3)

The time dependent arrival and service rates and num-
ber of available servers are derived from the true call
center data as described in Appendix and aggregated
by 60s periods. The resulting time-dependent changes
in Q(t) are discrete and therefore we can replace the
time-inhomogeneous CTMC with a sequence of homo-
geneous systems computing state probability vectors for
consecutive time periods recursively, using uniformiza-
tion as described in Burak and Korytkowski (2020).

To demonstrate our approach for parameter estimation,
we initially select a specific day in which the call center
operated in Quality and Efficiency Driven (QED) mode
throughout the entire day. The chosen example day is
June 13, 2001, with an abandonment rate of 1.04%. The
extracted data shows that the number of servers in the
call center dynamically adjusts according to the state
of the system. Specifically, if there are typically more
than 2-3 calls waiting in the queue, agents will change

their status from break to available to handle the queued
calls and prevent the waiting time from exceeding the
service level threshold. Conversely, when there are no
calls waiting in the queue, agents who have completed
their calls may switch their status to break, allowing
them to engage in off-line work. The number of avail-
able agents is always lower than the total number of
logged-in agents. As a result of these real-time adjust-
ments, customers experienced only short waiting times
in the queue. Moreover, there were no idle (waiting)
agents, which allowed customers who chose not to use
the service (referred to as balking customers) to discon-
nect before their calls were picked up by an agent or
alternatively during the transfer to the agent i.e., the
call is disconnected by the customer and service time
< 2s. All customers who decided to wait were served
i.e., there was no abandonment. Because of the lack
of reneging in this case we use a CTMC model with
abandonment rate 7 set to zero reducing the model to a
M(n)/M/S/K queue. Figure 3 shows the results of the
model - the expected system state calculated as:

ESS(t) = Y im(t), w(t) = [ro(t).mxc (D] (4)

is plotted together with the real system state (state)
and the number of servers s. The model was calculated
with the system size K=200. The number of abandoned
(balking) calls calculated by the model fits exactly the
real number for v = 0.978. We will further assume this
rate as the natural balking rate for all systems where
approximately all customers experience waiting.

The second data set that we use to fit the model pa-
rameters comes from a day where there was insuffi-
cient number of agents planned to handle the incoming
calls and perform necessary (e.g. call related) off-line
tasks. Specifically we choose the data from June 1, 2001,
with abandonment rate of 13.21%. Due to the signifi-
cant abandonment resulting from unacceptable waiting
times in this particular case, modeling the data using
the model settings from the first example (QED mode)
leads to highly inaccurate results. Specifically, since no
abandonment is considered in the model, the calculated
system state quickly reaches values close to the system
size K. Consequently, the modeled system becomes over-
loaded and unable to accept new calls, resulting in call
rejections or blocks due to a full queue as depicted in
Figure 4.

In order to model correctly the observed abandonment
resulting from unacceptable waiting time we have to
introduce the abandonment process with exponentially
distributed rate 1. The results of the model for this sce-
nario are depicted in the Figure 5. Assuming the same
balking rate as in the first example, we determined that
an abandonment rate of 7 = 0.05 (corresponding to an
expected patience time of 1200 seconds) yields the same
number of abandoned calls as observed in the real sys-
tem. We further tested the same model parameters for
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other days with high abandonment rates ranging from
11,5% to 15% with similar results i.e. the estimation er-
ror of the abandonment rate compared to the real data
was smaller than 3%.

However, applying now the same model parameters
again to the QED example would yield highly inaccu-
rate results, with the modeled abandonment rate be-
ing three times higher than the actual rate. This dis-
crepancy arises from the difference in the distribution of
the abandonment process employed in the model com-
pared to the empirical data. In the model, an exponen-
tially distributed abandonment rate is assumed, with
the highest probability of abandonment occurring for
short waiting times. In reality, customers who choose to
wait after deciding not to balk are less likely to aban-
don the call until a certain waiting threshold is reached.
As a result, the model significantly overestimates the
abandonment rate, even for small probabilities of the
system becoming overloaded. This well known property
of models incorporating abandonment with exponential
rate (e.g., Erlang-A) is also the reason for dominance of
the simpler Erlang-C model in practical applications.

If we assume the average values of abandonment and
service level from historical data as the target levels
for planning future time periods, the model parameters
should produce accurate results for ”typical” days, en-
suring compliance with service level constraints, such as
SL=80/20 and abandonment rates below 3.95% in our
case. This is a common approach when using station-
ary queuing models, where deviations from average re-
sults are attributed to the variability of stochastic input
variables representing the arrival, service, and abandon-

ment processes i.e., depending on their average values
in function of time and the corresponding probability
distribution.

When employing the proposed method of matching
real data of a particular ”typical” day with a time-
inhomogeneous CTMC model to estimate the optimal
model parameters, a naive approach would be conse-
quently to choose a day with a ”typical” level of aban-
donment. By examining the distribution of served calls
by the percentage of abandoned calls on a particular day,
as illustrated in Figure 2, one could select a day close
to the median, representing a full day with an aban-
donment rate lower than that of 50% of the served call
volume, approximately 3.3% in our case.

For example, Figure 6 displays real data (number of
available agents and number of calls in the system)
for two consecutive days, namely April 17, 2001 and
April 18, 2001, with abandonment rates closely aligned
with the median (2.82% and 3.22% respectively). These
days serve as an illustrative choice when estimating the
optimal model parameters using the matching time-
inhomogeneous CTMC model, aligning the observed
data of a ”typical” day.

However, upon closer examination of this example, it be-
comes evident that waiting only occurs during specific
time periods when the number of available servers does
not match the offered load (i.e., exceeding the possibil-
ities of real-time adjustments). These periods, such as
207 to 244 or 280 to 295 on the 17th, or 2138 to 2207 on
the 18th, are clearly not the result of random variations
in the arrival process throughout the day. Consequently,
contrary to the approach proposed by most authors, it
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becomes clear that the service level achieved by a real
call center is primarily determined by the ratio of time
periods with minimal waiting to time periods with an
overloaded state due to an insufficient number of agents
(weighted by the number of calls in each respective pe-
riod), rather than being solely the result of stochastic
character of the modeled system.

This conclusion is further supported by the distribution
of waiting times experienced by served calls over the en-
tire analyzed period, as presented in Figure 1. It reveals
that 70% of calls experienced minimal waiting, while
approximately 10% of customers had to endure waiting
times exceeding 60 seconds during the overloaded peri-
ods.

Furthermore, due to the abandonment rate being much
lower than the service rate (indicating that customer
patience, measured as the time to abandon, is usually
much higher than the average service time), the equi-
librium of an overloaded system would be reached at a
very high system state. As showed in our earlier exam-
ple of an overloaded system, this would lead to unac-
ceptable levels of abandonment. In reality, the system
rarely reaches equilibrium. The real abandonment rate
is a result of two phases during the overloaded period:
first, the number of queued calls increases during the
understaffed period and then decreases once the num-
ber of agents becomes sufficient to ensure a high service
level. Therefore, the overloaded periods are typically
transient, providing another argument against approxi-
mating them using stationary results of queuing models.

The inadequate number of agents during certain plan-
ning periods can occur due to intentional scheduling
decisions, such as restrictions imposed by labor laws,

or as a random result of external factors like weather
conditions. These factors should be taken into account
in the planning process. The model should be able to
accurately estimate the service level and abandonment
rate by considering both the planned overloaded periods
(based on the forecasts) and the possibility of certain
percentages or specific periods of time being overloaded.

Using the same ”average” parameters in our approxi-
mate model for this distinct modes of the system would
lead to a significant overestimation of the abandonment
rate during periods of expected demand (QED periods)
and would produce unsatisfactory results for both the
SL and abandonment rate during overloaded periods.

To address this issue, a practical solution is to utilize
two different model settings for the distinct modes of
operations of the system, namely the QED mode and the
overloaded mode e.g., when real-time adjustments to the
number of available servers are no longer possible, the
settings for the overloaded system should be employed
to calculate the subsequent periods.

Another ultimate solution would involve the utilization
of an inhomogeneous CTMC model that incorporates a
precise depiction of the empirical abandonment distri-
bution. One possible approach is to employ phase-type
Coxian distributions, as proposed by Creemers et al.
(2014). However, the computational complexity of re-
sulting CTMC models poses a practical challenge, es-
pecially when repeated calculations are required during
the optimization process, such as constructing sched-
ules based on forecasts. Other proposals, as previously
mentioned state-dependent Markovian birth-and-death
queuing models, provide parameter fit methods for sta-
tionary systems only, limiting their applicability in this



context.
CONCLUSION AND FUTURE WORK

In this paper, we have presented a novel methodology
for parameter fitting in a time inhomogeneous CTMC
model of a call center, using real call center data. Our
findings indicate that abandonment in real systems pri-
marily occurs due to the inability of real-time adjust-
ments during certain periods of the planned schedule.
These periods can be a result of intentional schedule
planning or temporary external events that lead to dif-
ferent call volumes than originally forecasted.

In particular, we have demonstrated that popular mod-
els, such as the Erlang-A model, which assume exponen-
tial distribution for abandonment, only provide accurate
results during overloaded periods. In periods where the
incoming call volume is as expected, models without
abandonment yield more precise results.

In this particular case our methodology provides a prac-
tical solution for parameter fitting and suggests the use
of different model settings for different modes of oper-
ation, enabling improved accuracy in forecasting and
optimization processes.

Our approach has the capability to be extended for fit-
ting other model parameters than the abandonment pro-
cess. For example, it is commonly known that the expo-
nential distribution is merely an approximation of the
empirical service time distribution, which can be more
accurately represented by lognormal distributions. Con-
sequently, we can expect to observe similar discrepan-
cies as in the case of mismatched abandonment distribu-
tions. Hence, our proposed method will probably pro-
vide a better fit, regarding the calculated performance
measures, compared to simply using the average service
rate obtained from real data.

The proposed methodology can be applied more broadly
for modeling of other queuing systems where approxi-
mations with known deficiencies regarding their accu-
racy are used but offer e.g., computational advantages -
for quickly determining their parameters. In particular,
in our example, instead of using average values for the
abandonment rate, we directly matched the results of
the model, resulting in higher accuracy.

Additionally, the method enables to easily assess the
range of situations where the chosen approximation
would deliver correct results, such as the two distinct
modes of operation in a call center - the QED and over-
loaded states.

By incorporating the empirical distribution of abandon-
ment using phase type Coaxian distributions, future re-
search could explore more sophisticated modeling tech-
niques that capture the complexity of abandonment dy-
namics in call centers. Alternatively, the development
of state-dependent Markovian birth-and-death queuing
models that can handle non-stationary systems would
also improve available modeling capabilities.

From the practical point of view, our methodology offers
valuable insights and ready to use solutions for param-
eter fitting in call center models, paving the way for
improved accuracy and effectiveness in call center oper-
ations and planning.
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THE DATA USED IN THE BANKING CALL
CENTER EXAMPLE

In this section we provide more details about the esti-
mation of the parameters \(t), s(t), u(t), n and -y, based
on true data from an existing call center.

The real data that we have used was extracted from
a relational database made available by Mandelbaum
and Zeltyn (2013). It contains calls collected in the
period 2001 to 2003 at the telephone call center of a
mid sized American bank (dataset labeled U.S. Bank).
The call center had four sites: in New York, Pennsylva-
nia, Rhode Island, and Massachusetts, integrated into a
single virtual call center. The call center capacity was
about 900-1200 scheduled agents on weekdays and 200-
500 on weekends. The agents were assigned to different
customer classes (skills) and the incoming calls from dif-
ferent customer types were assigned to particular agents
using skill-based routing (SBR). Because our model rep-
resents a homogeneous (single skill) call center, we had
to select a single customer class served possibly with a
group of agents assigned to a single skill.
In particular, we used the data of the skill Summit (ser-
vice=14) similarly as in Kim and Whitt (2013) and de-
scribed in detail in their supplementary material on the
call center data. A detailed description of the database,
including the information contained in the various ta-
bles and an explanation of the different values of their
fields can be found at:
https://see-center.iem.technion.ac.il/databases/
USBank/Data/USBank.pdf
The working hours of the Summit line were between
6:00:00 and 22:59:59. Outside of this time no incoming
calls were routed to the skill. However there were exam-
ples of the line working for shorter times - for example
on 2001-06-19 all agents logged out already at 17:50 but
the system continued to route customer calls to the line
resulting in all calls abandoned. As we were particularly
interested in observing of the abandonment behavior, we
included in our model all time periods between 0:00:00
and 23:59:59 divided in small (e.g. 1440 of one-minute)
periods, to be able to observe uncensored abandonment
behavior due e.g., to misconfiguration of the system.
The incoming call data was extracted from the calls and
cust_subcalls tables. From the calls table only the in-
coming calls served by Summit skill were selected (en-
try_service = 14). Additionally only the calls from
the period between 2001-04-01 00:00 and 2001-07-25
23:59:59 were selected i.e., from the time, where the
skill Summit was served continuously. Outside of this
time period there were cases where the skill Summit was
used (calls were routed into) but it was either served not
continuously or the volumes of calls were much differ-
ent then in the above period - probably the skill was
”reused” temporarily for some other service.
In the mentioned period there were 427000 incoming

month no of calls

April 99268

calls: May 122948
June 124909
July 73574

Every incoming call registered in the calls table got
unique call_id number. A single call usually consisted



cust-subcall record-id

outcome

wait-time

queue_time

service-time

hold-time

party_answered

agent_group

main_service

1 243222
1 243223
2 243227
3 243228

20

22

22
1

4
1
0
0

0

1
0
0

0
1545
103
1663

0
459
96
0

23007
23016
725

43
43
0

0
14
14

0

Table 1: Subcals resulting from call nr 485159427

of more then one subcalls corresponding to interactions
with different parties. For example the call 485159427
consisted of 4 subcalls: first the customer interacted
with VRU (the first subcall ending with the outcome
= 20) then he was put into the queue and after the
waiting time of 1 s. the call was answered by an agent
belonging to the Summit skill, by whom the call was
handled for 1545 s. During this time the customer was
put on hold for 459 s and transferred to another agent
from the skill Summit (outcome = 22). The resulting
subcall (record_id = 243227) was again transferred to
another agent, this time to one not belonging to the
Summit skill, resulting in a new subcall (record-id =
2453228) which was finished by the customer (outcome
= 1). For the purpose of our model we treated calls
forwarded to other skills as calls leaving the system and
consequently changing (decreasing) the state of the sys-
tem. Consequently transfers inside the Summit skill do
not change the system state but increase both service
rate and the number of incoming calls. In case of re-
entry (transfer from other skills) we considered them in
relation to the system state (increased number of calls
in the system and number of busy agents), the service
rate and number of incoming calls. Because the trans-
ferred call does not experience waiting i.e., it is put on
hold and transferred when an agent from target skill
becomes available and therefore is already receiving ser-
vice, we did not account for such calls regarding their
patience/abandonment behavior.

For the estimation of the number of incoming calls
in a analyzed period (\(t)) we included all subcalls
entering the system, including subcalls transferred
from other agents. In order to simplify other database
queries all such calls were selected via database view
summit_subcalls. The service rate p(t) in a period
included all subcalls finished by an agent either due to
customer hanging up (outcome = 1), agent hanging up
(outcome = 2) or agent transferring customer (outcome
= 22) to another party (another agent or VRU). The
true system state used to compare with the outcome
of the model includes all calls handled by agents
belonging to the skill Summit at the end of a period
(time_period LEFT JOIN summit_subcalls ON sum-
mit_subcalls.segment_start<=time_period.per_end AND
summit_subcalls.segment_end>time_period.per_end).

The table time_period contains timestamps of be-
ginning and end of all analyzed time periods in the
format used for the timestamps in the tables calls,
cust_calls and agent_events i.e., number of seconds since
1970-01-01 00:00. The lengths of the periods can differ.
For the purpose of the connected papers they were all

set either to 60s or Smin.

The distribution of customer patience (time to aban-
don) and the preliminary values of balking rate v and
abandonment rate n of the model, were estimated only
for subcalls queued after exiting VRU (without trans-
fers as already explained) for uncensored periods only
i.e., in order to estimate the distribution of times to
abandon smaller than X s we considered only the time
periods where minimal waiting time of answered calls
(censoring limit) was greater than X s. We define an
abandoned call as a subcall finished by the customer
before receiving the service (outcome IN (11,12,13)) or
during the transfer to the agent (outcome=1 AND ser-
vice_time < 2) similar to the definition of abandonment
used by Feigin (2006). For the subset of abandoned calls
defined as balking cals we did not rely on the outcome
assigned in the (sub)call records (outcome=11). Instead
an arbitrary waiting time limit was used.

The estimation of the number of available agents s(t)
used data from the table agent_events. We considered
only agents either logged in to the skill Summit directly
(after an agent event with event_id=20) or logged in
from other skill (event_id=21). In both cases the agents
were receiving calls from the queue and via transfers
from other agents. If an agent served only transferred
Summit calls (service = 14) e.g., an escalation to a su-
pervisor or transfer to another skill, then we did not
consider such agents as part of the server pool in our
model and treated the transferred subcalls as leaving
the system, as already mentioned above. Beside of login
into and logout of the skill, an agent can also change
status to break. Following the analyses of the agent
events and call records, the authors presume the break
with the event_id=62 being a ’private’ break and the
break with the event_id=61 a break related to the work
e.g., some offline activities like answering emails, data
completion etc. Because the duration of agent records
connected to agent events related to handling calls can
exceed the time spent on the interaction with the cus-
tomer (talk_time + hold_time) i.e., includes additional
wrapup_time, we assume that all additional activities
that are related to a call are handled completely during
agents events related to calls. Consequently we exclude
agents being on breaks (both 61 and 62) from available
agents. Additionally, an agent is considered as available
for a given period only when being available for > 50%
of the period time.
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