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Preface

Differential equations first came into existence with the invention of calculus
in seventeenth century by I. Newton and G. W. Leibniz. Then, this theory
was investigated by J. Bernoulli, J. Riccati, A. Clairaut, J.-B. R. d’Alembert,
L. Euler, D. Bernoulli, and J.-L. Lagrange. In the early stages of development,
differential equations were mainly used to describe physical phenomena such
as string vibration or heat flow. Nowadays, the theory of differential equations
is widely used not only in mathematics but also in related fields such as
physics (e.g. Schrodinger equation) or chemistry (e.g. reaction rates), and
even unrelated fields such as biology (e.g. Lotka-Volterra model), economics
(e.g. dynamics of gross domestic product) or medicine (e.g. SIR model used in
mathematical modeling of infectious diseases). That is why its development
is so important for all science.

There are several types of classification of differential equations. The most
common divisions in the literature are based on a distinction whether the
equation is ordinary or partial, linear or nonlinear, homogeneous or nonho-
mogeneous. We will briefly discuss the first division. An ordinary differential
equation is an equation involving an unknown function of one independent
variable and its derivatives. They are used to describe objects in which the
state is an element of the finite-dimensional space. Their theory is well known,
in most cases their solutions can be expressed in terms of integrals. A partial
differential equation is an equation involving an unknown function of two
or more independent variables and certain of its partial derivatives. They
are widely used to describe phenomena in nature such as sound, vibrations
or fluid flow. In this case, the state is described by a function, that is, an
element of an infinite-dimensional space. As opposed to ordinary differential
equations, in most cases it is rather impossible to write an exact solution of a
partial differential equation. In this case, we can try to estimate the behavior
of the solutions. Such problems are part of an emerging field of mathematics,
namely the mathematical control theory. The mathematical control theory
is an area of mathematics dealing with the analysis and modeling of objects
and processes, treated as dynamical systems with control. Thanks to it, we



can study such properties of those systems as stability (small perturbations
of initial conditions lead to small perturbations of solutions), controllability
(the existence of input that carries out the system in a finite period of time
to a given state under the fulfillment of initial conditions) or observability
(one can determine the behavior of the entire system from the knowledge of
the system’s outputs).

The following dissertation is devoted to the analysis of stability and ob-
servability of a particular model of vibrations in beams, the so-called Timo-
shenko beam model. This model is described by a set of linear partial differ-
ential equations.

Analysis of stability of complex systems described by partial differential
equations is an important problem of mathematical control theory. Every
complex physical system is composed of simple components, e.g. beams or
plates. Thus, the stability of beams has been the subject of several investiga-
tion during the last two decades. The majority of publications concentrated
on Euler-Bernoulli beam model, e.g. [7,9,38,62]. Various stability problems
were in the scope of considerations in those papers. The problem of two
identical Euler-Bernoulli beams coupled end to end via an energy-dissipating
joint was considered in [7]. R. Curtain and K. Morris proved L2-stability of
the system after including damping operator in a clamped-free Euler beam
with shear force control model in [9]. J. Valverde and D. Garcia-Vallejo [62]
observed additional effects of Coriolis forces, and they investigated their in-
fluence on stability of the beam rotating with a critical angular velocity. The
stability analysis of a system composed of rotating beams on a flexible, cir-
cular fixed ring, using Routh-Hurwitz criterion is presented by N. Lesaffre,
J.-J. Sinou and F. Thouverez [38].

Timoshenko beam model is a generalization of Euler beam model, taking
into account additional rotation of a cross-section area. Again, many authors
considered different stability aspects for this generalized object. J. U. Kim
and Y. Renardy [27] showed that the Timoshenko beam can be uniformly sta-
bilized by means of a boundary control. A. Manevich and Z. Kolakowski [41]
studied the dynamics of Timoshenko beam made of a viscoelastic material.
A. Zuyev and O. Sawodny [74] consider stabilizing observer of a system de-
scribing the motion of a flexible-link manipulator with a payload under the
action of gravity. M. I. Mustafa and S. A. Messaoudi [42] considered a Timo-
shenko system with viscoelastic boundary conditions localized on a part of the
boundary. A. Guesmia and S. A. Messaoudi [18] considered a one-dimension
Timoshenko system with different speeds of wave propagation and with only
one control given by a viscoelastic term on the angular rotation equation. Z.
J. Han and G. Q. Xu [22] studied the stabilization problem and Riesz basis
property of two serially connected Timoshenko beams. M. Gugat [19] studied
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the problem to move the beam from a given initial state to a position of rest,
where the movement is controlled by the angular acceleration of the axis to
which the beam is clamped.

Many authors studied the problem of a damping in dynamical systems.
M. A. Shubov in [50] developed spectral and asymptotic analysis for a class
of non-self-adjoint operators which are the dynamics generators for the sys-
tems governed by the equations of the spatially nonhomogeneous Timoshenko
beam model with a 2-parameter family of dissipative boundary conditions.
In [69], G. Q. Xu and S. P. Yung studied the exponential decay rate of a
Timoshenko beam system with boundary damping. J. E. M. Rivera and A.
I. Avila [46] considered the uniform stabilization of a hybrid elastic model
consisting of a Timoshenko beam and a tip load at the free end of the beam.
W. He and S. S. Ge presented the modeling and vibration control problem
of a satellite with two flexible solar panels in [23]. In [24] the same authors
considered the vibration control design for an Euler-Bernoulli beam with
the boundary output constraint. M. Bassam, D. Mercier, S. Nicaise and A.
Wehbe in [4] studied the indirect boundary stabilization of the Timoshenko
system with only one dissipation law.

More complicated models, including not only vibrations of the beam,
were also studied in last decades. Since 1999 W. Krabs and G. M. Sklyar
considered different controllability and stabilizability aspects of a special,
undamped model of a rotating Timoshenko beam clamped to the motor disk
in [32-35]. In [32], the problem of transferring the beam from a position of
rest into another given position of rest within a given time was solved. They
showed in [33], how to choose a feedback control allowing to stabilize the
system in a preassigned position of a rest. W. Krabs, G. M. Sklyar and J.
WozZniak obtained conditions of exact controllability under the assumption
that the physical parameter v appearing in the model equation is rational
in [35].

Here two main problems are investigated. Firstly, stability of a particular
model of vibrations of Timoshenko beams with a weak (distributed) damping
connected to rotations of cross-sections of the beam, of deflections of the cen-
ter line of the beam, and of both is analyzed. In one of the cases considered,
for some values of physical parameters of the beam the optimal stability mar-
gin phenomenon may be observed, which means that under some conditions
there exists an optimal value of a damping coefficient, that is a coefficient
that guarantees the fastest possible decay of norms of solutions of the system.
Secondly, exact observability problem of vibration of undamped Timoshenko
beam is studied.

Controllability, its dual notion of observability, and related problems were
widely investigated in last few decades. The cases of approximate and spectral



controllability and the corresponding dual notions of observability were one
of main directions (see the book by D. Salamon [48] and references therein).
B. Jacob and H. Zwart in [26] showed that infinite-dimensional version of the
Hautus test is sufficient for exact observability of certain exponentially sta-
ble systems generated by Cy-group. They also proved that this Hautus test
is in general not sufficent for approximate observability of strongly stable
systems even if the system is modeled by a contraction semigroup and the
observation operator is bounded. T. Duyckaerts, X. Zhang and E. Zuazua
in [11] proved the optimality of the observability inequality for parabolic sys-
tems with potentials in even space dimensions n > 2. G. O. Antunes, F.
D. Araruna and A. Mercado [1] considered the dynamical one-dimensional
Mindlin-Timoshenko system for beams. They obtained a global exact control-
lability result for this semilinear system with superlinear nonlinearities. For
this purpose, they established an observability estimate for the linearized sys-
tem with bounded potentials. Moreover, they obtained an explicit estimate of
the observability constant in terms of the norms of potentials. A. Sengouga
in [49] studied the wave equation in an interval with two linearly moving
endpoints and establishes observability results, at one or at both endpoints,
in a sharp time. J. H. Chen [8] considered infinite-time exact observability of
Volterra systems in Hilbert spaces. He established sufficient conditions un-
der which infinite-time exact observability of a Volterra system follows from
that of the corresponding Cauchy system without convolution term. B. H.
Haak and D.-T. Hoang in [20] investigated admissibility and exact observ-
ability estimates of boundary observation and interior point observation of
a 1-dimensional wave equation on a time-dependent domain for sufficiently
regular boundary functions. They also discussed moving observers inside the
noncylindrical domain and simultaneous observability results. S. Cai and M.
Xiao [6] studied the boundary observability for one-dimensional wave equa-
tion associated with nonlinear boundary condition that can generate complex
dynamics. They discussed the exact observability and approximate observ-
ability, respectively, in terms of three different types of common boundary
observations by studying the wave interactions on the boundary directly. W.
Zhang, W. X. Zheng and B.-S. Chen [73] studied detectability, observabil-
ity and related Lyapunov-type theorems of linear discrete-time time-varying
stochastic systems with multiplicative noise.

Before proceeding with observability considerations for Timoshenko beam
model, some important general observability results are proven. Those con-
clusions can be used in many practical systems and devices in various domains
of science and technology (e.g. observability of vibrational processes in au-
tomation and robotics). As an example of the practical use of the obtained
results, the problem of exact observability of vibrating Timoshenko beam



model is considered. As opposed to string and Euler-Bernoulli beam models,
the eigensystem of this model is not a Riesz basis, only the system with di-
vided differences forms Riesz basis for a sufficiently large time 7" [32]. From
the mathematical point of view the problems can be reduced to solvability of
certain trigonometric non-Fourier moment problems with two asymptotically
close families of exponentials. Conditions for solvability of those problems
were first proposed in terms of convergence of series of divided differences of
moments by D. Ullrich [61]. It turned out that in some situations the condi-
tions of convergence can be understood as a kind of smoothness of projections
of end-states of the system to some special subspaces [53].

The dissertation is divided into a preface and four chapters.

In the first chapter, we discuss the elements of classical operator theory
which are important later in the work. At the beginning we focus on linear
operators. Then we introduce strongly continuous groups and semigroups
associated with operators of the differential equations. Next, we extend the
concept of eigenvalues and eigenvectors in infinite-dimensional spaces, i.e.
we present basics of spectral theory. At the end, we state theorems about
generating strongly continuous groups and semigroups and we present basic
definitions and properties of Riesz basis and Riesz-spectral operators.

The second chapter is devoted to introducing differential equations de-
scribing the vibrations of Timoshenko beam models considered in the follow-
ing chapters.

In the third chapter, we analyze stability of Timoshenko beam model
including damping effects. To this end, we carry out spectral analysis of the
operators associated with differential equations describing the system under
consideration. Then we prove that in some particular cases those operators
satisfy spectrum determined growth condition, which means that the location
of the spectrum allows us to determine the stability margin of the system.
Furthermore, we investigate the existence of an optimal decay rate. At the
end we compare the obtained results with other damping operators.

In the fourth chapter, we consider the problem of exact observability of
a general class of distributed parameter systems in Hilbert spaces. We prove
that the system with some specific assumptions on spectrum and eigensystem
is not exactly observable in default topology setting. Then we find stronger
topology for state observation for which the system becomes exactly ob-
servable. In the end, we show that clamped-free Timoshenko beam system
satisfies obtained results.
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Chapter 1

Elements of Classical Operator
Theory

This chapter is devoted to introduce basic definitions and theorems which
are necessary in the main part of the dissertation. We start with a general
theory of linear operators. Next, we discuss the properties of strongly contin-
uous groups and semigroups and their association with differential equations.
Then, we introduce spectral theory and generation theorems. At the end of
this chapter we formulate some results on Riesz bases and define an impor-
tant class of operators, i.e. Riesz spectral-operators.

The results discussed here are well known in functional analysis and may
be found in books on this subject or monographs in control theory. Contents
of this chapter are based on the following references: [10] for Linear Operators,
[10,14,72] for Strongly Continuous Groups and Semigroups, [10,14] for Spec-
tral Theory, [10,14,39,43,72] for Generation Theorems and [10,16,61,70, 75]
for Riesz Basis and Riesz-spectral Operators.

1.1 Linear Operators

In this section we focus on transformation 7' from one normed linear space

X to another Y. We assume that X and Y will be either Banach or Hilbert

spaces. Later in this section we discuss basic properties of linear operators.
At the beginning, we start with the definition of a linear operator.

Definition 1.1. A linear operator, or simply an operator, T from linear space
X to a linear space Y over the same field F is amap T : D(T) C X — Y,
such that D(T) is a subspace of X, and for all 21,25 € D(t) and scalars «,
it holds that:
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1) T(x1 4+ x2) =T (x1) + T(xs),
i) T(ax) = aT(x).

The set D(T') in above definition is called the domain of the operator T
Importantly, the same mapping defined in different domains gives us different
operators. For example, consider the operator Ty : D(T}) — L*(0,1) defined
by Tz = 2x with the domain D(T) = {z € L*(0,1) | = continuous} and
the operator Ty : D(Ty) — L*(0,1) defined by Thx = 2z with the domain
D(Ty) = L*(0,1). Naturally, the operator T} differs from the operator 7.

Definition 1.2. The set of all possible images of the operator T': D(T) — Y
is a subspace of Y, in general. It is called the range of T and we denote this
by ranT". If the range of an operator is finite-dimensional, then we say that
the operator has finite rank.

Now we turn to the inverse operators.

Definition 1.3. An operator T': D(T) C X — Y between two linear spaces
X and Y is invertible if there exists a map S : D(S) :=ranT C Y — X
such that:

i) STx ==z, x € D(T),
i) TSy =y, y €ranT.
S is called the algebraic inverse of T and we write T-! = S.

Lemma 1.4 (see [10]). Linear operators T' from X to Y, where X and Y
are linear vector spaces, have the following properties:

a) T is invertible if and only if T is injective, that is, Tx = 0 implies
r = 0.

b) If T is an operator and it is invertible, then its algebraic inverse is also
linear.

The set of all elements in the domain of 7" such that Tz = 0 is called the
kernel of T" and is denoted by ker T'. If T is a linear operator, then ker T is
a linear subspace. From the above lemma we see that the linear operator T’
has an inverse if ker 7' = {0}.

Now we proceed with notions of continuous and bounded operators.

Definition 1.5. A map F' : D(F) C X — Y between two normed linear
spaces (X, - |lx) and (Y,| - |ly) is said to be continuous at xy € X if,
given £ > 0, there exists a ¢ > 0 such that ||F(z) — F(zo)|ly < ¢, whenever
|x —zol|x < 0. F is continuous on D(F') if it is continuous at every point in

D(F).
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Definition 1.6. Let T be a linear operator from D(T) C X — Y, where
X and Y are normed linear spaces. T' is a bounded linear operator or T is
bounded if there exists a real number ¢ such that for all x € D(T)

|Tx|ly < c|lz|x.

Definition 1.7. Let T be a bounded linear operator from D(T) C X to Y.
We define its norm, ||T, by

Tx
I7) = sup ATElr.
zeD(T) ||95HX
x#0

An equivalent definition of ||T]] is

1T = sup [[Tz[ly.
zeD(T)
[zl x =1

The relation between continuous and bounded linear operators are given
in the following theorem.

Theorem 1.8 (see [10]). If T': D(T) C X — Y is a linear operator, where
X and'Y are normed linear spaces, then:

a) T is continuous if and only if T is bounded.
b) If T is continuous at a single point, it is continuous on D(T).
Now we define a space of bounded linear operators.

Definition 1.9. If X and Y are normed linear spaces, we define the normed
linear space L£(X,Y) to be the space of bounded linear operators from X to
Y with D(T) = X and with norm given by Definition 1.7.

For the special case that X =Y we denote £(X, X) by L(X).

Lemma 1.10 (see [10]). Let L(X,Y) denote the space of bounded linear
operators from X to Y. Then the following properties hold:

a) If Y is a Banach space, then so is L(X,Y).

b) If XY and Z are normed linear spaces, Ty € L(X,Y) and Ty €
L(Y,Z), then T3, defined by Tsx = To(T1x), is an element of L(X, Z)
and || T3] < [|Ta|[|Z2]]-
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c) L(X) is an algebra; that is Ty, Ty + Ty and Th'Ty are in L(X) for every
T1, Ty in L(X); furthermore, | ThTs|| < ||T1||||T2]-

The concept of convergence in the space of the bounded linear operators
is as follows.

Definition 1.11. Let {7},,n > 1} be a sequence of bounded linear operators
in £(X,Y), where X and Y are normed linear spaces, then

i) T, converges uniformly to T, if

|7, — T zx,y) — 0 as n — oo,

ii) T, converges strongly to T, if

| Tz —Tz|y — 0asn — oo forall z € X.

In the case of the bounded linear operators dependent on a parameter
t, where t is from some interval in R, we can define strong and uniform
continuity with respect to ¢ in an analogous manner.

Definition 1.12. If T'(¢) is in L£(X,Y") for every t € [a,b], where X and YV
are normed linear spaces, then

i) T(t) is uniformly continuous at to, if

|T'(t) — T(to)|| ccx,y) — 0 as t — to,

ii) T'(t) is strongly continuous at ty, if

|T(t)x — T'(to)x|y — 0 for all z € X as t — t.

Another subclass of bounded linear operators with useful properties are
compact operators.

Definition 1.13. Let X and Y be normed linear spaces. An operator T €
L(X,Y) is said to be a compact operator if T maps bounded sets of X onto
relatively compact sets of Y. An equivalent definition is that 7" is linear and

for any bounded sequence {x,} in X, {Tz,} has a convergent subsequence
inY.

Some properties of compact operators are summarized in the following
lemma.
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Lemma 1.14 (see [10]). Let X and Y be normed linear spaces and let T :
X —Y be a linear operator. Then the following assertions hold:

a) If T is bounded and dim(T'(X)) < oo, then the operator T is compact.
b) If dim(X) < oo, then the operator T is compact.

c) The range of T is separable if T' is compact.

d) If S,U are elements of L(X1,X) and L(Y,Y7), respectively, and T €
L(X,Y) is compact, then so is UTS.

e) If {T..} is a sequence of compact operators from X to the Banach space
Y, that converge uniformly to T, then T is a compact operator.

f) The identity operator, I, on the Banach space X is compact if and only
if dim(X) < oo.

g) If T is a compact operator in L(X,Y) whose range is a closed subspace

of Y, then the range of T is finite-dimensional.

Integral operators are an important example of compact operators on the
space L%(a,b).

Theorem 1.15 (see [10]). Let k(t, s) be an element of L*([a,b] X [a,b]). Then
the operator K from L*(a,b) to L*(a,b) defined by

b

(Ku)(t) = / k(t, s)u(s)ds

a

18 a compact operator.

In this section we considered mainly on bounded linear operators. How-
ever, in applications we will often find unbounded linear operators.

Definition 1.16. Let X and Y be normed linear spaces and T' : D(T) C
X — Y a linear operator. The graph G(T) is the set

G(T) ={(z,Tz) | x € D(T)}
in the product space X x Y.

Definition 1.17. A linear operator T is said to be closed if its graph G(T')
is a closed linear subspace of X x Y. Alternatively, T is closed if whenever

z, € D(T), n € N and nlgg@ Ty = X, nlg](f)lo Tx, =y,

it follows that x € D(T) and Tz = y.
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It is rather difficult to prove from the above definition that the operator
is closed. The next theorem gives us a criterion for checking the closedness
of the operators.

Theorem 1.18 (see [10]). Assume that X and Y are Banach spaces and let
T be a linear operator with domain D(T) C X and range Y. If, in addition,
T is invertible with T~ € L(Y, X) then T is a closed linear operator.

Similarly to the above theorem, we can introduce a condition for check
the boundedness of the linear operators.

Theorem 1.19 (Closed Graph Theorem, see [10]). A closed linear oper-
ator defined on all of a Banach space X into a Banach space Y is bounded.

A Hilbert space is a special case of a Banach space with a norm induced
by an inner product. Thus, all the properties discussed previously in this
section are true also for the Hilbert space. However, a Hilbert space gives us
additional properties of the operators which we briefly discuss below.

Theorem 1.20 (Riesz Representation Theorem, see [10]). If H is a
Hilbert space, then every element h in H induces a bounded linear functional
f defined by

f(x) = (x, hyn

On the other hand, for every bounded linear functional f on H, there exists
a unique vector hg € H such that

f(z) = (x, ho)y for all x € H,
and furthermore, || f|| = ||hol|-

Note that the last equality the norm on the left-hand side is the norm in
the space of linear functionals, and the norm on the right-hand side is the
norm in the vector space H. The consequence of the Riesz Representation
Theorem is the existence of the adjoint operator.

Definition 1.21. Let T' € L(H;, Hy), where H; and H, are Hilbert spaces.
Then there exists a unique operator T* € L(H,, Hy) that satisfies

<TZE1.[E2>H2 = <[L’1,T*J}2>H1 for all xr1 € Hl,l’g c HQ.
The operator T™ is called the adjoint operator of T'.

Some properties of adjoint operators are given in the following lemma.
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Lemma 1.22 (see [10]). Let T\, Ty € L(Hy, Hs) and S € L(H,, H3), where
H,, Hy and Hs are Hilbert spaces. The adjoint has the following properties:

a) I*=1.

b) (a1y)* =aTy.

) T3] = [ITa]-

d) (Y + o) =T +T5.

e) (STy)* =T7S*.

f) T = (|7

We can also define the adjoint of an unbounded linear operator.

Definition 1.23. Let A be a linear operator on a Hilbert space H. Assume
that the domain of A, D(A), is dense in H. Then the adjoint operator A* :
D(A*) C H — H of Ais defined as follows. The domain D(A*) of A* consists
of all y € H such that there exists a y* € H satisfying

(Az,y) = (x,y") for all x € D(A).
For each such y € D(A*) the adjoint operator A* is then defined in terms of
y* by
A*y =y~

It can be shown that if A is a closed, densely defined operator, then D(A*)
is dense in H and A* is closed. In the following lemma, we have some results
for adjoint operators.

Lemma 1.24 (see [10]). Let A be an arbitrary, densely defined operator and
let T' be a bounded linear operator defined on the whole of the Hilbert space
H. The following holds:

a) (A)* =aA*, D((aA)*) = D(A*) ifa #0 and H if a« = 0.
b) (A+T)* = A*+T*, with domain D((A+T)*) = D(A*).

c) If A has a bounded inverse, i.e., there exists an A~ € L(H) such that
AA™Y = [y, A71A = Ip(ay, then A* also has a bounded inverse and
(A*)*l — (A*l)*'

Now we define a special class of operators.
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Definition 1.25. We say that a densely defined, linear operator A is sym-
metric if for all x,y € D(A)

(Az,y) = (z, Ay).
A symmetric operator is self-adjoint if D(A*) = D(A).

For a self-adjoint operator A, we have that (Az,z) = (x, Az), which
means that (Az,x) is real for all z € D(A). If this value is additionally
nonnegative, we can introduce special name of these operators.

Definition 1.26. A self-adjoint operator A on the Hilbert space H is non-
negative if

(Az,z) > 0 for all z € D(A),

A is positive if
(Az,x) > 0 for all nonzero z € D(A),

and A is coercive if there exists and € > 0 such that
(Az,x) > ||| for all z € D(A).

We shall use the notation A > 0 for nonnegativity of the self-adjoint operator
A, and A > 0 for positivity. Furthermore, if T', S are self-adjoint operators in
L(H), then we shall write ' > S for T — S > 0.

For self-adjoint and nonegative operator we are able to find square root.

Lemma 1.27 (see [10]). If A is self-adjoint and nonnegative, then A has a
unique nonnegative square root A3, so that D (A%) D D(A), Aiz €D (A%)
for all x € D(A), and Az A2z = Az for x € D(A). Furthermore, if A is
positive, then Az s positive too.

Another important class of operators are skew-adjoint operators.

Definition 1.28. Operator A is a skew-adjoint operator, if D(A*) = D(A)
and A* = —A.

Analogously to self-adjoint operators, for every skew-adjoint operator A
the range of (Ax,x) is purely imaginary.
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1.2 Strongly Continuous Groups and Semi-
groups
The ordinary differential equations of the form
2(t) = Az(t) + Bu(t), 2(0) = 2z, t >0,

are often used to describe control systems with a finite-dimensional state
space. The solutions of these equations are given by the formula

(1) = T(t)z + /T(t — $)Bu(s)ds, t >0, (1.1)

where
T(t) =e t>0,

is a solution of the equation

o(t) = Ap(t), ©(0) = 1.

Note that (1.1) is a well defined integral in the sense of Bochner (see [10]).

However, there exist a large number of systems which cannot be repre-
sented by a finite number of parameters. Examples of such systems are string
vibrations or heat flow in a rod. To describe their state, we will use a function
that is an element of an infinite-dimensional function space. Control theory
of infinite dimensional systems becomes significantly complicated. The sit-
uation is similar to passing from ordinary to partial differential equations.
This motivates the necessity for generalizing the concept of a fundamental
solution and introducing semigroup theory.

Let H be a separable complex Hilbert space. Here and below Rt will
denote the set of nonnegative real numbers.

Definition 1.29. A strongly continuous semigroup (or Cy-semigroup) is an
operator-valued function 7'(t) from R* to £(H) that satisfies the following
properties:

i) T(t+s)=T()T(s) for all t,s >0,
ity T(0) = I,
iii) |T(t)xr —z|| = 0ast — 0" Vo € H.

Remark 1.30. If these properties hold for R instead of RT, we call T'(t) a
strongly continuous group (or Co-group) on H.
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In the work we will write alternatively a strongly continuous semigroup,
Cp-semigroup or even semigroup. The following theorem gives us some basic
properties of semigroups.

Theorem 1.31 (see [10]). A strongly continuous semigroup T'(t) on a Hilbert
space H has the following properties:

a) [|T(t)] is bounded on every finite subinterval of [0, c0),
b) T(t) is strongly continuous for all t € [0, 00),

1
¢) For all x € H we have that

|

¢
/T(s)xds —x ast— 0t
0

@) If wo(T) := inf ( log IT@)I[), then wy(T) = lim (4log | T(1)]) < oo,
e) Yw > wo(T) there exists a constant M,, such that ¥t > 0,

IT(1)] < Mye". (1.2)

Definition 1.32. The constant wy(T') defined in the above theorem is called
growth bound of the semigroup. If this does not lead to a misunderstanding,
we will write shortly wy instead of wg(7"). Moreover, a semigroup is called
bounded if for w = 0 and some My in inequality (1.2) is fulfilled, and con-
tractive if for wy = 0 and My = 1 in inequality (1.2) is valid.

In the case of a finite-dimensional space, the operator A is connected with
the fundamental solution e4* by

d a
()

Now we associate in a similar way an unbounded operator A to a Cy-semi-
group T'(t).

=A.

t=0

Definition 1.33. The infinitesimal generator A of a Cy-semigroup on a
Hilbert space H is defined by

Az = Tim S(T(t) = D, (1.3)

t—ot+ ¢

whenever the limit exists; the domain of A, D(A), being the set of elements
in H for which the limit exists.

19



Remark 1.34. A is the infinitesimal generator of a Cy-group if ¢ in limit in
(1.3) tends to 0 instead of 0.

Example 1.35. Let A be a n x n real or complex matrix. Then, the family

T(t) = M — i (fllf!) (1.4)

is a semigroup with generator A. Formula (1.4) is also true if we assume that
A is a bounded linear operator on H.

In general the above definition allows us to calculate the generator of a
Cy-semigroup, but it is rather difficult to apply. Some basic properties of a
generator of a Cp-semigroup are given in the following theorem.

Theorem 1.36 (see [10]). Let T'(t) be a strongly continuous semigroup on a
Hilbert space H with infinitesimal generator A. Then the following hold:

a) Forx € D(A), T(t)x € D(A) ¥Vt > 0,
b) L(T(t)x) = AT (t)x = T(t)Az for x € D(A), t >0,

¢) L(T(t)x) = AT (t)x = T(t) A"z for x € D(A™), t > 0,

d) T(t)x —x = /T(S)Axds for x € D(A),

t t
e) /T(s)xds € D(A) and A/T(s)xds =T(t)x —x for allx € H, and
0 0

D(A) is dense in H,

f) Ais a closed linear operator,

9) Oﬁ D(A™) is dense in H.
n=1

1.3 Spectral Theory

Spectral theory deals with the generalization of the notion of eigenvalues and
eigenvectors in infinite dimensional spaces. For this purpose, we will consider
abstract equation of the form

(M = Az =y,

20



where A is a closed linear operator on a complex Banach space X with
D(A) € X, z,y € X, and A € C. Our main task is asking under what
conditions (A — A) has a bounded inverse on the particular Banach space
X.

We begin our considerations with the introduction of a resolvent set.

Definition 1.37. Let A be a closed linear operator on a (complex) normed
linear space X. We say that A is in the resolvent set p(A) of A, if (\[ — A)™*
exists and is a bounded linear operator on a dense domain of X.

It can be shown that A € p(A) if and only if (A — A)~! € L(X). We shall
call (AT — A)~! the resolvent operator of A and denote as R(\, A). The spec-
trum of the operator is complement of the resolvent set and is decomposed
into three disjoint sets as defined below.

Definition 1.38. Let A be a closed linear operator on a (complex) normed
linear space X. The spectrum of A is defined to be

o(A4) = C\ p(A),
The point spectrum is
0p,(A) ={A € C| (A — A) is not injective}.
The continuous spectrum is

o.(A) = {AeC| (M — A) is injective,ran(A\ — A) = X, but
(M — A)~! is unbounded}
= {AeC| (M — A) is injective,ran(A\ — A) = X, but
ran(A — A) # X }.

The residual spectrum is
o.(A) ={A € C| (M — A) is injective, but ran(A — A) is not dense in X}.

So 0(A) = 0,(A) Uo,(A) Ua,.(A) (cf. [10]).
A point A € 0,(A) is an eigenvalue, and = # 0 such that (A — A)z = 0,
an eigenvector.

Definition 1.39. Let A\ be an eigenvalue of the closed linear operator A on
the Banach space X. Suppose further that this eigenvalue is isolated, that is
there exists an open neighbourhood O of Ay such that o(A) N O = {A¢}. We
say that \g has order vy if for every x € X

lim (A — Xg) (M — A) o
A— Ao
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exists, but there exists an xy such that the following limit does not

lim ()\ - Ao)yo_l(AI - A)_ICL’(].
A—MXo

If for every v € N there exists an x,, € X such that the limit

lim (A — Xg)* (M — A) 'z,
A— Ao
does not exist, then the order of )\ is infinity.
For the isolated eigenvalue \q of finite order vy, its (algebraic) multiplicity
is defined as dim(ker(A\gl — A)*). The elements of ker(\g — A)" are called

the generalized eigenvectors corresponding to .

Now we give a theorem in which we define the formula for the integral rep-
resentation of the resolvent. The formula relates semigroups to the resolvents
of their generators.

Theorem 1.40 (see [14]). Let T'(t) be a strongly continuous semigroup on
the Banach space X and take constants w € R, M > 1 (see Theorem 1.31.¢))
such that

IT(t)]| < Me*!

fort > 0. For the generator A of T'(t) the following properties hold.
i) If X € C is such that R(\, A)x = /e_)‘sT(s)xds exists for all x € X,

0
then \ € p(A).

ii) If ReX > w, then X\ € p(A), and the resolvent is given by the integral
expression in ).

iii) [|[RO\,A)|| < 55 for all Re X > w.

Property ii) in the above theorem means that the spectrum of a gener-
ator of a semigroup is always contained in a left half-plane. The number
determining the smallest such half-plane is an important characteristic of
any linear operator and is defined as follows.

Definition 1.41. To any linear operator A we associate its spectral bound
defined by
s(A) =sup{ReA: A € o(A)}.

As a consequence of Theorem 1.40.ii) the following relation between the
growth bound of a strongly continuous semigroup and the spectral bound of
its generator holds.
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Corollary 1.42. For a strongly continuous semigroup 7'(¢) with generator
A, one has
—00 < 5(A) < wp < 0.

Of course, the natural question seems to be—when s(A) = wy? We will
answer this question in Section 1.5.

For our considerations, operators with compact resolvent are a very impor-
tant class of operators. An operator with compact resolvent has a pointwise
spectrum.

Lemma 1.43 (see [14]). Let A be a closed linear operator with 0 € p(A) and
A=Y compact. The spectrum of A consists of only isolated eigenvalues with
finite multiplicity.

The next lemma is about the form of the spectrum of self-adjoint opera-
tors.

Lemma 1.44 (see [10]). If A is a self-adjoint operator on the Hilbert space
H, then o(A) C R.

Corollary 1.45. Analogously to Lemma 1.44, if A is a skew-adjoint operator
on the Hilbert space H, then o(A) C iR.

1.4 Generation Theorems

As we mentioned in Section 1.2 for any given semigroup we are able to find
its generator. The converse is more interesting. Does any operator generate
semigroup? Theorems which answer this question are called generation the-
orems. Thus, we now present the characterization of generators of arbitrary
strongly continuous semigroup.

We start with a fundamental result of Hille-Yosida theorem.

Theorem 1.46 (Hille-Yosida Theorem, sce [10]). A necessary and suf-
ficient condition for a closed, densely defined, linear operator on a Hilbert
space H' to be the infinitesimal generator of a Cy-semigroup is that there
exist real numbers M, w, such that for all real o > w, a € p(A), the resolvent

set of A, and

| R(cr, A)"|| < —foralln > 1,

M
(o = w)
where R(a, A) = (ol — A)~! is the resolvent operator. In this case
T (o)) < e

!Theorem is also true in the case of Banach space X, see e.g. [14]
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As a general rule, operator A is a generator when the spectrum o(A) lies
in some left half-plane and growth estimates of the form

M
(o —w)

hold for all powers of the resolvent R(A, A) in some right half-plane (or on
some semiaxis (w,00)). The condition with estimation of the norm of the
resolvent is rather complicated and difficult to check in general situation.
Simpler conditions for an operator to generate a contraction semigroup are
given in Lumer-Phillips theorem, but before we present them, we need to
define the dissipative operator.

[R(er, A)"[| <

Definition 1.47. A linear operator A with D(A) contained in a Banach
space X is called dissipative if

A = A)z]| = Al
for all A > 0 and = € D(A).

Remark 1.48 (see [14]). For operators in a Hilbert space there is an equiv-
alent condition for checking the dissipativity of the operator, namely

Re(Az,z) <0
for all x € D(A).

Theorem 1.49 (Lumer-Phillips Theorem, see [39]). A necessary and
sufficient condition for a linear operator A with a dense domain in a Banach

space X to generate a strongly continuous semigroup of contraction is that
A be dissipative and that ran(l — A) = X.

Another important result in applications is the fact that the sum of a
generator and a bounded linear operator is a generator.

Theorem 1.50 (Phillips Theorem, see [43,72]). If an operator A generates
a semigroup on a Banach space X and K : X — X s a bounded linear
operator then the operator A + K with the domain identical to D(A) is also
a generator.

In general, semigroups are defined only for ¢ > 0. Now we can extend the
theory of generating strongly continuous semigroups to strongly continuous
groups defined for all £ € R. In order to do that we present the following
lemmas. At the beginning, we define T7(¢) := T'(¢t) and T~ (t) = T(—t) for
t>0.
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Lemma 1.51 (see [10]). If T(t) is a Co-group, then T (t) and T~ (t) are
Co-semigroups.

Lemma 1.52 (see [10]). Let A be the infinitesimal generator of the Cp-
semigroup TT(t), then —A is the infinitesimal generator of the Cy-semigroup
(1),

Lemma 1.53 (see [10]). A is the infinitesimal generator of the Cy-group if
and only if A is the infinitesimal generator of the Cy-semigroup and —A is
the infinitesimal generator of the Cy-semigroup.

Lemma 1.54 (see [10]). Let A be an infinitesimal generator of a Cy-group.
The spectrum of A lies in a strip along the imaginary azis, i.e., o(A) C {z €

C | |Re(s)| < B} for some 3> 0.

1.5 Riesz Basis and Riesz-spectral Operators

One of the most important type of basis in a Hilbert space is the orthonormal
basis. Another very useful class of bases are the bases equivalent to the
orthonormal basis, the so-called Riesz basis. They are helpful in the case
where the operators encountered have eigenvectors that are not orthonormal
but form the Riesz basis.

We begin with the following definition.

Definition 1.55. A sequence {¢;}52, of vectors of a Banach space X (or
Hilbert space) is called a Schauder basis of this space if every vector x € X
can be expanded in a unique way in a series

oo
T =2 ¢;0;
j=1
which converges in the norm of the space X.

The coefficients ¢; in a series expansion of a vector z in the case of Hilbert
space can be determined by

Cj:<.l’,?/}j>, j:1,2,

where {1;}32, is a biorthogonal sequence corresponding to {¢;}% and is
defined as follows.
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Definition 1.56. Let {gzﬁj}oo p and {9;}52, be sequences of elements of the
Hilbert space H. Then {1;}32, is biorthogonal to {¢;}52, if for i,j € N

o [1oifi=g,
<¢“wf>_5“_{0 if i # .

The sequence {¢;}32, is independent if there exists a sequence {1;}32, which
is biorthogonal to {gbj} © - The sequence {¢;}32, is complete in H if 0 is the
only element of H Which is orthogonal to each ¢; (j € N). Equivalently,
{9,152, is complete if and only if its linear span is dense in H.

Riesz basis is a generalization of orthonormal basis.

Definition 1.57. A basis for a Hilbert space is a Riesz basis if it is equivalent
to an orthonormal basis, that is, if it is obtained from an orthonormal basis
by means of a bounded invertible operator.

The next theorem gives a number of characteristic properties of Riesz
bases.

Theorem 1.58 (see [16,70]). The following assertions are equivalent.

a) The sequence {¢;}32, forms a Riesz basis for H.

b) There is an equivalent® inner product on H, with respect to which the
sequence {¢;}52, becomes an orthonormal basis for H.

c) The sequence {(b]} . 15 complete in H, and there exist positive con-
stants A and B such that for an arbitrary positive integer n and arbi-

trary scalars cy,...,c, one has
n n 2 n
AZ’CZ'P < ZCNZ’ < BZ‘Q’P-
i=1 i=1 i=1

d) The sequence {¢;}52, is complete in H, and its Gram matriz

[<¢27 ¢]>] 1,j=1

generates a bounded invertible operator on (2.

e) The sequence {qﬁj}‘;‘;l 15 complete in H and possesses a complete bior-
thogonal sequence {1;}32, such that

o0

Z| ¢Z|<ooand2| )| < oo

for every x € H.

2Two inner products are said to be equivalent if they generate equivalent norms.
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Remark 1.59. The inequality from property c¢) in the above theorem is also
true for infinite number of elements, i.e.,

o0

> it

=1

[e.e] 2 o0
AZ|C7,|2§ SBZ|CZ|2
i=1 i=1
Another very useful result for generating Riesz basis from eigenvectors
of the infinitesimal generator of a strongly continuous group gives us Zwart
theorem.

Theorem 1.60 (Zwart Theorem, see [75]). Let A be the infinitesimal gen-
erator of Cy-group T(t) on the Hilbert space H. We denote the eigenvalues
of A by A, (counting with multiplicity), and the corresponding (normalized)
eigenvectors by {¢,}. If the following two conditions hold,

a) The span of the eigenvectors form a dense set in H.

b) The point spectrum has a uniform gap, i.e.,
inf |\, — A\p| >0,
n#m

then the eigenvectors form a Riesz basis on H.

Now we define a class of operators with simple eigenvalues whose eigen-
vectors formed a Riesz basis.

Definition 1.61. Suppose that A is a linear, closed operator on a Hilbert
space H, with simple eigenvalues {\,,n > 1} and suppose that the corre-
sponding eigenvectors {¢,,n > 1} form a Riesz basis in H. If the closure of
{An,n > 1} is totally disconnected, then we call A a Riesz-spectral operator.

By totally disconnected we mean that no two points A, u € {\,,n > 1}
can be joined by a segment lying entirely in {\,,n > 1}.

Theorem 1.62 (see [10]). Suppose that A is a Riesz-spectral operator with
simple eigenvalues {\,,n > 1} and corresponding eigenvectors {¢,,n > 1}.
Let {1, n > 1} be the eigenvectors of A* such that (¢, Vm) = Opm. Then A
satisfies:

W) p(4) = {A € C | inf A=A > 0}, o(4) = [hyn =1}, and for
A € p(A) the inverse (A — A)~" is given by

n=1 n
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b) A has the representation
n=1
forx € D(A), and

D(A) = {zc H | f: al2l, )2 < o0

c) A is the infinitesimal generator of a Cy-semigroup if and only if
sup Re(A,) < oo and T'(t) is given by

n>1
T(0) = 3 (- b
d) The growth bound of the semigroup T(t) is given by
oo = inf (108 IT(O) = supRe(x,).

As we mentioned in Section 1.3 spectral bound of generator A is always
less or equal to the growth bound of a strongly continuous semigroup 7'(¢)
generated by A (see Corollary 1.42). From property d) in Theorem 1.60
we have that for Riesz-spectral operator spectral bound is equal to growth
bound, i.e. wy(7") = s(A). In this case we will say that Riesz-spectral operator
satisfies spectrum determined growth condition.
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Chapter 2

Timoshenko Beam Theory

There are four widely used models for describing vibrations in beams. These
four theories are Euler-Bernoulli, shear, Rayleigh and Timoshenko [13,21].
The Euler-Bernoulli beam theory, sometimes called classical beam theory,
was presented in the 40s of the 18th century [59]. This model includes the
strain energy due to the bending and the kinetic energy due to the lateral
displacement and is widely used because of simplicity and sufficiently good
approximations for many engineering problems. Other theories have intro-
duced additional physical effects to improve the classical beam theory. The
shear model adds shear deformation effects and was for the first time intro-
duced by W. J. M. Rankine in 1858 [45]. At a similar time (in 1877) Lord
Rayleigh [55] extended Euler-Bernoulli equation by incorporating the rotary
inertia of the cross-section. Note that taking into account the effects of the
moment of inertia was proposed 18 years earlier by J. A. C. Bresse in [5].
Finally, in 1921 S. P. Timoshenko published his best known paper [58] (cited
about 1500 times) in which he presented generalization of Euler-Bernoulli
equation with above-mentioned physical effects, i.e. shear and rotary inertia
effects. There are some historical controversies concerning this date [12], be-
cause this theory can be found in the earlier works of Timoshenko, in the
book on elasticity in the Russian language from 1916 [56], and for the first
time in English language in Croatian journal from 1920 [57].

From the mathematical point of view, the main difference between Tim-
oshenko and the rest of beam models (Euler-Bernoulli, shear, Rayleigh) is
that the operator connected with the system of partial differential equations
has a spectrum that consists of not one eigenvalues family but two families of
eigenvalues. Furthermore, the eigensystem of Timoshenko beam model is not
a Riesz basis, only the system with divided differences forms a Riesz basis for
a sufficiently large time T'. This is one of the main reasons that this system is
very interesting for analyzing different problems from mathematical control

29



theory.

2.1 Modeling Rotating Timoshenko Beam

Now, we will introduce a detailed derivation of the vibration equations of the

rotating Timoshenko beam, which can be found originally in the monograph
of W. Krabs and G. M. Sklyar [34].

Figure 2.1: Beam at the position of rest

We consider the rotation of a two dimensional beam in a horizontal plane
whose left end is clamped into the disk of a driving motor (see Fig. 2.1). Let
r > 0 be the radius of the disk and let # = 6 (t) be the rotation angle as a
function of the time ¢ > 0. Let £ > 0 be the length of the beam and for every
x € [0,¢] and let w(z) be the cross-section of the beam at x which is assumed
to be an interval which is symmetric to y = 0 (see Fig. 2.2). This implies that
in the case of a rigid rotation of the beam (i.e. without additional vibration)
the position of an arbitrary point (z,y) € [0,¢] X w(x) under the rotation
angle 6 is given by

—

Ro(z,y) = (r+ x)e1(0) + yéa (),

where

€1(0) = (cosh,sinf) and €;(0) = (—sin b, cos ).

Now let 7(x,y) be the additional displacement of (z,y) under the influence
of vibration. For small displacements we can assume that

(x,y) =7(z,0) + yr,(z,0), x €[0,{, y € w(z).
Let
(z,0) = Wy (z,0)e1(0) + wa(x, 0)ex(0)
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Figure 2.2: Rigid beam in motion

for x € [0, ¢]. Furthermore, assume that
Fy([ﬁ, O) = é(l’, 0)51 (Q)

for x € [0, /]. The displacement of the point (x,y) € [0,¢] X w(x) under the
influence of rotation and additional vibration is then given by

-

R(z,y,0) = Ry(z,y) + 7(z,0)
= (7“ +x+ 2711(% 9) + é(% ‘9)9) 6_’1(9) + (y + @2(% 9)) 52(8)-

for x € [0,¢] and y € w(zx). Let us put

R(w,y,t) = R(z,y,6(t)),
wy(x,t) = wy(x,0(t)),
way(x,t) = Wwe(x,0(1)),

E.t) = & 0(0)

Then it follows that

—

E(z,y,t) = (r+ 2 +wi(z,t) +E(x, y) & (6(1)) + (y + walw, 1)) & (0(1))
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for z € [0,/], y € w(x), t € RT. Let us denote the derivative with respect to
t by a dot. Then

R(x,y,t) = (tn(,1) + (x, )y) & (6(t))
+ (r 4z +wy(z, ) + E(z, t)y) (1)
+ by (2, 1) 8 (0(1)) — (y + wa(z, 1))
= (wl(:v t) + E(z, t)y — (y + wo(z, 1)
+ ((r+ @+ wi(e, t) + €z, t)y) (1

(())

\_/ \_/ . ('Ul

This implies

|yt

" (i) + G, )y — (y + wale, ) 60))

: 2
+ ((r+ 3+ wi,) + (2, 1)y) 0(t) + tba(a, 1))
for x € [0,4], y € w(x), t € RT. Assume additionally that
w1-9:w2~9:£ 0 =0.

Then
Rz, t)H2 = (i) + €ty — 0(0)y) + (0 +2)6(0) + (e, )’

for z € [0,/], y € w(x), t € RT.
Let p be the (constant) density of the material of the beam. Then, for
every t € R™, the kinetic energy of the beam is given by

Kunune) =2 [ [ [
0 w(z)

Let, for every = € [0,¢], A(z) and M (x) denote cross-section area and area
moment of inertia, respectively, then

Az /dyand]\/[ /y

w(x) w(z)

Then it follows that

K (wr, wa, &)(t) = s ( 0/ Al (w,£)* + M(x) (&, £)* + 6(1)%)

— oM () (x, £)0(t)d + / A@)(r + 2)20(t)?
+ A(z)in(w,1)? + 2A(x) (r + 2)0(t )i (v, ) da

32



for t € R, hence

l\’)\bz

14
K (wr,ws, (0) =5 [ Ay, 17+ M(2) (éx.0) ~ 1))’

A@) ((r+ 2)0(t) + (o) " do

+

for t € RT.
In [68] it is shown that, for every t € RT, the potential energy of the

beam is given by
Ulwy,we,)(t) = 5 [ B € (a1 + Alx)uwi (z,1)?)
+ K (2) (wh(x, t) + &(x, 1)) da,

where F(z) is Young’s modulus, K (z) is the shear modulus, and “’” denotes

the derivative with respect to x
For x = 0, we have the requirement

R(0,y,t) = ré& (0) + y& ()

for all y € w(x) and ¢ € R*. This implies
w1 (0,t) = wy(0,t) = £(0,¢) =0 for all t € RT.

Now let T' > 0 be chosen arbitrarily and let V7 be the subspace of C?([0, ¢] x
[0, T],R?)

[0, T],R?) consisting of all vector functions (wy,ws, &) € C?([0, 4] x

which satisfy the boundary conditions
wy(0,t) = wy(0,t) = £(0,t) =0 for all t € [0,7].

In order to get a vector function (wy,ws,§) € Vi which describes the motion

of the beam we have to minimize the Lagrange functional

T
wlaw27 /K wlaw27 ) U(wbw?vf)(t)dt
0

on Vp. A necessary condition for (wq,ws, &) € Vi to minimize L = L(wy, wy,

) on Vris
D(w1 wa,€ L(hl, hg, hg) =0 for all (hl, hg, hg) c VT,
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where D, L(h) denotes the Gateaux derivative of L at the w € Vp in the
direction h € V. This is equivalent to the statement that

/5/A(x)w1h1 + M(x)Ehy — M(2)0hs + A(z)shs + A(x)(r + z)0hyda

0
l
— [ Blw) (M(2)¢'h, + Ay b))
0
+ K (x) (whhiy, + Ehs + Ehly + whhg) dadt
=0

for all (hq, ho, h3) € V.
Now let us assume that the beam is uniform, that is

E(z)=F, K(x) = K and w(z) = w for all z € [0, /]
which implies
Alr)=A= /dy and M(x) =M = /y2dy for all z € [0, 4].

Then it follows that

T 4
/ 5 / — Aiinhy — MEhy + Mbhy — Atighs — A(r + 2)0hoda

0 0
L

/ (M&"hy + Aw/hy) + K (whhy — Ehg + E'hy — whhy) dadt

/E (ME (£, t)hs(L,£) + A, (£, )i (L, 1))

+ K (wy(€,t)ha(€,t) + (¢, t)ha(l,t)) dt

_|_

(—pAidy + EAW!) hyda + EAW, (€, t)hy (€, t)dt

L
[ (=5t = pAG + @)+ K (wf +€)) hada
+ K (wh(£,1) + E(,0)) ho(¢, £)dt

+

Ch—5 = T O\N

14
/ (~5M (£ — ) + EME" — K (wy + €)) hsda
0
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— EME'(0,t)hs(0, 1)dt
=0

for all (hl,hg,hg) e Vr with hl(I,O) = h2($7T) = 0,7 = 1,2,3, for all
x € [0,¢]. This implies the differential equations

Figure 2.3: Deflection of the center line of the rotating beam

EA
wl(l',t) — 7’11)/1,(1},'[;) = 0,

@@J%—f@ﬂ%ﬂ+€@¢ﬂ=—ﬂﬂw+@,

. EA K .

f(l’, t) - 7€Il(x7t) + 7 (wIQ(xvt) + g(xat)) = 9<t)

for z € (0,¢) and t € (0,T) with p = pA, I = pM, where p is linear density,
I denotes moment of inertia, and the boundary conditions

Wil 1) = wh(6,8) + &0, 1) = €/(6,8) = 0 for t € [0,T).
If we prescribe initial conditions in the form

wy(x,0) = (x,0) =0, wy(x,0) =wy(x,0) =0,

£(z,0) = &(z,0) for all z € [0, 4],
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Figure 2.4: The rotation angle of the cross-section area of the rotating beam

then it follows that wy = 0 on [0, ¢] x [0,T].

Finally, assuming w = ws, equations of vibration of rotating Timoshenko

beam (see Fig. 2.3 and 2.4) takes form

(. t) — f (w"(w,t) + € (x,1))

E(x,t) — E;)Af”(x,t) + I; (w'(z,t) + &(z, 1))

for x € (0,¢) and t > 0, with boundary conditions

w(ovt> = 5(07 ) =0,
W (08) + E(6 ) =0,
5/( vt) =0

for t > 0.

= —0(t)(r + x),
(2.1)
= 0(t)

2.2 Operator Equation of Undamped Beam

Following [34], we want to rewrite equations of motion of rotating Timo-

shenko beam (2.1) in the operator equation form

i(t) = Az(t) + Bu(t), t € (0,
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At the beginning, we normalize the units to simplify the system (2.1). To
this end, we will introduce an appropriate change of variables

s [P i K
x—\/;a:,t— [t’

of constants

and of functions

@(#,1) = | Pw(e, ), &) = (1), O(F) = 0(1)
)

= . FA S~
g(fivt) - 75”(‘%7t) + U~),((L’7t) +§ ~7t) = 9( )
in (0,4) x (0, 7). Finally, after putting £ = 1, denoting £4 — 42 and replacing
“=7 by “7 (t) == 6(t), we obtain free-dimensional two partial differential
equations of the form
U)(ZL',t) —w”(x,t) _gl(wi = _u(t)(r+x)a (2 3)
E(w, 1) = 27" (2, 1) + ' (2, 1) + &(,1) = u(t) '

for x € (0,1) and ¢t > 0, with boundary conditions
w(0,t) = £(0,t) =0,

w'(1,t) +&(1,t) =0, (2.4)
¢(1,t)=0
for t > 0.

Now we will rewrite (2.3) in the form of operator equation (2.2), namely

w w 0

N N 0 I 3 0
=l e l= “A, 0 0 L I u(t), (2.5)

3 X £ 1

where I : D(Aé) — H = L?((0,1),R?) is embedding operator, A, :
D (A,) — H is linear operator defined by

v\ —y —
a()-(adg ) (2:6)
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for ( Z ) € D(A,), where

/

= z(0
Y (1) + 2(1) = #(1) = } 2.7)

and domain of the operator A is given by D(A) = D (A,) x D (A%) C

D(A,) = {( i ) e H*((0,1),R?)

—~

1 1
H =D (A%) X H (see [34]). Note that A} is a square root of A, where
its existence is guaranteed by the fact that A, is self-adjoint and positive

1
definite operator. A2 is also self-adjoint and positive definite (see Lemma
1.27).

2.3 Operator Equation of Damped Beam

One of possible extension of the model (2.5) of a rotating Timoshenko beam
can be considering the effect of introducing damping to the model. We can
introduce damping operator in many ways, but here we use three particular
types of damping operators which were analyzed in [63-66].

Again, following [34], we will consider operator equation of the form

w w 0
°= i B ( —?47 —[Bi ) 5} + —TO— x u(t) (28)
¢ ps 3 1

for i = 1,2,3, where I, A, are defined as previously and B; : D(B;) — H
are symmetric distributed damping operators, D(A;) C D(A). The following
damping operators were considered,

(2)-(2)

where D (B)) = D <A%) S D(A),

Bs ( g ) = < _“029" ) , (2.10)

with D (By) = D (A,). The last considered case concerns the damping oper-
ator Bs, which is an additive combination of B; and B,, of the form

By ( i ) . ( _5223// ) , (2.11)
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with D (Bs) = D (By) = D (A,).
The main results of stability analysis in Chapter 3 are related to operator
B, while operators By and B3 will be used to compare the obtained results.

2.4 Cantilever Beam Model

The observability problem, described in Chapter 4, will be solved on a mod-
ified model, the so-called cantilever beam model. The main difference is the
elimination of the rotating disk to which the beam is clamped. As a result we
obtain a rigid beam that is fixed to a support, usually presented as a vertical
structure (e.g. wall) and the beam’s other end is free (see Fig. 2.5 and 2.6).
We additionally assume that the parameter v describing the physical prop-
erties of the beam material is equal to 1, i.e. v = 1. In this case, the system
of partial differential equations has the following form

7

Figure 2.5: Deflection of the center line of the cantilever beam

{ ) w(x, t) —w'(z,t) — & (x,t) =0, (2.12)
E(x,t) — & (z,t) +w'(z,t) + &(x,t) =0
for z € (0,1) and t > 0, with clamped-free boundary conditions

w(0,t) = &(0,t) =0,

w'(1,t) +&(1,¢) =0, (2.13)

&(1,t)=0
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Figure 2.6: The rotation angle of the cross-section area of the cantilever beam

for t > 0.
Operator equation has the following form

w w
N I 0 I 13
z= 0 _<—A1 O) o | (2.14)
3 M 3

1
where I : D (Af) — H is embedding operator, A; : D (A;) — H is linear
operator defined by (2.6) for v =1, i.e.

y - _yl/_zl
A1<z>_<—z”+y’+z>’ (2'15)

where D (A;) is defined by (2.7) with v = 1, and domain of the operator A

1

is given by D(A) = D (Ay) x D (Af) CH=D (A%) « H.
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Chapter 3

Stability Analysis

Stability is one of the most important properties of dynamical systems. It
is widely used not only in mathematics but also in related fields such as
physics or chemistry, and even unrelated fields such as biology or economics.
In general, stability of solutions of differential equations means that small
perturbations of initial conditions lead to small perturbations of solutions.

In this chapter we analyze stability of a particular model of vibrations of
Timoshenko beams with a weak (distributed) damping connected to rotations
of cross-sections of the beam, of deflections of the center line of the beam, and
of both. In one of the cases considered, for some values of physical parameters
of the beam the optimal stability margin phenomenon may be observed,
which means that under some conditions there exists an optimal value of a
damping coefficient, that is a coefficient that guarantees the fastest possible
decay of norms of solutions of the system.

Main results of this chapter were published in [63-67].

3.1 Various Concepts of Stability

Stability can be defined in many different ways. In the literature, there are
often presented definitions of stability referring to the equilibrium point (see
e.g. Lyapunov stability in [25]). Here we will consider semigroup stability
approach.

We start with the differential equation

(t) = Az(t), 2(0) = 2, t >0, (3.1)

where A is the infinitesimal generator of a semigroup T'(t) on a complex
Banach space X. We use the following stability definitions related to the
Co-semigroup notation (see e.g. [10]).
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Definition 3.1. The Cy-semigroup 7'(t) on the Banach space X is asymp-
totically stable (strongly stable) if

Jim T(t)xr =0, Vz € X.

In addition, if the solutions tend to zero exponentially quickly, then we
can consider the exponential stability.

Definition 3.2. The Cy-semigroup 7'(¢) on the Banach space X is exponen-
tially stable if there exist positive constants M and w such that

IT(t)]| < Me™* for ¢ > 0.

The constant w is called the decay rate, and the supremum over all possible
values of w is the stability margin of T'(t).

Remark 3.3. Stability margin of a exponentially stable semigroup is equal
to the opposite of its growth bound (see (1.2) from Theorem 1.31.¢)).

In the case of finite-dimensional state space X there are easily checkable
conditions for different notions of stability of system (3.1) (see [72]).

Theorem 3.4. Let A be a generator of semigroup T(t) on a finite-dimension-
al space X. The following conditions are equivalent:

a) For some M >0, w >0 and allt >0, ||T(t)|| < Me“".

b) For arbitrary zp € X, z(t) — 0 exponentially as t — +oo.

+00
c) For arbitrary zo € X, / |2()|]2dt < +oo.
0

d) For arbitrary zy € X, z(t) — 0 as t — +o0.
e) s(A) =sup{ReA: A€ co(A4)} <0.

In general, if we pass from finite- to infinite-dimensional state space then
the conditions from above theorem are not equivalent (see [72]).

Theorem 3.5. Let A be a generator of semigroup T(t) on an infinite—
dimensional Banach space X. Then

a) Conditions 3.4.a), 3.4.b) and 3.4.c) are all equivalent.

b) Conditions 3.4.a), 3.4.b) and 3.4.c) are essentially stronger than 3.4.d)
and 3.4.e).
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c¢) Condition 3.4.d) does not imply, in general, condition 3.4.e), even if
X 1s a Hilbert space.

d) Condition 3.4.e) does not imply, in general, condition 3.4.d), even if
X 15 a Hilbert space.

Theorem 3.5 shows that analyzing stability in infinite-dimensional sys-
tems is much more complicated. In particular a proper location of spectrum
does not guarantee stability (see [71]), nor existence of spectrum part on the
axis (c.f. [52]) does not guarantee instability. In some cases it may depend
on how fast the eigenvalues approach the imaginary axis (see [51], e.g. in the
case of neutral-type systems). Thus, a more detailed analysis is required. A
very important result about stability in Banach spaces was obtaind by G.
M. Sklyar and V. Y. Shirman in [52]. They proved that if A is a dissipative
operator fulfilling the following conditions: A is bounded, the spectrum of A
has at most countable intersection with the imaginary axis and A* has no
imaginary eigenvalues, then the Cauchy problem for equation (3.1) is asymp-
totically stable. Y. I. Lyubich and V. Q. Phéng in [40] generalized this result
to unbounded operators. Also in the same year, W. Arendt and C. J. K.
Batty in [2] presented independently proof of the same theorem.

Theorem 3.6 (Arendt-Batty-Lyubich-Phéng-Sklyar-Shirman Theo-
rem, [2,40,52]). Let the operator A generate a bounded strongly continuous
semigroup T'(t), t > 0. If the intersection of the spectrum of A with the imag-
inary axis is at most countable and A* has no imaginary eigenvalues, then
the Cauchy problem for equation (3.1) is asymptotically stable.

Remark 3.7. From Arendt-Batty-Lyubich-Phong-Sklyar-Shirman theorem
we can deduce that the operator A also has no imaginary eigenvalues, since
the Cauchy problem is asymptotically stable. Therefore, if X is the reflex-
ive Banach space, then in the theorem we can replace the absence of the
imaginary eigenvalues of A instead of A*.

In addition, Arendt-Batty-Lyubich-Phong-Sklyar-Shirman theorem allow
us to make the following corollary for Cy-groups.

Corollary 3.8. If the spectrum of the generator A of a bounded strongly
continuous group does not intersect the imaginary axis, then the Cauchy
problem for equation (3.1) is asymptotically stable.

3.2 Results for Undamped Beam Model

W. Krabs and G. M. Sklyar in [28,29,32-35] (in [28,29] together with V. I.
Korobov, in [35] together with J. WozZniak) considered different problems of
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controllability and stabilizability of rotating Timoshenko beams. They solved
the problem of transfering the beam from a position of rest into a position of
rest under a given angle within a given time [32]. This problem is solvable, if
the time of rotation prescribed is large enough. In [33] the stabilizability of the
model is proved and an explicit form of the stabilizing linear feedback control
is given. In [28], the authors extend the results on controllability. They showed
that the control realizing the rotation of a Timoshenko beam can be found in
piecewise constant and gave a construction of this control. In [29] the problem
of controllability from the position of rest into an arbitrary position at some
given time is investigated. The problem was solved using Ullirch theorem,
which is a generalization of Paley-Wiener theorem. In [35] the condition of
exact controllability under the assumption that the parameter vy appearing
in the model equation is rational is given.

y=1

Im(A)

20

e eigenvalues A ("

L e s L ey x eigenvalues AR
-1.0 -0.5 0.5 1.0

-10

Figure 3.1: Spectrum of the operator A for v = 1—two families of points
approaching each other (black circles denote family )\,21)7 red crosses denote

family /\,5:2))
For stability analysis, an important result was obtained in [33]. It was

proved there that the undamped model of a slowly rotating Timoshenko
beam is unstable. Furthermore, spectral analysis of the operator A defined
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in (2.5) allowed to formulate the following result [32,34].

Theorem 3.9. The eigenvalues of the operator A are two asymptotic families
AD = (72]%1% + 52k+1) i, if n =2k +1 and \?) = (2k+17rz + €2k) 1, if
n = 2k, where nhrglo en = 0. In particular case for v = 1, the eigenvalues
of the operator A are two asymptotic families A\ = + (2k+17r + 52k+1> if

n=2k+1 and )\512) =+ (%J’lm — 5%) 1, if n = 2k, where 0 < €9x41, €9x and

lim ¢, = 0.
n—oo

=2

Im(A)

20

10

e eigenvalues A (")

s e Y L Rey x eigenvalues AR
210 -05 05 1.0

Figure 3.2: Spectrum of the operator A for 7 = 2—two separated families of
points (black circles denote family )\,(gl), red crosses denote family )\,(3))

The behavior of the spectrum of the operator A is very interesting. For
~v = 1 the spectrum consists of two families of points approaching each other
(see Fig. 3.1), for some values of 7, e.g. v = 2, the spectrum consists of
two separated families of points (see Fig. 3.2) and for some values of v, e.g.
~v = 3, the spectrum consists of two families of points and some, but not all,
subfamilies are asymptotically close (see Fig. 3.3).

In the following sections, Theorem 3.9 will be used to compare how the
spectrum of the operator will change with the damping effect included.
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y=3
Im(A)

20

10

e eigenvalues A ("

L Y s L ey x eigenvalues A@)
210 05 05 10

-10

Figure 3.3: Spectrum of the operator A for v = 3—two families of points,
some subfamilies are asymptotically close (black circles denote family )\,(:),

red crosses denote family )\,(3))

3.3 Spectral Properties of the Operator of
Damped Beam

In this section, we derive the general spectral properties of the operator
Ay, defined by (2.8) with damping operator B; from (2.9); operator A; is
neither self-adjoint nor skew-adjoint. Namely, we prove the compactness of
the resolvent. As a result we obtain only the point spectrum of the operator.
Then, we observe that A; generate a contraction group.

At the beginning we remind the form of operator Aj;:

Al Y2
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with a domain

" 1(0) = 42(0) = 0
D(A)) = Pl e H*x H' | yi(1)+3(1) =44(1) =0 » CH,
zi ?/3(0) = y4(0) =0

where H? = H?((0,1),R?) and H' = H'((0,1),R?). Operator A4; is closed
and densely defined. We proceed with the following lemma.

Lemma 3.10. Operator A; is invertible and the inverse operator A7 is
compact.

Proof. We consider the following equation,

)3

Y2 _ | g2\r

Ai w(m) | = sz | (3.3)
Yya() 94()

where (yl(x)7 yg(flf)7 y3(l’), y4(x))T S D(A1> and (gl(x)a g2<CL’), gB(x)v 94(‘7:))T <
H, and T denotes transpose. Using the form (3.2) of operator 4;, equation

(3.3) reads

1o(2) = 01 (@),
y4(:c) = 92<5‘7)a

V(@) + () = (). (34)
2y(x) — y(e) — wale) — vya(a) = ga(a).

From the third of these equations and domain condition (1) + y2(1) = 0
we obtain

@) +uale) = = [ gu(s)ds, € [0,1] 3:5)

The relation (3.5) and the second and the fourth equation give

@) = =5 (= [ n(s)ds+ ) + ula)) .« € 0,1

After integration and using domain conditions y5(1) = y2(0) = 0 we get

va2(7) = — (/ / / g3(s3)dssdsadsy — V2/ / 92(52)ds2ds
Y 0 Jsy Jso 0 Js
z rl
- /0 / 94(52)d82d81>, z € [0,1].
S1
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Now substituting y»(z) into (3.5) and taking account of domain condition
y1(0) = 0 we obtain

x 1 1 x S1 1 1
yi(z) = —/ / g3(s2)dsads1 — — (/ / / / 93(84)dsydsgdsadsy
0 Js1 Y 0 Jo s2 Js3

x S1 1 x 51 1
— 2 / / / go(83)dszdsyds, —/ / / g4(33)d33d52d51) ,
0 JO Js2 0 Jo Js

Since (g3(), ga(z))T € H = L*((0,1),R?) and y;(z) and y,(z) are integrals
of g2(x), g3(x) and g4(x), so Sobolev’s Embedding Theorem (see e.g. [14])
1

asserts that A~" is a compact operator on H.
]

Corollary 3.11. Operator A; has a compact resolvent and the spectrum
o (A;) is point-wise.

Following the authors of [34] let us introduce scalar product in considered
Hilbert space ‘H

(21,2200 = (A2v1, A2vg) 4 (wi,wa) (3.6)

for all z; = (vl,wl)T and zy = ('UQ,wg)T in H with accompanying norm
||z||31 = (2, 2)5,. Further it follows, for every z = (y1, y2, s, y)" eH,

s ()40 )), -0 () G2)),
() (),
)2 G- ()2 G,

Q) (), (e () (),

Observe that

Re(<A§(g;),A§<zi>>H—<A§<§2),Aé<gi>>H) Y




thus )
Re (Az,2),, = —y2/ yi(x)dr < 0. (3.7)
0

We perform similar calculations for operator —A — v21

SO

H
1 1
— y2/y§(m)dm — VQ/yE(x)dx
0 0
2 1
= 12| Az ( h ) VQ/yg(x)dx <0
Yo o 4

This gives us the proof of the following lemma.
Lemma 3.12. Operators A, and —A; — VI are dissipative.

Lemma 3.10, Corollary 3.11 and Lemma 3.12 allow us to formulate the
following theorem.

Theorem 3.13. Operators A; and —A; — v*1 generate contraction semi-
groups. Hence, Ay is the infinitesimal generator of a Cy-group.
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Proof. The proof of the first part of the theorem for operators A; and
—A; — v*I is a direct consequence of Lumer-Phillips theorem (see Theo-
rem 1.49). Furthermore, using Phillips theorem (see Theorem 1.50) we know
that (—A; — v2I) + v*I = —A; generates a semigroup. Thus, the operators
A; and —A; generate Cp-semigroups which means from Lemma 1.53 that the
operator A; generate Cy-group, what completes the proof of the theorem. [

Existence of solution and well-posedness of system (2.8) for i = 1 follows
from Theorem 3.13.

3.4 Asymptotic Stability of the System

Now we are able to prove the following theorem about asymptotic stability
of the considered system.

Theorem 3.14. Cy-semigroup T(t) generated by Ay is asymptotically stable.

Proof. Using Theorem 3.6 and Remark 3.7, it is sufficient to show that Re A <
0 for any A € 0(A;). The dissipativity of A; (Lemma 3.12) implies Re A <0
for any A € o(A;). Hence we need to show that there are no eigenvalues on
the imaginary axis. According to Lemma 3.10, we have 0 ¢ o(A;).

We consider the following eigenvalue problem

o) (0

Y2\ T _ Y2(T

Ay (z) | = A uslz) | (3.8)
ya() Yya()

where (y1(z),12(x), ys(2), ya(z))" € D(A;) is an eigenvector corresponding
to A =1iu, p € R, p# 0. Using the form (3.2) of operator A;, equation (3.8)
reads

3/3($) = )‘yl(x)v
ya(z) = Aun(e),
V(@) + yh(a) = Ags(a), (39)
Yy (x) — yy(z) — ya(z) — VPya(z) = Aya(x),

and using (3.7) we obtain

2
0=ReA H(yla Y2, Y3, 3/4)THH = R€<A1 (yb Y2, Y3, y4)T7 (yla Y2, Y3, y4>T>H

1
= —V2/yz(x)d$ <0.
0
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Since v > 0, it must be y4(x) = 0. Then from the second equation of (3.9)
we obtain ys(x) = 0. Now our eigenvalue problem (3.9) reads

ys(x) = Ay (),
yi (@) = Ny (),
—yi(z) = 0.
From the last of these equations we deduce that y;(z) = const and the form
of D(A;) (i.a. y1(0) = 0) implies that y;(z) = 0 and y3(x) = 0. We have
shown that (y3(x),y2(2), ys(z), ya(x))" = 0 which implies that there are no

eigenvalues on the imaginary axis, what finishes the proof.
O

3.5 General Form of a Spectral Equation

This section is devoted to find a general form of a spectral equation of op-
erator A;. We consider two main cases of physical parameters of the beam,
72 > 1 and 72 = 1, and different values of damping coefficient v.

At the beginning we prove the following lemma, which helps us in further
considerations.

Lemma 3.15. Let v* > 1. Spectral equation P(A\) = 0 of system (2.8) for
1 =1 can be written in the form

P()\) == (CL23(]_, /\) + (133(1, )\))044(1, /\) — ((124(1, )\) -+ CL34(17 /\))CL43(]_, )\) == 0,
where a;;(1,\) are elements of matriz exponential of
0 0 1
0 0 0 1
MI(A) - )\2 0 0
1

0 MHr2A+1
72 v

Proof. We have the following eigenvalue problem

) (3
Y2 (T _ Y2 (X
Ay lz) | = A () (3.10)
Ya(z) ya(z)
and
y1(0) = 12(0) = 0,
Yp(1) =0



for z € (0, 1). Using the form of operator A;, eigenvalue problem (3.10) reads

Yy () — i (@) — ya(z) — VPyu(

Thus, we obtain

yi(z) = Nyi(z) — yh(x),

A2+ 12A+ 1 1 (3.11)
Yo (1) = ——5—12(x) + 11 (2).
v
In order to solve system (3.11) we introduce a standard change of variables,
21 =1,
2 = Y2,
z3 = yiv
24 = yéa
and put system (3.11) into first-order form,
P2 0 0 1 0 %
d| = | | 0 0 0 1 29
2 2
24 0 A +:2>\+1 712 0 2
Mi(X)
with conditions
21(0) = ZQ(O) = 0,
2o(1) + 23(1) =0, (3.13)
The matrix exponential of M;(\) with respect to = we denote as
ain(z, ) aa(z,A) az(z, A aw(z, A)
eMl(/\)m _ 921 (ZE, )\) GQQ(J), )\) CLQg(ZL‘, )\) CLQ4(I‘, )\)
agi(z,\) as(x,N) ass(z,N) as(z, )
ag(z, A)  ag(x,N) ags(x, ) ag(z, N)

General solution of system (3.12)—(3.13), for initial conditions z;(0, A) = 0,
29(0, A) =0, 23(0, A) = v(A) and 2z4(0, A) = (), is given by

21 0
2| e [0 3.14
<3 ‘ YA ] ( )
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where (), §(A\) are unknown functions.
The boundary conditions (3.13) lead to the conditions

0
0
C 0,
Y(A)
6(A)
where
1 0 0 0
o | o 1 0 0
bai(L,A) b3a(1,A) ba3(1,A) baa(1, M)
an(1,A) asp(l,A) an(l,A) au(l,N)
and
bgl(l, )\) = a21(1, )\) + CL31(1, /\)7
bs2(1,\) = ag(1, X)) + as(1, N),
bs3(1,A) = ags(1, \) + ass(1, A),

b34(1, )\) = CL24(1, )\) + CL34(1, /\)

A necessary and sufficient condition for this system to have a nontrivial
solution is that
det C' =0,

which is equivalent to solving
(az3(L, A) + az3(1, A)) asa(1, ) — (aza(1, A) + aza(1,A)) agz(1,A) = 0,
which finishes the proof of Lemma 3.15. O]

Remark 3.16. Lemma 3.15 is also true for operators A, and A3, but instead
of matrix exponential of M; () we have to use matrix exponential of My()\),
where

0 0 1 0
My(\) 0 0 0 1
= 22 1
2 14+u2 A 20 0 - 14+p2
R L
or M3(\), where
0 0 1 0
My(\) 0 0 0 1
= )\2
’ [ETED 0 0 _1+L2>\
0 >\2+1/§>\+1 % 0
¥ v

respectively.
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3.6 Approximations of a Spectral Equation

Now we find asymptotic formulas for eigenvalues of the operator A;. We
use the asymptotic behavior method described in [34]. The main idea of
this method is to find the roots of an asymptotically approximate spectral
equation. Next, we prove lemma about approximation of roots, i.e., we show
that in a neighborhood of each sufficiently large root of approximate spectral
equation there is at least one root of original spectral equation. In particular,
one can easily see that A; has only a point spectrum of finite multiplicity.
Furthermore, we show that eigenvectors of operator A; forms a complete set
in H. Then, using Zwart Theorem (see [75]) we observe that a semigroup
7 (t) generated by A; satisfies the spectrum determined growth condition.
At the beginning we consider the case of v > 1.

Theorem 3.17. Let v* > 1. For any value of a damping constant 0 < v < 0o
the eigenvalues of the operator Ay are two asymptotic families )\,(cl) = —%V2+

77%;172' + ES) and /\,(f) = 2’“2—“7% + 622), where lim a,(f) = 0.

k—oo

Proof. We use Lemma 3.15 to determine spectral equation. To use it we need
the following

1
M =472 + (A = M2 4 12)?
v (—)\ + M2 =2+ \/—472 + (A= A2+ V2)2)
V2V =492 + (A = M2+ 12)2
_ 1
\/A + AP 412 = =492+ (A — M2+ 2)?
v ()\ -+ 4 \/—472 + A=A+ 1/2)2)
V2V =492 + (A — M2+ 12)2
_ 1
\/A + A 412442 (A — M2+ 02)?
24 X2 = A292 £ W2 A —4y? + (A — M2+ 02)2
2)\\/—472 + (A — A2 4 1v2)?
—2 = A2+ 20292 = N2 4 A=Ay + (A — A2+ 12)2
2)\\/—472 + (A= 2 4+ 1v?)?

asgs(1,\) = (— cosh(oq(A)) + cosh(oa(N))),

Cl24(1, )\) =

sinh (o1 (\))

sinh (o2(\)),

ass(1,\) = cosh (a1(N))

+

o4



- cosh (02(N)),

'y\//\+)\72+y2—\/—472+(/\—)\72—|—V2)2

ass(1,\) = sinh (o7 (A
) VEVAY =492 + (A = A2 4+ 1) )
7\/>\+)\72+V2+ V=42 + (A= 22+ 022 N
B V2V =497 + (A — M2 + 12)2 sinh (22(4)),
\/)\+)\’72+V2 — /=42 4+ (A = A2 4 02)?
a43(1,)\) = — \/ sinh (0'1(>\))
V2V =472+ (A = X2 4 12)?
\/)\+M2+u2+ \/—472—1— (A= M2 +12)°
sinh (o5(\))
VIV =477 + (A = A2+ 12)?
A+ N2 =42+ (A= 2+ ?)?
aaa(1,\) = i A LS Gt S (r(\)
2\/—472 + (A= 4 1v2)?
A=A+ 02 4 /—47y2 + (A = M2+ 12)2
] A O R PN (52(\),
2\/—472 + (A= M2 4 v2)?
where
\/X\/)\+)\72—|—y2 — \/—4')/2—1— (A — A2 4 12)°
o1(A) = ,
V2y
\/X\/)\+)\72+V2+ \/—472+()\—/\72+1/2)2
o2(A) = \/5 .
g

Now we can consider spectral equation P(A) = 0, with

P(A) = 03(N) + 04(A) cosh(o1(N)) cosh(aa(N))

+ o5(A) sinh(oq (X)) sinh(o(A)), (3.15)
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where

) = 2y

T T o AT M )2y A - 2 )

o4() = 292 — (A = M2 +1v2)?

T2y A+ M =) 2y A= M2+ 02
292 (N + A2 4+ 12

os()) = TA+Ay )

(27 = A+ A =) 2y + A= M2 +1?)
1

\/()\ + A2 4 1v2)2 — (—472 + (A =Ay2+ u2)2)

To determine location of eigenvalues, it is sufficient to solve spectral equation
P(A) = 0. As one can see, solving this equation is nontrivial, we will use
asymptotic behavior method from [34]. Then, for sufficiently large |A|, we

obtain

1 1 v\ 1 1
Ul(>\) = 5)\ + %VQ + (2<_1'Y+ 72) _ 27) X + 1 ()\2) ,
() =A - 2(—11+ 72)1 T (>\12> ’
2?2 1 Y | 1
o3(A\) = —(_1 _?_/72)2)\2 — (_17_1_ Vz)gﬁ + 3 <)\4> ;
2 2. 2
o5(A) = — (7_(11_—:__322))2; W(_S(:ff;;ﬂﬁ; + ©5 (;) )

where each ¢;(-) is an analytic function in a neighborhood of 0 with

Hence we can define asymptotic approximations of o;’s as |A\| — oo in the

form

1 1
F1(\) = A+ —17,
1N =ZA+ o7
&2()\> = )‘7
5'3()\) — O,
5'4()\) == 1,
_ Y(1+9%) 1
A = — —
N (b




Now we consider an approximate equation of the form

Y(1+4%) 1

1.1,
cosh (/\ +—v > cosh (A) — (EXDERE

1 1
sinh [ =\ + 7/2> sinh (\) = 0.
T2 (7 2 W

v

After small calculations we can rewrite it as another approximate equation
(see Lemma 3.18)

1 1
cosh [ =\ + 1/2> cosh () = 0. 3.16
(7 2y 2 (3.16)
We observe that (3.16) is true, when

1 1
cosh [ =\ + V2> =0 3.17
(a5 (317

or

cosh (\) = 0. (3.18)
Let %)\ + %1/2 = i1, then (3.17) is transferred into

cos(T) =0,
which has a sequence (7) of solutions of the form

2k +1
Tk = 9

.

Thus

~ 1 2k +1
/\(1):_7 2
i 21/ + 7y 5

Now we do a similar change of variable (A = i7) and solve equation (3.18)

.

cosh(it) =0,
w0 2% + 1
A ;m.

Hence, solution of (3.16) consist of two families, 5\,(:) and /N\,(f), where

1 2%k +1 o~ 2k+1
(1) _ 224—7 2+7ri, )\,(f): + 7l as k — oo.

(see Fig. 3.4). O
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y=2, v=1
Im(A)

° e eigenvalues A

e Re() X approximations A

Figure 3.4: Eigenvalues in the case v = 2 and v = 1 (black circles denote
eigenvalues A, red crosses denote approximations of eigenvalues \)

The following lemma shows that in a neighborhood of each sufficiently

large root of (3.16) there exist at least one root of (3.15) (compare Theorem
3.1, p. 81 in [34)).

Lemma 3.18. For every 0 > 0 there exist M > 0 such that if A>Misa
root of (3.16), then there exist a root Ao of (3.15) with ‘)\ — )\0‘ <.

Proof. At the beginning we rewrite (3.15) in the form

cosh(o1(A)) cosh(aa(N)) = (M), (3.19)
where )
e(A\) = ) (—o3(A) — o5(A) sinh(oq(N)) sinh(o3(N)))
with
|)\1\i£>noo€(>\) = 0.

Let A > M be aroot of (3.16) which is unique in the neighborhood [A—A| < §.
Then there exists A > 0 (not depending on M) such that the values of
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|cosh (G2(\)) cosh (G2M)| cover the whole interval [0, A] as ’)\—5\‘ < 4. If
in addition M is large enough, this implies that (3.19) has a root Ay €
{A:[r= A <6}

O

Corollary 3.19. Eigensystem of operator A; forms a complete set in H.

Proof. From (3.14) we can infer that the eigenvectors corresponding to the
eigenvalue A can be approximated as

% _ginh(2 1
s (e () + Lm0
gal) | _ | mz T cosh (;x) + cosh ()\x)} )
ys() 77z sinh (Ax) + sinh (Ax)
ja(2) (v*-1) )\’Y
o 2172 cosh (;a:) + cosh ()\x)}
2
(72.11) e A[cosh (%x)z— cos'h ()\a:)}
N %sn;h (;x) — m sinh(A\x) 500
CEEY [cosh (%x) — cosh (/\x)}

7 sinh %x — %)2/\2 sinh(Ax)

(v
which together with Lemma 3.18 implies the thesis (cf. [3]).

Now we proceed with the particular case of v = 1.

Theorem 3.20. Let v = 1. For any value of a damping constant 0 < v < oo
the operator Ay has the eigenvalues of the following form

. 1 1 2k+1 1

) 1 1 2k+1 2
/\;(C)Z—ZV2+§1H(3/+\/3/27_1)+ 5 i+ e,

where klim e,(f) =0, and y = y(v) is given by

v* cosh (@) —4

2
vi—14

y = (3.20)

Proof. We use Lemma 3.15 to determine spectral equation. We compute the
following

1 1

1A) = ————cosh (01(\)) 4 —
an(L,A) = = o () + o=y

cosh (a2(N)),
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—? 4 \/—474-1/4
VEVETF T A (2002 - VT )
n V4 V—4+ 0t

VEVEIF A A (20 + 92 + =15 )

2+ A (12 + V=I+ 7
(b A) = e

-2+ A (—V2 + \/m)
IN L+ o

YA @A+ 2 — VT
V2AV/—4+ U1

YA @A+ 92+ VETE)
V2A/—4 4+ 8

YA @A+ 2 — VT
V2 =441

\/A (20 + 02 + V=d+ 1)

N W sinh(oa(\)),

—2 A+ e e
cosh(ay(N)) +

2y =4+ vt 2v—4+ vt

Now we consider spectral equation P(A) = 0, that is

asy(1,\) = sinh(oq(A))

sinh(oa(\)),

cosh(a1()\))

+ cosh(oa(N)),

(134(1, )\) = sinh(al()\))

sinh(oa(\)),

agz(1,\) = — sinh(oq(A))

+

as(1,)) = cosh(a1(N)),

2 —2+
PN = i +— o cosh(o1(A)) cosh(oa(N))

+ o5 sinh(oy(A)) sinh(oa())),

where
o1(A) = \/X\/Q)\ e C L
7% ,
22(2) = N e
% ,
2\ + V)20 + 12 — VA F o 2X + 12 + =D+ oF
75(N) = = 2(—4+ 1)1+ A2+ \2) ‘
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Note that for v = 0 our results coincide with those from [63]. To find eigen-
values of A; it is sufficient to solve equation
2 -2+t
— +
-4+t 4404

cosh(oq) cosh(oy) + o5 sinh(oy) sinh(oy) = 0.

Proceeding similar as in previous theorem, for sufficiently large |A| we obtain

01(A>_A+31<V2_ \/_4+V4)_312( 2 V_4+V4> i\—i_gpl(;g)

oa(A) = A+ = (u +V—4+vt) — (u +V—4+ ) ”)2(;2)
2 1 1

05()\)2—_47_’_1/4_N+§05(ﬁ)7

where ¢;(-) is analytic function in a neighborhood of 0 with

1
li il =) =0.
|)\|£>noog0 (A)
Hence we can define asymptotic approximations of o;’s as |A| — oo in the
form .
g1(A) =+ Z(VQ —V—4+ v,

ga(A) = A+ = (u + vV —4+ 1),
2
_4+y4'

Now we can consider an approximate equation, in the form

&5()\) ==

2
_4+I/4
—2+ v Lo o 1,5

+ = cosh </\+4(V —\/—4—1-1/4_)) cosh ()\+4(V _,/TJFVL;))
—4+v

_msulh ()\ (1/2_1/_4_'_1/4)) sinh ()\_'—111(1/2_ /——4+V4))

=0.
After small calculation we can rewrite it equivalently as

4 — v* cosh (\/”;7_4>

v —4 ’

cosh (2)\ + ;1/2> = (3.21)
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for v € (0,+00)\v2 (for the v = /2 considerations are similar). Closer
analysis of right-hand side of (3.21) shows that for v € (0,v/2) we have

— V™ COS 3

4 4 (\/m) -

vt —4

and for v > /2

4 — v*cosh (@)
vi—4

Thus, eigenvalues for v # /2 are given by

1 . (4—V4cosh (@))

< -1

- 1, B
)\:—EV +§COSh ]

or equivalently as

1 1
A =~ Sy - 1),
1

where y is given by (3.20) and y > 1. Therefore, we obtain two families of
points

_ 1 1 2k +1
M) = =g Sy — - )+ T

2
< 1 1 2k+1
e Ve -t TURSN( R Bl oy

(see Fig. 3.5).
0

Remark 3.21. Note that the results for v = 1 are qualitatively different than
the results for v2 > 1. The main difference is in the asymptotic behavior of
o’s. Let us for example consider the following expression

(1) 11 42 (=14 72) + 47

o |-)——==

iy Ve (\/1+72+V23—\/—47232+(1—72+V23)2—1—\/§>
1

Y

. 2
VB (<t b (- b))
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y=1, v=1

¢ » © ® ° ®
22 o o ® o

X ® ® x| e eigenvalues A,

x
[ ]
[ ]
x

S S S SR Re(A)xapprOXimationSXk
-0.% -0.4 -0.3 o e0.2 -0.1 x|

® ® ®» ®» & &
®

Figure 3.5: Eigenvalues in the case v = 1 and v = 1 (black circles denote
eigenvalues A, red crosses denote approximations of eigenvalues Ay)

where

S = —.

A

If we calculate the limit at infinity of this expression, we will get

_ ( (1) 1 1) 1,
lim oy (-] —— ] =—V7,
|s]—o00 S YS 2’}/
but if we first assume v = 1 then terms with the highest order cancel and we
obtain significantly different asymptotic behavior, that is

1 11 4
N S
5 e \/5(\/24—1/23— —4s+y432+\/§>
1

‘ (1/2 + \/W)
and

|s|—o0 S YS

lim ( (- “) = (- Ve,
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To complete considerations with 42 > 1, we examine the limit case v = co.
Remind that for any v > 0, we have

{ w(x,t) —w'(z,t) — & (x,t) = —u(t)(r + x),
E(a,t) = V2" (. t) + w'(w, 1) + &z, 1) + V(. 1) = u(t),

for x € (0,1) and ¢ > 0 with boundary conditions (2.4). Dividing the second
of these equations by 2 and passing with ¥ — 0o, we obtain

{zl}(x, t) —w'(z,t) — & (x,t) = —u(t)(r + x),
é('ra t) =0,

for x € (0,1) and ¢t > 0 with boundary conditions (2.4). Now we rewrite
system (3.22) in operator equation form

(3.22)

ui) w 0
Sloal S+ Y fue,
w w —r —x
§ 3 0
where
Y1 Y3
0
Aoo Y2 = 5
Y3 Yy + s
Y4 0

We arrive at

Theorem 3.22. For infinite value of a damping coefficient v = oo eigenval-
ues are A € {2]“27“#2 ke Z} U {0}, thus the system is unstable.

We skip the proof. Note that the behavior of the system in the case of
v = oo is the same in both v = 1 and 72 > 1 situations.

The form of the spectrum in all considered cases allows us to formulate
the following corollary.

Corollary 3.23. For any value of a damping constant 0 < v < oo spectrum
o(A;) consists of isolated single eigenvalues of A;.

Now we can observe that the semigroup satisfies spectrum determined
growth condition.

Corollary 3.24. Taking into account information from Section 3.3, Corol-
lary 3.19 and Theorem 1.60 we can observe that A; is a Riesz-spectral opera-
tor (see Definition 1.61), which means that the spectrum determined growth
condition is satisfied (see Theorem 1.62.d)).
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y21,v=c0
Im(A)

20

e ceigenvalues Ag

1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 Re(A)
-1.0 -0.5 0.5 1.0

Figure 3.6: Eigenvalues in the limit case v > 1 and v = oo (black circles
denote eigenvalues \y)

3.7 Optimal Decay Rate Analysis

In a typical situation (in both cases of finite- and infinite-dimensional sys-
tems) we can observe the following behavior of the system: increasing of a
damping coefficient (e.g. friction) causes faster energy dissipation for small
values (underdamping), then we reach optimal damping coefficient, when
the energy dissipates in the fastest way, and for larger damping coefficients
than the optimal the energy dissipation is slower (overdamping). In Fig.
3.7 we present plots of the stability margin of damped spring-mass system
(Z 4+ di + x = 0) and damped string (it — u” + du = 0). In our case we will
see a similar situation, although the graph will have no wedges.

Finding supremum of the spectrum of operator A; gives us information
about growth bound of a semigroup and allows us to calculate stability mar-
gin. In some cases we are able to find optimal damping coefficient as defined
below.

Definition 3.25. The damping coefficient vy will be called optimal, if system
(2.8) with v = 1y admits the fastest possible energy dissipation, that is if v
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-wo -wo

e —

Figure 3.7: Stability margin of damped spring-mass system (left) and damped
string (right)

maximizes the stability margin of the system.

In the case of v2 > 1 there is no reason to consider finding the optimal
damping coefficient, even on selected subspaces, as one family stays on the
imaginary axis and another one escapes to left infinity with increase of the
damping coefficient (see Fig. 3.8).

Figure 3.8: Plots of Re (5\,(:)) (solid line) and Re (5\,(3)) (dashed line) for v2 > 1

Corollary 3.26. Including damping effect to a Timoshenko beam model
caused a partial exponential stability, because only one family, {)\S)}zo:ko, is

located on left side of complex plane, while second family, {)\,(f)}zozko, is still
close to imaginary axis Re A = 0.
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Remark 3.27. Corollary 3.24 shows that the system satisfies spectrum de-
termined growth condition. We proved that the imaginary axis is the asymp-
tote of the spectrum of A for v* > 1 (Theorem 3.17), this implies that the
system is not exponentially stable in this case.

Re(A)

— Re(A")

Figure 3.9: Plot of Re (5\,(3)> in the case vy =1

Re(A)

T T

-0.005

T

-0.010

-0.015 ]

T
Py

2
>

=

T T

-0.020

-0.025

T

T

-0.030

T

-0.035

Figure 3.10: Plot of Re (5\,(62)> in the case vy =1

In the case of v = 1 we prove that there exists the optimal damping coef-
ficient for which energy dissipates in the fastest way. Increasing of a damping
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coefficient v caused that the first family is moving away from imaginary axis
(see Fig. 3.9), while for the second family there exists the optimal damping
coefficient (see Fig. 3.10). Increasing v above the optimal value causes slower
energy dissipation (overdamping).

Numerator f' (1)

0.6

0.4

0.2

0.5

-0.2

-0.4

Figure 3.11: Plot of a numerator part of f’(7) with marked solution of a

f(r) =0
We are able to determine optimal decay ratio of the system in question.

Corollary 3.28. The optimal decay ratio of damped slowly rotating Timo-
shenko beam (under assumption v = 1) is wy = —0.03324163912497735136
(for vepy = 2.54189087636624306026).

Proof. From Theorem 3.20 we can observe that

Re (3") < Re (A%)

1 1 1 1
_ZVQ + iln(y -y —1)< _ZVQ + §1n(y+ Vy? —1).

Let us introduce

f(v) =Re (A) = —iﬂ + ; In (y /2 — 1) :

1.e.
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Figure 3.12: Stability margin with an optimal damping coefficient marked in
the case vy =1

where y is given by (3.20). We need to find minimum of f(v), to this end we

solve equation f'(v) = 0. At the beginning we substitute 7 = 7“’;_4 > 0 and

obtain

§() = 5V
1 (72 + 1) cosh(r) — 1 +J ((T2+1)COSh(T)1>21) '

—In
+ 2 T2 T2

Thus, derivative with respect to 7 is given by

_ ()

T =Ty

where

fl(r) = (7’3 + 7') sinh(7) — 7'2\/(cosh(7') — 1) (24 (72 + 1) cosh(r) — 1)
— 2cosh(7) + 2,

£1(7) = 27_3\/((7'2 + 1) cosh(r) — 1) L

T4
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Note that the solution® of a numerator part of a f/(7) = 0 is approxi-
mately equal to 7,,; = 3.07193850360174816424 (see Fig. 3.11), leading to
Vopt = \JAT2 + 4 ~ 2.54189087636624306026.

Observe that the minimum of a real part of A family is —0.033241639
12497735136 for v = v,,. Thus, by Definition 3.25, we see that the optimal
damping coefficient is v, resulting in the optimal decay rate, and for v >
Vopt We observe an overdamping effect.

O

Comparing those results according to Definition 3.2, we can plot stability
margin dependence on the damping coefficient v (see Fig 3.12).

Im(A)

e eigenvalues A?

-0.0020 -0.0015

. . . .} Rew x approximations A
-0.0005

Figure 3.13: Eigenvalues in the case v = 1 and p = 1 (only family )\,(f) shown)

'Numerical analysis conducted using Wolfram Mathematica 10.
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3.8 Comparison with Other Damping
Systems

Analysis of spectrum of operator A; in the case described in Section 3.6
and 3.7 shows that for physical parameter v2 > 1 one family of eigenvalues
is asymptotically close to imaginary axis, thus no stability margin may be
expected. Therefore, in the further analysis we will omit cases where v* > 1
and we will analyze only those with v = 1.

y=1, u=1, v=1

/o

]
[}
: s
[ ] .
. ° I e eigenvalues A,?
[ ] L
o = (2)
! — : — Re(A) x approximations Ag
-0.5010 -0.5005 -0.5000 -0.4995
[ ]
b [ ]
]
]
3
0‘. -50

-100 [

Figure 3.14: Eigenvalues in the case vy =1 and p = 1, v = 1 (only family )‘1(3)
shown)

In the following theorem we find approximations of eigenvalues of the
operator As, i.e. the operator of motion of Timoshenko beam with damping
operator By defined by (2.10).

Theorem 3.29. Let v = 1. For any value of a damping constant 0 <
i < oo the eigenvalues of operator As form two asymptotic families A§€1) =

2 .
—v’ (%ilﬂ) +e) and A = ZHni 4 ) where Jim eD = 0 (see Fig.

2
3.13).

71



Corollary 3.30. From Theorem 3.29, we can observe that the imaginary
axis is an asymptote of the spectrum of A,. In this case stability margin is
equal to 0, so there is no reason to consider optimal stability margin.

To complete our consideration with v = 1, we examine the case with
additive combination of damping operators (2.9) and (2.10), i.e. damping
operator (2.11).

Theorem 3.31. Let v = 1. For any value of a damping constant 0 < p, v <

oo the eigenvalues of operator Az consist of two asymptotic families )\S) =
2 :
—u? (%THW) + 521) and )\ff) = —%VQ + %27+1m' + 822), where klim 5,(;) =0 (see
Fig. 3.14).
Corollary 3.32. From Theorem 3.31, we can see that asymptote of the
2
spectrum of Aj3 is given by min { T (LQHW) ,éuz}. There is no reason of

looking for optimal stability margin here because stability margin of the
system goes to infinity as damping coefficients go to infinity.
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Chapter 4

Observability Analysis

Another important concept in control theory is observability. Observability
is a property of the control system that allows to check whether it is possible
to determine the internal state of an object based on the knowledge of input
(control) and output (observation).

In this chapter we consider the problem of exact observability of a general
class of distributed parameter systems in Hilbert spaces. We show that under
some conditions on asymptotic behavior of the spectrum of the differential
operator the system is not exactly observable in default topologies, and we
find a stronger topology for state observation for which the system becomes
exactly observable. We illustrate this result with a vibrating clamped-free
Timoshenko beam model.

Main results of this chapter were published in [54].

4.1 Various Concepts of Observablity

There can be distinguished three important observability notions mostly used
in literature. In this section we introduce and briefly discuss them.

Let A: D(A) C H — H is unbounded, positive definite linear operator.
Consider differential equation with observation of the form

(4.1)

where z(t) = (v(t),w(t))", v,w € H, A is the infinitesimal generator of a
Co-semigroup 7 () given in the product space' H = D (A%) x H and defined

1Operator A2 is defined as in Section 2.2
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v 0 I v
)=o) (),
where I : D (A%) — H is embedding operator, with domain D(A) = D(A) x

D (A%) C H, and C : H — C is a linear (unbounded) observation operator.
In addition, we assume that observation operator is admissible, in the
following sense

Definition 4.1. The operator C is called an admissible operator for semi-
group 7 (t) if, for some 7" > 0 (and hence for all T' > 0), there exists a
constant K > 0 such that

T
/|CT(t)z0]2 dt < K?|z0])* V20 € D (A).
0

We use the following classical notions of observability for unbounded op-
erators.

Definition 4.2. Let K : H — Y be the output operator
20— Kzo = CT (t)zo,

where ) is a Hilbert space of time-dependent functions on the interval (0, T').
The system (4.1) (or the pair (A,C)) is said to be approzimately observable
in time T (or observable in time T') if ker L = {0}, final state observable in
time T' if

IK20ll5 = &> I T(T)20ll3y V0 € H,
for some constant k > 0 and Y — H ezactly observable in time T (or Y — H
continuously observable in time T) if

||/CZO||§, > K2 ||zo||12q Vzo € H, (4.2)
for some constant & > 0.

For finite-dimensional systems there is one concept of observability (the
concepts from Definition 4.2 are equivalent), which is independent of time.

In this case, the observability can be checked by Kalman rank condition
(see [60]).

Theorem 4.3. The pair (A,C) is observable if and only if

C
CA

rank ) =n.
CA™!
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The concept of observability becomes much more complicated if we pass
from finite- to infinite-dimensional state space. Briefly speaking approximate
observability guarantees possibility of reconstruction of initial state of the
system and, in consequence, of a whole trajectory, using knowledge of the
output. Exact observability and final state observability mean that we can
find the initial and final state respectively from the given output with in-
finitesimal precision, that is for any convergent sequence of pairwise different
initial (final) states the resulting outputs are convergent and pairwise differ-
ent as well. Of course exact observability implies both approximate observ-
ability and final state observability, but not the other way around [60]. In
this chapter we focus on analysis of exact observability notion.

The exact observability depends heavily on the choice of topology in the
space as opposed to approximate observability [44]. We will prove that in de-
fault topologies setting the considered system (4.1) is not exactly observable
under some specific conditions. There are two possible methods to overcome
this problem for further studies of exact observability of system (4.1), we
can use the weaker topology on the right-hand side of the inequality (4.2)
or stronger topology on the left-hand side of the inequality (4.2). Usually
the first approach is taken (see e.g. [60]) using the domain D(.A) of operator
A or of its power D(A") as a space of initial states to be observed, that is
changing the right-hand side of the inequality (4.2). We are going to use the
second approach in our research, i.e. find stronger topology on the left-hand
side of the inequality (4.2). Our investigation will be based on the moment
problem approach.

The moment problem method is known as one of the most powerful tools
in modern control systems theory. Starting from the works of N. Krasovskii
[36], D. Russell [47], H. Fattorini [15] and others, many papers are devoted to
research of the controllability problem using the moment problem approach.
The main advantage is the use of profound results of complex functions the-
ory, allowing to solve the problems that seemed for many years to be very
hard to analyze. One of such problems is exact observability problem for infi-
nite dimensional systems, that is the exact description of observable states. It
turned out that in many cases the solution of this problem can be obtained
using the results of Riesz basis properties of exponential families (see [3]
and references within). Another example is the problem of time-optimality
for systems of arbitrary dimensions, that was solved [30, 31] using classical
Markov moment problem approach (M. G. Krein, A. A. Nudelman [37]).
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4.2 Exact Observability Conditions

In this section, we present general exact observability analysis of system
(4.1). At the beginning, we note that system (4.1) is a general form of second
order system its observability results will depend strongly on the spectral
analysis of the operators in question: location of the spectrum and properties
of eigensystems. Thus we formulate some specific assumptions we impose on
the system in question:

e operator as an orthogonal complete sequence of eigenelements

Al) Th tor A h thogonal let f eigenel t
{Y% }rez with corresponding eigenvalues py, = 4iy/Ag, where? A\, < k2
denotes an increasing sequence of (real, positive) eigenvalues of operator
A.

(A2) There exists an increasing sequence {k,}, ., of indices such that eigen-

values p, and py, 1 are approaching each other with a certain speed,

| — Pk, —1| =< ‘Tln|

(A3) For some Ty > 0 the system

Hit . phk—1t
{eukt} P (43)
keZ\{kn} HE — HE—1 ke{kn}

is a Riesz basis for L? (0, Tp).

(A4) |Ck| < 1, where C) := CY}, when the sequence of norms of eigenvectors
Y} is almost k-normalized, that is asymptotically bounded from below
and above by |k, as |k| — oo, L.e. || Vil =< ||

We start our considerations with a simple remark concerning approximate
observability notion.

Proposition 4.4. The system (4.1) under conditions (A1) and (A3) is ap-
proximately observable for T" > Tj and is not approximately observable for
T < Ty.

Corollary 4.5. Since exact observability implies approximate observability
and lack of approximate observability implies lack of exact observality, then
exact observability phenomenon of system (4.1) can appear only for intervals
with final times T > Tj.

2ap =< By iff |ax| < C|Bk| and |Bk] < Cag| for some C and for sufficiently large ,
see [17, p. 442]
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Next, we proceed with exact observability notion analysis, namely we
show lack of exact observability in the default topologies setting.

Theorem 4.6. Assume that the conditions (A1) and (A4) hold. Then the
system (4.1) is not L* (0, T) — H ezactly observable in any time T > 0.

Proof. Consider sequence {Y}}rez to be observed. We have
ICYk CT( ) Ce’“‘tY = e’“‘tC’k

for any ¢t > 0. Thus,
T
tor |2 2
Y0y = [ oGl dt = ICPT =1,
0

because py € iR (see (Al)) and |Cy| < 1 (see (A4)). On the other hand, by
(Ad),

Vil = |K].
Then oy
1KYl 20y — 0 as |k| — 0.
1Yl 5
Thus, inequality (4.2) cannot hold, hence the system (4.1) is not L? (0,7)—H
exactly observable in any time 7" > 0, which finishes the proof. m

Now, we are ready to proceed with the main result of the section. We
prove that for 7" > Tj the condtitions (A1)-(A4) imply exact observability in
time T of system (4.1) after strengthening one of the topologies in question,
namely replacing ) = L? (0,T) by ¥ = H*(0,T).

Theorem 4.7. Assume that the conditions (A1)-(A4) are satisfied. Let T >
Ty. Then system (4.1) is H*(0,T) — H ezactly observable in time T.

Proof. Let T = Ty, for T > T, exact observability will be obvious. At the
beginning we will estimate the norm of the left-hand side of inequality (4.2),
120152 (0.1y)- 10 order to do this, we present state vector in eigenvector space
(A1) and then we decompose it in Riesz basis (4.3) from (A3). The arbitrary
state zp € ‘H may be written in the normalized eigenvector space in the
following form

- X o

keZ
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|¥’“”> € (* and Y} is an eigenvector from (A1). Then, after

where a; = <zo,
fJ the operator IC, we obtain

using the form o

Kzy = Z ake“’“t

kEZ ‘Yk”
Now, we decompose it in Riesz basis (4.3)

C Mt _ obk—1t
ST = B et Yo (49)
k

keZ kEZ\{kn} kelkn) Mk T k-1

where coefficients in Riesz basis are given by the following formulas

o
ﬁk —— O for k 7é /{Z /{Zn
I
and
Ch Chrn-1
Bren—1 = 707 Ve, + Q15
1V |l Vel
Chrn—1

Viw = (M — Mhn—1) makn—l

for remaining cases. Now, we proceed with estimation of left-hand side of the
inequality (4.2). We change the topology of the space and use stronger norm,
i.e. H*(0,Ty) norm. Hence, the norm of Kz is calculated as

d? 2

T ()20 = 1CT @y + | €T 00 (46)

L2(0,Tp)

In general if family {¢y} is a Riesz basis then there exist constants m, M > 0
such that for any sequence () € £* one has

my_ |z < HZ xkgokHQ <MY gl (4.7)

(see Remark 1.59). Using (4.5) and (4.7), the estimation for the first term of
(4.6) is given by

ICT (t)z0ll 220,z = ( PORNEARESDY I%IQ) : (4.8)

keZ\{kn} ke{kn}
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We present necessary calculations for the second term of (4.6), namely

2 p2ett — 12 ettt
5 CTM2) = 3 e+ 3
keZ\{kn} ke{kn} Hie — Hk—1
= > mBee™ + > (ke + pw1) e
keZ\{kn} ke{kn}
e:ufkt_eukflt
+ > iaw

ke{kn} ME — Hr—1 .

After rearranging the terms, we obtain

d2

2z (CT(t)20) = Yoo B

kEZ\{kn—1,kn}

+ > (PJ%ﬁk + (Hrsr =+ i) ’Yk+1) etr!

ke{kn—1}
e“kt — 6/-1’k—lt
+ 3 m————
ke{kn} Mg — Hg—1

Again, using the properties of Riesz basis (4.7), we obtain

e

2
2
>m ( Z ’Niﬁk‘
L2 kEZ\ {kn—1,kn}
2
+ |+ (e + ) |
ke{kn,—1}

+ > ]ui%f).

ke{kn}

(4.9)

Combining (4.8) and (4.9) we obtain estimation from below for (4.6), namely

HCT(t)ZOH%ﬂZm< o kP Y |’Yk|2>

keZ\{kn} ke{kn}

+m ( > ’Uiﬁkr

kEZ\{kn—1kn}

2 2
> BB+ (e + ) wr| + DD |k )
ke{kn—1} ke (hn}
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in particular
2
uc:f<t>zou%pzm< > |ua

keZ\{kn—1,kn}

>

ke{kn—1}

+ Z ‘Mz%‘z)-

k‘e{k}n}

2
1 Br + (pn + pir) 7k+1‘

(4.10)

Now, we will estimate the right-hand side of the inequality (4.2). Let
us consider the norm of the arbitrary state zo € H. It is obvious (due to
normalized expansion (4.4)) that the norm of the state zq is given by

120ll3, = >_ low/*.

kEZ

From (4.5) we can derive the formulas for coefficients oy, as

Y,

_ k”ﬁk for k # ky, — 1, k,
Ck

and
Y. _ 1
g, -1 = ”Ckn 1 <5kn 1— kn>
kn—1 Kk, — Hk,—1
Wl
kn = Vkn

Cr, My — Hip—1

for remaining cases. Then, the norm of state 2y can be presented as

2

2 2 HYk”
ool = Slenf = ¥ [
keZ KEZ\{kn—1kn} | K
2
Y, 1
+ Z HCkH (ﬂk—%H)
ke{kn—1} | 'k Hk+1 — Mk
2
(7
k
ke{kn} Ck ME — HE—1
[ Il 2
< > Cg‘ﬁk|+2202|ﬁk‘
keZ\{knfl,kn}’ k| ke{kn—1} |Cy|
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[Yioa |I* ’Yk\2> 1 2
by (el Il
kefhat \ |Che PGP ) T — e P

) il e
S Z 1 k2 |ﬁ| + Z Cy k2 |5k‘|

kEZ\{kn—1,kn} ke{kn—1}
+ Y &l (4.11)
ke{kn}
where sequences
% 2 2||ng|||2 L2
“i%|2 keZ\{kn—-Lkn}’ hik| ke{kn—1}

and

1 9 1¥e— 1H + HYkH
|k — 1| ( |Ch—1]” |Cel”

|Nk’
ke{kn}
are bounded, so there exist constants
”Yk” k2 2\|Yk||22 L2
2 _ |Cx|? 2 _ |C|
;= sup , Cy = T
KT\ on— Lk} |12} kelbn—1}  |pf]

and

ke{kn} |1z

Continuing to estimate norm of z; of (4.11), we obtain

loi2< Y @1l X Sl 16

keZ\{kn—1,kn} ke{kn—1}

+ Y

ke{kn}

= Y alfimr

kE€Z\{kn—1,kn}

+ > 5 ‘Niﬁk + (1 + ) Year — (P =+ i) Ve
ke{k,—1}

2
AN

‘ 2

2
+ 3 G lup] Il
ke{kn}
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2 2
< > i ’Mi‘ B+ > 24 ’Mzﬁk + (ka1 + p) %+1’
KEZ\ {kn—1kn} ke {kn—1}

2
+ > 2 e + il P+ Y G|l
ke{kn—1} ke{kn}

2
= Z c ’“2‘ |Bk|2 + Z 25 ‘Niﬁk + (Pt + ) Ve
keZ\{kn—1,kn} ke{kn—1}

2
+ 3 (203 | + peaa ] + €3 ’Ni‘ ) 7|
ke{kn}

2
< >, ’Mi‘ B>+ > 20 ’Miﬁk + (1 + i) Ve
K€Z\{kn—1,kn} ke {kn—1}

2
+ 3 Al Il (4.12)
ke{kn}

’ 2

’ 2

where sequence

2

(203 e + g |” + 2 i3 )
2

\ui! ke{kn}

is bounded, then there exists constant

902 B 2 21,22
&= sup c | + 1] +C3|Mk:|‘

ke {kn} 1%

Then, finally, estimation (4.12) of norm of 2, takes the form

2 218,12
Iol* < ( > Juil 1
KEZ\{kn—1,kn} (4.13)

2 2
> B (e + ) | Y | le2> :
ke{k,—1} ke{kn}
where ¢Z = max {c},2c3, ¢} }. Let x* = %, combining estimations (4.10) and

5
(4.13), we obtain
2 2
& zol* < m ( ) ‘Mi) A ‘Miﬁk + (pra + Mk)%ﬂ’
k€Z\{kn—1,kn} ke{kn,—1}

2 2
+ 3 |u w)
ke{kn}

< [ICT (1) 20l
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which means that system (4.1) is H? (0,T) — H exactly observable for time
T > 1Ty.
[

Remark 4.8. In Theorem 4.7 we have shown that system (4.1) is H2 (0, T) —
‘H exactly observable for large times 7', that is for 7" > T, and due to
Corollary 4.5 we know that this system cannot be exact observable for small
times 7', that is for T < 1.

Remark 4.9. Accordingly to Theorem 4.6 the system is not L?(0,T) — H
observable and according to Theorem 4.7 the system is H? (0,T) —H exactly
observable. Then the open question arises—what is the optimal smoothness
requirement for the left-hand side dividing non-observable and observable
systems?

4.3 Observablitity of a Timoshenko Beam

Here we will show the application of exact observability conditions obtained
in the previous section for the exact observability problem for Timoshenko
beam system governed by (2.12) with boundary condition of the form (2.13).

The deflection of the center line of the beam at the free end will be

observed, i.e.
w

Y=C 5} =w(l,). (4.14)
3
Now, we present a few facts about spectral properties of the operator
of motion of Timoshenko beam system. Then, we show that the considered
system satisfies exact observability conditions stated before, (A1)—(A4).

We start with presenting that condition (A1) is fulfilled. Following [32]
we recall some notations: A\, denotes an increasing sequence of (real, pos-

itive) eigenvalues of operator A; (see (2.15)), o\ = A =V, oY =
(n) (n)

VA VA, T =tan B-ifn =1,4 mod 4and 7" = —cot - ifn =2,3

mod 4. The operator A (see (2.14)) has an orthogonal complete (in H) se-

quence of eigenelements

Yn Yn+1
Zn Zn+1
Y, = and Y_, = (n € N) (4.15)
HnYn —Hn1Ynti
HnZn —HUn+12n+1
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where

(n)

Yn(z) = 270 cos oy ()

z — 27 cos o} (n)

xr —2sinoy’x

— 20171) Sln0'§ ):13,
03
VA n vV n N . (4.16)
zp(x) = 27(”)ﬁ sina§ ) 4+ 27 O sina§ V2 42X cos aé )z
03 01 03
\% )\n n
-2 ) cosag )x,
g3

with corresponding eigenvalues

2k —1

=i =g %

2

T—¢g, if n=2k—-1

T+e, if n=2k

H—n = —Hn+1,

where 0 < ¢,, and nllHOlo e, = 0. Proofs of the facts stated above can be found

in Lemma 2.2 in [32], Section 3 in [33] and Section 2 in [53].
The following lemmas show that the considered Timoshenko beam system
satisfied condition (A2), (A3) and (A4), respectively.

Lemma 4.10. The difference between a pair of eigenevalues pog, fok—1 1S
asymptotically equivalent to ﬁ, as |k| — 00, i.e. |pok — prop—1| < ﬁ

Proof. The proof is a consequence from Lemma on approximation of series
in [53]. O

Lemma 4.11 (see Lemma 3.1 in [35]). The system
M2kt _ oH2k-—1t
fernt] U {H} (4.17)
kez Mok — M2k—1 ) ey
is a Riesz basis for L*(0,4).

Lemma 4.12. The norm of the eigenvector Y}, of the operator A is asymp-
totically bounded from below and above by k.

Proof. Let us study the norm of the eigenvector Yy,

2

Yk 1
z
Vil = |2 || =2l [ o) + (o)
HEYk ;
HiZk /gy
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Using the form of yy(x) and zx(z) given in (4.16), we get

jyk(x)Q + 2(2)?de =2 (17 + 1) (ﬁ X 1)

0 3
+(72—1)i 1— =) sin (203)
o3 o3
A A 1 ,
—4<T,§+1+ S+ 77 ) sin (o1 + 03)
03 03 0103) 01+ 03

A A 1
+4<7‘;? —+01—7',f> sin (o1 — 03)

01— 03

cos (o1 + o
o1+ 03 (1 3)

(
(
+4Tk<‘“+1—A— A) L cos(o1 — o)
(
(

2
3 03 0103 ) 01 — 03

A O'1> 20’1

2 A A
+ (T;?—Z;—l-2—7‘,?2> — sin (207)
2
2, 01 A o A

Taking into the fact that [53]

1
lim sup k) — tang +1 1,
k—o0 1 —tan 1
1
lim inf 7*) — Mj
k—oo 1 + tan -

4
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we see that {75} is bounded and separated from 0, therefore

1 2
tan 1 + 1
limsup | yp(z)? + 2 (2)*dz = 8 ((M) - 1) ,

[kl—o0 1 —tanz

1 1 2
o tan+ — 1

Hence, we obtain, for large k’s, that

1Yell = /16 | (72 + 1)
~ My || > Mokl

and

IVill = My |k < M|kl

where M;, M, and Mj are positive constants. Thus, [|Yy| =< |k|.
[

Similar considerations as in the proof of Lemma 4.12 allow us to state
the following

Lemma 4.13. Observe that
|k1|im 1Cy]? = |kl|im y2(1) = 16. (4.18)
Now Theorems 4.6, 4.7 and Lemmas 4.10-4.13 allow us to state the main
result of this chapter.

Theorem 4.14. The Timoshenko beam system (2.12)—(2.15) with observa-
tion of a form (4.14) is not L* (0,T) — H ezactly observable for any T > 0,
and is H* (0,T) —H exactly observable for T > 4.
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operators associated with differential equations describing the system under
consideration. Then we prove that in some particular cases those operators
satisfy spectrum determined growth condition, which means that the location
of the spectrum allows us to determine the stability margin of the system.
Furthermore, we investigate the existence of an optimal decay rate. At the
end we compare the obtained results with other damping operators.

In the fourth chapter, we consider the problem of exact observability of
a general class of distributed parameter systems in Hilbert spaces. We prove
that the system with some specific assumptions on spectrum and eigensystem
is not exactly observable in default topology setting. Then we find stronger
topology for state observation for which the system becomes exactly ob-
servable. In the end, we show that clamped-free Timoshenko beam system
satisfies obtained results.
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roznicowe
Niniejsza rozprawa poswiecona jest analizie stabilnosci i obserwowalnosci
szczegbdlnego modelu drgan wystepujacych w belkach, tak zwanemu mode-
lowi belki Timoszenki.

Struktura pracy jest nast¢pujaca: po przedmiowie znajduja si¢ cztery
rozdziaty. Dwa pierwsze z nich poswiecone sg wprowadzeniu podstawowych
twierdzen i definicji, ktore sa niezbedne w gtéwnej czesci rozprawy.

W trzecim rozdziale analizujemy stabilnos¢ modelu belki Timoszenki z
uwzglednieniem efektéw ttumienia. W tym celu przeprowadzona zostata anal-
iza spektralna operatorow zwigzanych z réwnaniami rézniczkowymi opisu-
jacymi rozwazany uktad. Nastepnie udowadniamy, ze w niektorych przy-
padkach operatory te spelniaja spektralny warunek wzrostu, co oznacza, ze
potozenie spektrum pozwala nam wyznaczy¢ zapas stabilnosci uktadu. Pon-
adto, badamy istnienie optymalnego wspotczynnika wygaszania. Na koniec
porownujemy uzyskane wyniki z innymi operatorami wygaszania.

W czwartym rozdziale rozwazamy problem doktadnej obserwowalnosci
ogolnej klasy uktadow z rozproszonymi parametrami w przestrzeniach Hilber-
ta. Udowodnilismy, ze uktad z pewnymi szczegdlnymi zatozeniami dotycza-
cymi spektrum i uktadu wtasnego, nie jest doktadnie obserwowalny w domy$l-
nej topologii. Nastepnie znajdujemy silniejsza topologie dla obserwacji stanu,
dla ktorej uktad staje sie doktadnie obserwowalny. Pokazujemy, ze zaczepiona
belka Timoshenki spetnia otrzymane zatozenia.
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